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PBBjAOE 

^HB present work is intended as a tei 
^ classes of students in our sohools. It di 
respects from the existing text-books on the subject ^^sent in use 



Algebra like every other branch of Mathematics should be studied 
more as a subject for mental discipline than for anything else. Ac 
iatelligent grasp of principles, therefore, is to be chiefly aimed at and 
net the mere learning by rote of a certain number of rules with some 
readiness in their application. This is the ideal I have ever kept ie 
view in the preparation of this work. 

The elementary principles of the subject have been dwelt upox 
at considerable length in the earlier chapters of the book. The full 
import of negative quantities has been explained, it is believed, with, 
some degree of clearness, almost at the very outset, and rules for their 
addition and subtraction have subsequently been deduced therefrom by 
a very simple mode of reasoning. 


The proposition of each article after being clearly demonstrated 
has been copiously illustrated by a number of select examples, a much 
larger number of other examples, arranged progressively, has then been 
added as an exercise for the student. The last article of each chapter 
consists of a number of miscellaneous examples fully worked out as 
interesting illustrations of special artifices ; these again are followed 
by similar others for exercise. 


The chapters on Formulas and Factors will, it is hoped, be 
particularly acceptable to the young learner. The subject of factori- 
sation has been treated exhaustively as far as the limits of this work 
would allow. The last chapter, on Elimination and Miscellaneouf 
Artifices will, I hope, be of considerable use to the more advanced 
student. 


Entrance Examination Papers of the Calcutta University from 
1858 to 1890 will be found at the very end. The more important 
and difiBoult problems from these papers aie fully worked out in the 
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body of the work in illustration of the principles upon which their 
solutions depend, whilst others, comparatively simpler, have been 
suitably introduced among the exercises, just to give the student an 
opportunity of reassuring himself, when successful in working them 
out with unaided exertion, that his knowledge has, to some extent 
at l^t, come up to the University standard. With the examination 
papers are also given references to the pages where these problems 
are to be found in the body of the work. 

Instead of ending the book with a collection of misoellaneouB 
examples promiscuously arranged, I have added a number of mis* 
eellaueous examples in the form of separate examination papers, any one 
of which may be regarded as a good exercise for the student at a 
sitting of about two hours and a half. 

The entire book contains nearly 3000 examples in all, of which 
over ^ are fully worked out. Many of these examples have been 
ipeeially devised for this work whilst for the rest I am indebted to 
•everal of the standard works of English Universities. 

1 have attempted to make the work useful to the school student 
•0 a means of acquiring algebraical skill along with a sound knowledge 
of prinetples, and I have spared no pains for it. It is now tor ail 
experienced teachers of mathematics to judge as to how far I have 
been successful in my endeavour. To gentlemen interested ir the 
cause of education I shall be much obliged if they will kindly com- 
municate to me any corrections or suggestions that they may consider 
eecesaary for the improvement of the work. 


Dacca : Maroh, 1890 


K. P. BASU 
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PREFACE TO THE SECOND EDITION 

A FEW words of explanation seem to be necessary in connootioD 
with fcht publication of this edition. The first edition having been 
published rather unseasonably, last year, I did not at all anticipate 
that a second edition would be in demand so soon. Accordingly the 
work of re-publication was not taken at band earlier than January 
last. But the book beginning to be received with increased favour 
In different educational circles with the commencement of the new 
academic session, the first edition, consisting of 2250 copies, was found 
to be exhausted before the end of the last month. Hence, in the 
Interests of the students of all those schools in which the book has 
been adopted as a text-book, my publisher had no other alternative 
than to hasten the work by all possible means. In consequence of 
this, I am sorry, I have not been able to give the book as thorough 
a revision as I intended, nor to effect such improvements as have 
been kindly suggested by some friends 

Daooa ; Marche 1891 K. P. BASD 


PREFACE TO THE FIFTH EDITION 

In this edition the bulk of the work has increased by about 60 pages. 
The additions that have been made are as follows : (1) an increase 
in the number of examples of exercises in the earlier chapters of 
the book ; (2) the insertion of examples with Fractional IndioeB in 
the ohapters on Multiplication and Division ; (3) the introduction 
of three sets of Miscellaneous Exercises in suitable places in the 
body of the work ; {i) an article on the Method of finding the Cube 
Boot of a Oompound Algebraical Expression ; and (5) a chapter on 
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Quadratie Ematiom, For several of these Improvements 1 bod 
indebted to the kind and repeated suggestions of friends who are 
praotioal workers in the field of education. It is, therefore, hoped that 
the present edition will be found considerably more useful than ite 
predecessors. 

Daooa : January, 1894 K. P. BABD 


PBBFAGE TO THE SIXTH EDITION 

In this edition the book has been thorr/ighly revised and answers 
to the examples in all the exercises have been carefully verified. Some 
additions and alterations have been occasionally made, but they do 
not deserve any special mention. I am ii debted to several friends 
for their kindness in pointing out errors and misprints. My speoial 
thanks are due to Babu Bepinbihari Ganguly, B.A., Teacher, Jubilee 
School, Dacca, and to Moulvie Abdullah Ehan, Xeacner, D. B. School » 
Dipalpur (Montgomery). 


Dagoa : April 1896 


K. P. BASD 



CONTENTS 


Pane 

INTBODUOTIOH ... ... 1 

OHAPTBB I 

SYMBOLS : SIGNS ; SUBSTITUTIONS 

5 

6 

OHAPTBB n 

P08ITIVB AND NEGATIVE QUANTITIES 
Positive and Negative Quantities ... 15 

Graphical Illustration ... ... 16 

OHAFTBB m 
FOUB SIMPLE BULBS 


Addition ... ... ... 18 

Subtraction ... ... ... 26 

Removal and Insertion of Brackets ... ... 29 

Multiplication ... ... ... 32 

Division ... ... ... 43 

Miscellaneous Exbboises I ... ... 47 


OHAFTBB IV 

SIMPLE FOBMULiB AND THBIB APPLICATION 
Simple Formnle and their Application ... ... 52 

OHAFTBB y 
SIMPLE EQUATIONS 


Symbols 

Signs 

Substitutions 


Simple BqimUons 


••• 


• aa 


70 



z 


CONTENTS 


CHAPTER VI 

PROBLEMS LEADING TO SIMPLE EQUATIONS 

Symbolical Expression ... 

Easy Problems 

CHAPTER VII 

GRAPHS : PLOTTING OP POINTS 

Introduction 
Squared Paper 
Plotting of Points 
Graphical Illustrations ... 

Miscellaneous Exercises II 

OHAPl’EB VIII 

HARDER ADDITION AND SUBTRACTION 


Addition 

Subtraction 


CHAPTER IX 

HARDER MULTIPLICATION 

Harder Multiplication ... 

Detached OoefQcients ... 

CHAPTER X 
HARDER DIVISION 

Long Division 
Inexact Division 
Detached Coefficients ... 


CHAPTER XI 

FORMULiS AND THEIR GRAPHICAL 
REPRESENTATION 

Application of Pormulas 

QltMttpAl Bepresentation of Algebraic Formulee 


Page 

76 

78 


81 

84 

88 


96 


98 

106 


108 

113 


117 

123 

123 


127 

ISO 



OONTBKTB xi 

OHAPTBB Xn 
SIMPLE PAOTOBB 

Page 

Simple Faobors 

CHAPTER XIII 
EASY IDENTITIES 

Easy Identiliea ... — 151 

Misobllarbous Exercises III ... ... 157 

CHAPTER XIV 

HIGHEST COMMON FAGTOB8 
( By factorisation ) 

H. 0. F ... ... — 16.7 

CHAPTER XV 

LOWEST COMMON MULTIPLE 
( By factorisation ) 


L. 0. M. ... ... ... 167 

CHAPTER XVI 
EAST FRACTIONS 

Fraotiona ... ... 170 

Addition and Snbtraotion of Fractions ... ... 174 

Mnltiplioallon of Fractions ... ... 177 

Division of Fractions ..; ... ... 180 


CHAPTER XVII 

SIMPLE EQUATIONS AND PROBLEMS 


Simple Equations 
Problems 


182 

18S 



xii 


CONTENTS 


OHAFTBB XVin 


SIMPLE SIBfULTANBOUS EQUATIONS AND 


PROBLEMS 


Simple SimuItaneouB Equations 
Problems 


OHAPTBB XIX 

GRAPHS OP SIMPLE EQUATIONS 
Graphs of Simple Equations 


OHAPTBB XX 

EAST QUADRATIC EQUATIONS AND 
PROBLEMS 

Easy Quadratic Equations and Problems 
Miscellaneous Exercises IV 


Pact 

196 

904 


219 


222 

229 


OHAPTBB XXI 
HARDER FORMULiB 


'Harder Formulas 

Powers of Binomials : Involution 

Beoapitulation of the Formulas 

OHAPTBB XXII 

HARDER FACTORS AND IDENTITIES 


Factors 

Oyolic Order in Factorisation 
Factors of Beoiprooal Expressions 
Miscellaneous Examples 
Identities 

Oonditional Identities ... 


230 

2SS 

242 


214 

247 

240 

256 

260 

262 



CONTENTS 


ziii 


GHAPTES XXIIJ 

THE BBMAINDBB THEOREM AND 
DIVISIBILITY 


Bemainder Theorem 
Divisibility and Factor Theorem 
Important Theorems on Divisibility 

OHAPTEB XXIV 

HARDER H. 0. F. AND L. 0. M. 

Harder H. 0. F, 

Harder L. 0, M. 


OHAPTER XXV 
HARDER FRACTIONS 

Reduction o( Fractions 
Addition and Subtraction oi FractionB 
Complex and Continued Fractions 
Fractions involving Cyclic Order 
Important Besults in Cyclic Order 
Fractional Identities 

Miscellaneous Exercises V 

CHAPTER XXVI 

* simple equations and problems 

Simple Equations 
Fractional Equations 
Miscellaneous Examples 
Problems leading to Simple Equations 


Pagt 

269 

272 

274 


281 

292 


295 

296 
301 

304 

305 

306 
316 


321 

321 

327 

330 


OHAPTER XXVIl 

HARDER SIMULTANEOUS EQUATIONS AND PROBLEMS 

SimultaReous Equations ( Two unknowns ) 

Simultaneous Equations ( l^hree unknowns ) 

Miscellaneous Examples ■ 

Prohlems with more than one Unknown Quantity 


841 

341 

349 

852 



CONTENTS 


riv 


OHAFTBB ZXVm 

QBAPHS AND THEIB APPLICATIONS 

Oraphioal Solution of Equations 
Application of Qraphs to Problems ••• 


Page 

863 

371 


OHAPTEB ZZIX 

BLBMENTABT LAWS OF INDICES 

Index Law ••• 

Miscellaneous Examples ••• 

Exponential Equations 


388 

888 

894 


OHAPTBB XXX 
BLBMENTABT BUBDS 


Definition and Meaning ••• 397 

Multiplication and Division of Surds ••• 899 

Compound Surds ••• ••• 401 

Bationalisation ••• ••• 402 

Equations Involving Surds ••• ••• 408 


OHAPTEB XXXI 

EVOLUTION : SQUABB AND CUBB BOOTS 

Square Boots ... ••• ••• 

Cube Boots ••• 


iia 

lao 


OBAFTBB XXXn 
R4II0 AND FBOPOB^ON 




4S8 


■BmHo 

^^junportioo 


••• 


••• 



CONTENTS 


X? 


OHAPTBB ZXXin 

ELIMINATION. MISOELLANBOITS THBOBEMB 


AND AETIFIOES 

Page 

Elimination .... ... ... 44 ] 

Miscellaneous Theorems ... 445 

Inequalities ... 447 

Maximum and Minimum Values of Expressions ... 449 

Miscellaneous Artifices ... 45O 

Miscellaneous Exebcises VI ... ... 46] 


OHAFTEB XXXIV 

QUADBATIC EQUATIONS AND EXPBESSIONB 


Pure Quadratic Equations ... ... 473 

Adfected Quadratic Equations ... ... 476 

Equations solved like Quadratics ... ... 484 

Equations of Higher degrees solved by factorisation ... 48S 

Exponential Equations solved as a Quadratic ... 486 

^Nature of Boots of a Quadratic ... ... 487 

’''A Quadratic Equation cannot have more than two roots ... 490 

^Relations between roots and coefficients of a Quadratic ... 491 

Formation of Equations with given roots ... 492 


OHAFTEB XXXV 
BQUATIONAL PBOBLBMS 

Equational Problems ... ... 496 

OHAFTEB XXXVI 

OBAPHS OF QUADBATIC EQUATIONS AND 
BXFBBBSIONB 


Graphs of Quadratic Equations ... ... 607 

Graphs of Quadratic Expressions ... ... 524 

Graphical Solution of Quadratic Equations ... 526 

Maximum and Minimum Values of Quadratic Expressions ... 529 



OONTBNT8 


xyI 


OBAPTEB XZXVU 
ABITHMBTIOAL PBOaBBSSION 

Bagt 

Arithmetiioal Progression ... 533 

OHAPTEB XXXVm 
GBOMBTBIOAL PBOGBBSSION 

Geometrical Progression ... ... 551 

OHAPTEB XXXIX 
VABIATION 

Variation ... ... 664 


Akswbbs 

Onivbbsitt Papbrs 
Appendix 


675 

627 

1—16 



ALGEBRA MADE EASY 


INTRODUCTION 

1. How things are measured and represented by number* 

This will bo best explained by taking up some particular instances 
familiar to the student. 

(i) If we want to know the length of a piece of cloth, we are 
satisfied when we find how often tliis length contains a smaller length 
called a metre (lonT^i^yTmth of the distance between a pole and the equa- 
tor of the earth — 39*37011... inches). 

(ii) If W’e want to know the distance between Dacca andl Calcutta, 
we are satisfied when we are told how often this distance contains 
a smaller distance called a kilometre, 

(iii) If we want to know the value of a sum of money, we are 
satisfied when we are told how often this sum contains a smaller 
sum called a rupee, 

(iv) If we w’ant to know the weight of a quantity of rice, we are 
satisfied when we find how often this weight contains a smaller weight 
called a kilogram. 

From the above instances it is clear that whenever we have 
to measure a thing, we do so by finding how often it contains a smaller 
thing of the same kind. The 'smaller thing' chosen for this purpose is 
called the unit and the number which shows how often this unit is con- 
tained in the thing measured is called the numerical measure (or simply, 
the measure) of the latter ; thus, in the first instance, the unit of length 
is a metre ; in the second, the ujiit of distance is a kilometre ; in the third, 
the unit of money is a rupee ; and in the fourth instance, the unit of 
weight is a kilogram. Again, if vre know that the piece of cloth is 
10 metres long, that the distance between Dacca and Calcutta is 
416 kilometres, that the sum of money is 500 rupees, and that the 
weight of the rice is 25 kilograms, then, 10 is the measure of the 
length of the cloth, 416 is the measure of the distance between Dacca 
and Calcutta, 500 is the measure of the sum of money, and 25 is the 
measure of the weight of the rice. 

A thing is said to be represented by the number which shows how 
often that thing contains the unit of its kind ; thus, in the above 
instances, the length of the piece of cloth is represented by 10, the 
distance between the two places is represented by 416 ,* and so on. 
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Note 1. 8ueh expressions as 'a sum of money estimated in pounds 
”a dAstanu estimated in kilometres’" 26\ and the like, respectively mean *the numerioal 
meaeure of a sum of money when a B is the unit, is 80\ 'the numerical measure of 
a distance when the unit is a kilometre, is 25' , dc. 

Note 2. It must he clearly understood that one and the same thing will be 
represented by different numbers when the units are different ; thus, taking a metre as 
the unit, a length of 10 metres is represented by 10, but if the unit be 2 metres, the 
same length is represented by 5, 

Example 1. If the unit of length be a metre, what will be the 
measure of 5 decametres and Ss metres ? 

6 decametres and 2 metres, being equivalent to 52 metres, evidet tly 
contains the unit of length a metre) 52 times. 

Hence, the required measure is 52. 

Example 2. If a minute and a half be represented by 30, what is 
the unit of time ? 

A minute and a half is equivalent to 90 seconds. 

Now, since 30 is the meamre of 90 seconds, it is clear that the 
unit of time is contained 30 times in 90 seconds. 

Hence, the unit of time is i^tb part of 90 seconds, and is, therefore, 
equal to 3 seconds. 


EXERCISE 1 

1. What will be the meamre of 2 quintals and 20 kilograms, 
when a kilogram is the unit of weight ? 

2. What will be the measure of the same weight, when 10 kilo- 
grams is the unit 7 

3. If a distance of 360 kilometres be represented by 30, what is 
the unit of distance 7 

4. If the same distance be represented by 45, what is the unit 7 

6. If a sum of 400 rupees be represented by 16, what will be the 
neasure of Bs. 225 7 

6, If a liMtb of 8 metres and. 8 decimetres be represented by 22, 
what will be the meamre of 4 metres and 8 decimetres 7 

What must be the unit of time in order that 3 hours and 
45 minutes may be represented by 5 7 

8. If the unit of time be 15 seconds, what time will be represented 
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9. If the unit of weight be 7i kilograms, what number will 
represent quintals ? 

10. If 8 square metres be the unit of area^ what number will repre- 
sent an area of square oentimetres and what will represent 162 sq. 
metres ? 

11. If an area of 125 sq. metres be represented by Si. how many 
square metres are there in 3 times the unit of area ? 

12. What is the unit of money if a sum of £10, 2s, Bd. be repre- 
sented by 27 ? 

13. If 73 . Sd, be the unit of money, what will be the measure of 
£7. 133. id, ? 

14. If Rs. 5. 71 P. be the unit of money, what will be the 
measure of Bs. 51. 39 P. ? 

15. If 23 kilograms 55 grams be the unit of weight, what will be the 
measure of 6 quintals 45 kilograms 540 grams ? 

16. If Rs. 20. 2 P. be represented by 5j, what will be the measure 
of Bs. 43. 68 P., supposing the new unit to be 3 times the former ? 

17. If 273 be the measure of 9 cwt. 3 qrs., what number will re- 
present one ton, supposing the new unit to be one-eighth of the former ? 

18. If 84 be the measure of 11 metres 9 decimetres, what number 
will represent 22 metres 5 decimetres supposing the new unit to be 
three-seventeenths of the former ? 

19. If 26 days 10 hours and 26 minutes be represented by 120, 
what number will represent a leap-year, supposing the new unit to be 
47 minutes 13 seconds less than the former ? 

20. In the preceding example what would be the answer if the 
latter unit exceeded the former by 6 hours 54 minutes 47 seconds 7 

2. Different uses of the word Quantity. 

(i) Anything that can be represented by number is called a 
Quantity, Thus, time, weight, money, distance, &c., which all admit of 
numerical representation, as shown in the preceding article, are 
quantities. 

(ii) Quantity is also often used in the sense of number, integral 
or fractional. 

(iii) An algebraical exfiression also is sometimes called a quantity, 
[We shall refer to this again in its proper place. } 

N. B. Quantities like weight, money, distance, area, dc,, are often spoken 
of as concrete quantities as distinguished from numerical quantities which mean 
only Arithmetical numbers, integral or fractional* 

[ Note. Any whole number ia called an integer or an integral number, ] 
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3. What is Algebra ? Algebra, like Arithmetic, is a science 
of numbers with this distinction that the numbers in Algebra are 
generally denoted by letters instead of by figures. 

Hence, whenever concrete quantities come under the domain of 
Algebra, it is only their numerical measures (i.e., the abstract numbers 
which represent them) with which we must concern ourselves. 

Note. The name 'Algebra* is derwed from the title of a certain Arabian 
treatiee *Al-Jehrw*al Afaqahalah*. This book was > translated by early European 
scholar a who first learnt of Algebra from the Arabs, But as in Anthmeitc, so in 
AlgebrOt the Arabs got their first lessons from the ancient Hindus whose contributions 
to thia science are of a fundamental character. Even some of the technical terms 
which are commonly used in modern Algebra are of Hindu origin. 



CHAPTER I 

SYMBOLS ; SIGNS : SUBSTITUTIONS 


4. Symbols. The letters of the alphabet a, 6, c, &c. aror 

used to denote numbers and the signs +, — , x, &c. are 

used either to denote operations to be performed upon the number to 
which they are attached or as abbreviations. Those letters and sigm 
are called symbols. 

The letters as distinguished from the signs are called symbols oj 
Quantity, 

5. The Plus Sign. The sign + is read plus and when placed 
before a number indicates that the number is to be added to what 
precedes it. Thus, a-k-h (which is read a plus b) means that the number 
denoted by b is to be added to that denoted by a ; hence, if a denote 5 
and b denote 3, a-\-b denotes 8. Again, a + 6 + c means that the number 
denoted by ^ is to be added to that denoted by a, and to the result thus 
obtained, is to be added the number denoted by c ; hence, if o, b^ c 
denote 5, 3, 2 respectively, a + 6 + c denotes 10. 

The Minus Sign. The sign - is read minus and when 
placed before a number indicates that the number is to be subtracted 
from what precedes it. Thus, a-b (which is read a minus h) means 
that the number denoted by b is to be subtracted from that denoted 
by a ; hence, if a denote 8 and b denotS 3, a — b denotes 5. Again, 
— c means that the number denoted by b is to be subtracted from 
that denoted by a, and from the result thus obtained, the number 
denoted by c is to be subtracted ; hence, if a, b^ c denote 8, 3, 1 re spec 
tively, a-h — c denotes 4. 


N. B. When latijy nnmhef of quant'.Uer, are connected^ with cfie another by 
the signs plus and minus, the order of the opcraitons is from Imft lo right. ThuSy 
fl — b-f c pans that the number denoted by b is to be subtracted from that denoted by'Q 
and to the result thus obtained, is to be' added the number denoted by c. 

7. The Sign Plus or Minus. The sign ± is read plus or 
minus and when placed before a number indicates that the number is 
lo be either added to or subtracted from what precedes it. Thus,' if 
a denote 7 and b denote % a±b (which is read a plus or minus W denotes 
either 9 or 5. . 

8. The Sign of Difference. The sign when placed between 
two numbers indicates that the less of the two is to be subtracted 
from the greater. Thus, if a denote 6 and h denote 8, a ^ b denotes 3, 
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9. Th© Sign of Multiplication. The sign x is read into and 
when placed betweon two numbers indicates that the number on the 
right of it is to be multiplied by that on the left. 

Thus, 0^6 (which is read a into b) means that the number denoted 
by b is to be multiplied by that denoted by a ; hence, if a denote 5 and 
6 denote 3^ axb denotes 5 times 3, or 15. 

The sign of multiplication is generally omitted when its position 
is between two numbers either (l) both of which are denoted by letters, 
or (2) the first of which is denoted by a figure and the second by a letter. 
Thus, ab is used for a x 5, and 4a for 4 x a. 

Note. T?ie reason why 83 cannot be used for 8x3 is clear, because in ArUh> 
metie 83 has already been wndersiood to mean 80+3. 

Sometimes the sign x is replaced by a dot, thus, a,b and 5.4 
respectively mean the same as a x 5 and 6 x 4 . The dot so used is always 
placed as shown in the above instances in order to distinguish it from 
the decimal point which is put a little higher up ; thus, 5.4 is read five 
into four whereas 5‘4 is read five decimal four. 

10. The Sign of Division.^ Th© sign *♦“ is read by and when 
placed between two numbers indicates that the number on the left of it 
is to be divided by that on the right. Thus, a-^b (which is read a by ^ 
means that the number denoted by a is to be divided by that denoted 
by b ; hence, if a denote 6 and b denote 3, a-*-b denotes 2. Similarly, 
o+-6-^c means that the number denoted by a is to be divided by that 
denoted by b ; and the result, thus obtained, is to be divided by that 
number denoted by c. 

N. B, When any number of quantities are connected together by the signs of 
multiplication and division, the order of the operations w always from left to right. 
Thus, axb-i-c means that the number denoted by bis to be multiplied by that ienoted 
by a, and the result, thus obtained, is to be divided by the number denoUd by 0 , 
Similarly, a+ 1 x e means that the number denoted by a is to be divided by that i 'enoted 
by b and the result, thus obtained, is to be multiplied by the number denoted by e. 

Note, a divided by b is also often expressed as r I thus, ~ means the seme 

0 0 

08 a+b. 

11. Expression ; Term. Any intelligible collection of letters, 
figures and signs of operation is called an Algebraical Expression, Such 
a collection is also sometimes called an Algebraical (Quantity, or briefly, 
a (Quantity, [ See Art. 2 ] 

Note. Signs like x , +, which indicate the operations to be performed 
upon the numbers to which they are attached, are called eigne of oparaiiom. 

The parts of an Algebraical Expression that are connected by the 
sign + or - are called its terms. 

Thus, 6a+a5't-oxd-8ox/+-g is an algebraical expressioB of whloh 
the terms are 6a, ab^e x d, 80 x/+-g. 
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BxpreBsions are either simple or compound. A simple expression 
is one which has no parts connected by the sign + or t.s., which 

consists of only one term, as 3a6, called a 

MonomiaL A compound expression consists of two or more terms ; if it 
consist oi two terms, as 2a + 6bcdt 503 + ^ 2 ’ called a Binomial; if 

86 

of throe terms, as a + 6c + 8£!/j3', + a ^ a Tfinomial \ and if 

of more than three terms, a Multinomial or a Polynomial. 

12. Functions ; Variables. Any expression involving a letter 
is called a function of that letter. Thus, rr^ + Soj + B is a function 
of a; ; a“ + a6 + 6* is a function of a and 6 ; a® + 6® + c® + 2a6c is a func- 
tion of a, h and c ; and so on. 

The letters of which a function consists are called its variables. 
Thus, fl;* + 6a;y + y* is a function of which the variables are x and y. 

13. Sign of Equality. The sign “ is read 'equals’ or 'is equal 
to' and when placed between two expressions indicates that they are 
einal to one another. Thus, 6 + c*a (which is read 6 plus c equals a) 
means that the number denoted by 6 + c is equal to that denoted by a, 

EXAMPLES 

N, B. (1) A distinction must be observed between tt-ftxc and a-rbe. The 
latter means that the number denoted by a is to be divided by that denoted, by be, 
whereas the former means that the number denoted by a ts to be divided by that deno- 
ted 5, and the resuUt thus obtained^ is to be multiplied by the number denoted by c» 
Thai ia to say, when the sign of multiplication is omitted between any number of 
guantities, the result obtained by multiplying them together is to be regarded as a 
singlm qaantitf. 

N. B, (2) In finding the value of any axpreeeion the values of the several 
termo which it contains must be first determined by the process mentioned in the Note 
of Art. 10 and afimrwarda the value of the whole expression is to be found by the 
process mentioned in the Note of Art. 6. Thus, in finding the value of the expression 
axb— c-rdx «+/x ji we must first of all find the values of the three terms, namely, 
axb, e-^dxe and fxg ; then subtract the valise of the second term from that of thM 
first, and to the result, thus obtained, add the value of the third. 

The above principles will be sufficiently illustrated by the following 

axamples : 
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Szatnple 1. If o=2, 6*3, c=5, find the value of 6a + 86 + 7c 
6a = 5xa*5x2 = 10 ; 

86=8x6=8x3*24 ; 

7c«7xc = 7x5 = 36 . 

Therefore, 6a + 86 + 7c = 10 + 24 + 35 = 34 + 36 = 69. 

Eiample 2 . If a =8, 6=5, c = 2, find the value of 6a -66 + 4c. 
6a*6xa=6x8 = 48 ; 

66*5 X ^=5 X 5 — 26 ; 

4c = 4 X c = 4 X 2=8. 

Therefore, 6a -56 + 4c = 48 - 25 + 8 * 

= 23 + 8 = 31. 

Example 3. If w = 3, n = 7, i=9, w=4, find the value of 
7m-t'2w x8t-*-3t>. 

As the order of the operations is from left to righit we mufct proceed 
as follov^s : Divide Im by 2w ; multiply 8t by the result ; and theia 
divide the product thus obtained by ^v. 

XT r, 7m 7x3 3 . 

Now, (1) 7m-H2n=2^ = 2 ^,y= 2 . 

(2) 5 x8i = S x8x9 = 3x4x9 ; 

(3) 3x4xg+3r = ‘’3^^®=g. 

Eericc, the required value = 9. 

Example 4. If a = l, 6=2, c = 3, (?=6, c=6, /-O, find the value 
of a6c-c?-»'6xa + dc/+6"^axc-d-*“6c. 

The given expression consists of 5 terms, namely, a6c, d-»”6x a, defp 
6-*-a X c and d-»'6c. 

Now, (1) a6c = ax6xc*lx2x3=6 ; 

(2) d-«-6xa=6'^2xl«3xl-3 ; 

(3) dc/=£fxfix/=6x6x0»0 ; 

(4) 6-^axc=2+lx3*2x3«6 ; 

Bence, the required value-6-"3 + 0+6“l*8+6-l"8. 
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EXERCISE 2 

If a-=8, b — % c — 4, find tlio nuuiorical valuoa of tlie foliowinf* 
axpressioriH : 


1. 

6 + c X ft. 

2. 

. a ^ 6 X c. 

3. 

a-^ c'>^ b. 

4. 

a-^ c6. 

5. 

a +-3 X b. 

6. 


7. 

a-c ‘‘ b. 

S, 

> 6 + a-5-c. 

9. 

3a-4c + 26 

10. 

a - c -5- 6 + a c. 

11. 

a-^c +-2 X 6. 

12. 

a-^c-*^ 26. 

13. 

5a ^ 2c. 

14. 

5a-*-2xc. 



15. 

46c -a -4x6 + 

c + 26. 




16. 

80 + cxa6 + 80 

i- ca X b. 




17. 

-3ca + lG6 + 5a-+- 

1Gx6- 

a-^2c X c-i-6 X 4. 



IS. 

48a i c + 6 X G ^ 

40- 3a ^ 

2c -+ 4 < 3 -+- 6 X 8 

+ G6-»-a 

2 X c ‘ ! X .*3 


If VI- V — *], r^7, s^lO, find the numerical valnee 

of th(' foUcnvinp, ('X|ir('5rF«iona * 


19. 

20 . 
21 . 
22 . 

2 ;h 

2K 

2r). 


8m - 3p -f- mn + q x 3r + fis 2 x 71. 
s X (5^- 5m X 

m ?? r + bqs - 3s -J- vi 5 n + 4r 3/> x fjj/i. 

3 X > i 5 ^ s ^ 7 x ;) Sri m ^ 3 x 2/' x 7. 

rn^^^^V-yri 
V n in 




11/'+/? ,0 , ]4i + 4 n. + 2/' 

;/ + r; s-/?4-2 

3m + 2/2 47? — ^ ^ 2^/ + 3?/ t 
r/ + p + r f/ + 7?i 


11. Factor. If any numlK^r no equal to the product of two 01 
aior(' nuiuberb, each of the latter ib called n factor of the former 


[ Note. The product of tico or ?noie numbers is the result obtuined by viulti 
plytnq thcyri toqdker, ] 

Tlius, 3, 5 and 7 are the factors of 105, 105 =*3 x 5 x 7, 

Similarly, 3, a, b and x are the factors of dahx^ because 
3a5® = 3 X a X 5 X a:. 


15. Coefficient. The number expressed in 'figures or symbols, 
which stands before an algebraical quantity as a multiplier, is called 
its coefficient. Thus, in 5a5c, 5 is the coefficient of abCt 5a is the 
coefficient of 6c and bab is the coefficient of c. 
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A coefficient which is purely a numerical quantity is called 
41 numerical coefficient ; thus, in 5a6c, the coefficient of oho is 
numerical* 

A coefficient which is not wholly numerical is called a literal 
coefficient, thus, in tahc, coefficients of he and c are literal, 

I Note. Whefi no arithmetical number stands before a quantity^ the number 1 
i8 understood ; thus, a is understood to mean la. ] 

16. Power ; Index ; Exponent. If a quantity be multiplied by 
itself any number of times, the nroduct is called a power of that 
quantity. Thus, a^a, oxa>^fl, fl>taxaxo, &c., are powers of a, 

a ^ a is called the second power or square of a and is written a^ i 

a X a X a is called the third power or cube of a and is written a* ; 

axaxaxaxax&c. ton factors is called the nth power of a and is 
written a^. 

The small figure or letter placed above a quantity and to the right 
of it to express its power is called the Index or Exponent of that power. 
Thus, 2, S, 6, m are respectively the indices or exponents of a®, a®, a®, a”*. 

[ Note, a* is usually redd *a equarad*, a* is read *a cabad\ a* is read 
*a to iha fourth*, or simply, ‘a fourth* ; and so on. Thus, a^ is read *a to th§ nth* 
or *a nth*. 

The quantity a itself is called the first power of a and thus a is understood 
U mean a^, ] 

17. Dimensions and Degree of a Product. Each of the 
letters which occur as factors of an algebraical product is called 
a dimension of the product, and the number of the letters is called the 
degree of the product. Thus, a^x^y which is equivalent to axflxa;x®x 
fl^XffxsrXf/, is said to be of eight dimensions, or of the eighth degree; 
similarly, ab^c^d^ is said to be of twelve dimensions or of the twelfth 
degree, 

A numerical coefficient is not counted. Thus, 6ab*c^ and a6*c* 
are both said to be of six dimensions or of the sixth degree. 

When an algebraical expression contains terms of different dimen- 
sions, the degree of the term which is of the highest dimensions is also 
called the degree of the expression, 

18. Homogeneous Expression. An algebraical expression is 

said to be homogeneous when all its terms are of the same dimensions. 
Thus, the expression is homogeneous, for each of 

Its terms is of tour dimensions. 
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EXAMPLES 

Example 1. If a *3, find the numerical value of -6a. 
We have a**a>^axoxaxa 

-8x3x3x3x3*243 ; 

and 6a“6xa 

-6x3-16. 

Hence, the given expression — 243 - 15 * 228. 


Example 2. If a— 4, find the numerical value of 2a* “6a*. 
We have 2a* — 2xaxaxaxaxa 
-2x4x4x4x4x4 
-2048; 

and 6a*-6xaxa 

- 6 x 4 x 4 * 80 . 

Hence, the given expression * 2048 “ 80 — 1968. 


Examples. If a— 2, 6*3, c—4, rf—6, find the numerical value 

a*6*(2 

0 * 


The given expression 


flXflXgXgXflX^X^Xfcxd 
* cxc 

« 2x2x2 x2 x2x3x3x3x5 
" 4x4 

-2 x 3 x 3 x 3 x 6 - 270. 


EXERCISE 3 


If 

1 . 


4. 

7. 

9. 

11 . 

12 . 

13. 

14. 

15. 


a-8, 6-12, c-4, wi-7, n-6, jr-2, y»3, find the values of ; 

3»“. 2. 7a*+6. 3. 2»*“7n*. 

8cy*-aa?y*. 5. 6c*-<-3a*. 6. 76aj®y*-»-mn*. 

a*+c* 8. 9a*6*c*-i-8n*a;*y»“6*y+fl;. 

2a:®6+a»6*. 10. ScV+a^y*. 

Find the value of y® “65y* + 66y*“21y + 40, when y— 8. 

Find the value of 8aj* + 6»® + lla?* + 13aj+29, when 05—76. 

Find the value of 16a® - 84a* + 7a - 4a* + 86a* - 3, when a— ♦. 
Find the value of 23 + 20wi + 78w*-199m® + 26wi*, when i»-2'6. 
Find the value of 60y*“61y* + 85y“66Sy®-19. when y-8*4. 
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16. Fird the value of 64n*^®~55n^ + 32w® -121n* + 64n*~4n* + 79, 
when n"^y 375. 

Find the values of a® + 6® + c® ~ Babe : 

17. Whena*29, i-24, c“27. 

18. When a=*5‘G25, 6-3*625, c — 4*625. 

19. When a-44f. 6-51?. c-58?. 

20. When a - 1667, 6 - 1674. c = 1659. 

19. Roots. That quantity whose square (or second power) is 
equal to any given quantity a, is called the square root of a, and is 
denoted by 'ihe symbol J/a, or more simply, by Ja. Thus, 3— s/9, 
because 3®-l 

That quan'^ty whose cube (or third power) is equal to any given 
quantity a, is called the cube root of a, and is denoted by the symbol 
$/a. Thus, 2 — !i/8i because 2®— 8. 

Generally, that quantity, whose nth power, where n is any whole 
number, is equal to any given quantity a, is called the nth root of a, and 
is denoted by the symbol IJ/a Thus, 2 — V32, because 2®— 32 : 3 — t/8Ii 
because 3® -81 ; and so on. 

The^ sign J is often called the Radical sign. It is said to bs 
a corruption of the letter r, the first letter of the word radix. 

Note. Ja, which means the 'iquare root of a, is often read simply as ‘roo/ a'. 

20. Brackets. Each of the symbols ( ), Hi and [ ] is called 
a pair of brackets. When an algebraical expression is enclosed within 
brackets, it is to be regarded as a single quantity by itself. Thus, (a + 6)as 
means that the number denoted by x is to be multiplied by that denoted 
by a + 6, whereas a + 6a; means that x is to be multiplied by 6 and the 
product added to a. 

Hence, the expression d’\-[a + b)x must be reprded as a binomial, 
the two terms being d and (a + b)x. Similarly, c - fd + (a + 6)a;l also must 
136 regarded as a binomial, the terras being c and Jd + (a + 6)a;(, whereas, 
if the brackets be taken olT, c — d + a + 6cc is a multinomial consisting of 
four terms, namely, c, d, a and bx. 

Sometimes instead of enclosing an expression within a pair of 
brackets a line called a vinculuni is drawn over it. 

Thus, a-6-c and a~(6--c) have the same meaning. 

N. B. From the above it is easy to understand the distinction between /^/a-fb 
or J(a'\-h)and s/a+b ; either of the first two expressions means the square root of 
the number denoted by a -4*6, whereas the last means that b is to he added to the squart 
root of a. Similarly t Jib or J{ab) means the square root of the number denoted by 
a(k Vfy*ereas Jab means the product of b and the square root of a. 
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Note. The three different kinds of brackets ( ), { }, [ ] are often called rcspec* 
lively paran^heaaa, brac^e and crotchete. 

EXAMPLES 

Example 1. If a *2, 6*4, c = 9, find the values of : 

(i) Jcb+ Jh + bt (ii) vc6+ \/(6 + 5) and (iii) V26+ 

(i) n/c 6+ v/6 + 5- ^/^x4+ V4 + 5 
*3x4+2+5 
*12 + 2 + 5 = 19. 

ai) v/c6+ v/(6 + 5)= v/9x4+ v/(4 + 5) 

* n/56+ v^9 
*6 + 3 = 9. 

(iii) *726 + 74a * V2 x 4+74x2 

*78 + 2x2 
*2 + 4 = 6. 

Example 2. If a = 3, 6 = 5, c = 8, d = 12, fi = 20, find the dififerenoe 
between the numerical values of : 

a)c + 6*-a(6-^^)^ and ajc + 6* -a(e“d)l. 

The Ist exi)ro8Bion*3 X ]8 + 5“-“3 x{20-12)( 

*3x18 + 25-3x81 
*3x18 + 25 - 241 
*3x9 = 27 ; 

and the 2nd expression =3 x 18 + (5^ — 3) x (20- 12)1 
*3x18 + 22x81 
= 3 x 18 + 1761 
*3x184 = 552. 

Thus, the reqd, d iff. *552 - 27 * 525. 

Example 3. If m = 10, n*8, p = 2, (/*12, r«15, find the difiFerenoe 
between the numerical values of the expressions 
[IrTn - 2^ - n{pq - ?w)l p] x (r - - p) 

and [lr77j-2.g-n(^>g-m)l-^p] x r - ?7i-p. 

The first expression 

- [115 X 10 - 2 X 12 - 8 X (2 X 12 - 10)K 2] X (15 - 10 - 2) 
-[1150-24-8x141 + 2] X 3 
-[1126-1121+2] x3 
-[14+2 ]x3-7x3-21 ; 
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Mid the second expression 

-ni6 X 10-2 X (12-8X2 X 12- 10)K2] x lft-(10-2) 

- [U50-2 X 4 X 14K2] X 16 -8 

-tU«)-112K2]xl6-8 

-[88-*-2]x16-8 

-19x15 - 8-286 - 8- 277, 

Thns, the reqd. difference— 277 - 21— 266. 

EXERCISE 4 


If 0—7, 6—3, c— 8, d— 9, «— 4, /— 0, m— 6, n— 2, p— 1, find the 

values of : 

1. VoOT. 2. 3. Vcb^_ 4. 6Vb*d. 

6. 4V4s. «• 4V«‘. 7. 2^/4 c». 8. 2^4^. 

9. m+njd. 10. m+nJd,. 11. 3jp+e. 12. S^/e+p. 

18. V^e+p). 14. 85/8(6+ »«)• SV^+S^) 

16. fjm+d, 17. fja+d. 18. 3(i-(2«-n). 

19. 8d-2(«-n). 20. 3(d-2«)-n. 21. (3d-2)e-*. 

22. (3d-2)e^. 28. 8id-(2e-n)l. 24. 3((i-2X«-ttJ. 

25. 7c-(6*-n*). 26. (7o-6)*-n*. 27. 7c -(6»-*)®. 

28. 7(o-6)*-t»*. 29. (7o-(6*-«)f*. 

80. Vc+^+4«(P+6)*. 81. 5/o+3p+4fl(|>+6)*. 

82. 5/o+3j^4e(p+6)*. 83. 5/c+(3p+4c)p+6*, 

84 5/c+3Kp+4)cp+6*l. 

If a;-2, 1/-3, a-6, d-8, c-5, n*9, p-l, find the values of ; 

85. a(a;+y)*(a-c^x;)®. 86. 4ln~a((2-a+i?H '^4{n-a(d-a)+pK 

87. 6ic + cc* + y(n - d - 5Kc+a?* + y)w-d“'rf« 

88. [a;+y*]ap-a(c-a-sc)f] [» + v“Kap-«)c“al"d. 


3(a?" +!?*) + !/* + «* ’ V lc“ -(«* + «•) n* + «*-c* J 


21. Like and Unlike Terms. Terms or simple expressions are 

said to be like when they do not differ at all or differ only in their 
numerical coefficients ; otherwise they are called unlike. Thus, 3aa;*y® 
and 6ax*i/® are like terms, whereas 8aa;*y* and are unlike ; 

similarly, a6c, baxbdt la^b^ and c*d®a5 are all unlike, 

22. Special meaning of the word Sign : Like and Unlike 
Signs. The word sign is often used to denote exclusively the signs 
+ and Thus, when we speak of the sign of a term we mean the 
plus or minus sign which stands before it. 
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Two signs are called like when they are both + or both - , other- 
wise they are called unlike. Thus, in the expression ax^^bx-cy + d^-f, 
the signs of the 3rd and 5th terms are like as also those of the Ist, 2nd 
and 4th, whereas the signs of the 2nd and 3rd terms as well as those of 
the 4th and 5th are unlike. 

23. The Signs >, <, V and . The sign > when placed 
between two quantities indicates that the quantity on the left of it is 
greater than that on the right. Thus, a + b > c + d means that a + 6 is 
greater than c + d. 

The sign < when placed between two quantities indicates that 
the quantity on the left of it is less tJian that on the right. Thus, 
a + x < b + y means that a + a; is less than b + y. 

The sign is used as an abbreviation for the word because or 
iince. 

The sign is used as an abbreviation for the word therefore or 
hence. 



24. Quantities of the same class, but of opposite character. 

When we speak of a quantity of money it may be either a gam or 
a losSt a receipt or a payment. Now, it is quite clear that whilst a gain 
adds to our stock, a loss lessens it ; moreover, gain and loss are so 
related that if we gain as much as we lose, the effect on our stock 
is nothing. Hence, a quantity of money which forms a gain is said 
to be opposite in character to a quantity which forms a loss. 

When we speak of a distance measured from a point, it may be in 
either of two o])pcsite directions, either towards the noriib or towards 
the south of the point, either towards the east or towards the west of 
the point, either towards the north-east or towards the south-west of 
the point ; and so on. It is also clear that distances measured towards 
the east are so related to those measured towards the west that if we 
first walk any distance towards the east and then walk an equal distance 
towards the west there will be no change in our position with respect to 
the starting point. Hence, a distance measured in any direction is said 
to be opposite in character to that measured in the opposite direction, 

Thus, in the first illustration, in so far as a gain and a loss are both 
looked upon as portions of money, they are said to be quantities of the 
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game clasB, bu^ an tboy atTcct our stock in directly opposite ways (a gam 
mcrcasing and a loss diniinisbing it), they are said to be ol opposite 
ekcbractcT, in tlie second illustration, a distance measured towards the 
south of the point as well as one mea'-ured towards the north may both 
be styled distance and thus far they are said to be quantities of ike same 
class ; but when we consider the directions in which tiiey are measured, 
they must be regarded as opposite in ciLaracter. 

25. The Signs Plus and Minus under a new aspect. It nas 

boon shown in the introduction how concrete quantities are represented 
by numbers. It now remains to he seen how quantities of the same 
olasB but of opposite clmraeter are distinguished in their numerical 
representation. 

When wo consider any pair of such quantities, we prefix the sign 
+ before the numerical measures of one, anfd the sign - before those of 
the otlier. It is quite immaterial w’hich of the two quantities, we select 
for representation by numbers preceded by the sign *f, but when 
we have once made our choice, we must stick to it throughout any 
oonnected series of operations. The following example will illustrate 
the principle : 

Income and debt are evidently quantities of opposite character. Jf 
then we choose to represent incomes by numbers preceded by the sign 
•f, we must represent debts by numbers preceded by the sign -land 

01 cd versay 

Hence, if m any problem w^e choose the sign + for incomes and the 
sign - for debts, +30, +45, +90 will respectively represent incomes of 
£30, £45 and £90 wliereas -30, -45, -90 will represent debts of £30, 
£45 and £90 respectively, a £ being the unit. But if the contrary choice 
be made +10, +25, +36 will respectively represent debts of £10, £25 
and £36 and -10, -25, -36 will represent incomes of £10, £25 and £36 
respectively. 

Hence, generally, if a represent a portion of any quantity, -a will 
represent an equal portion of the quantity opposite in character to it.5 

Graphical Illustratioii : 

A D O C B 

Suppose, AB is a road. If a person starting from any point 0 on it 
travels towards B to any point C and then travels back to 0, it is evident 
that his position on the road is just the same at the end of his journey 
as at the commencement. Thus, it is clear that distances measured 
along the road from left to right are opposite in character to those 
measured from right to left. Accordingly, if distances measured from 
left to right be represented by numbers preceded by the sign +, those 
measured from right to left must bo represented by numbers preceded 
by ^hjksign -f and vice versa. 
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On the other hand, if we choose the sign + for distances measured 
from right to lefU distance of -3 kilometres from any point 0 wiU mean 
a distance of 3 kilometres measured from 0 towards the right ; again, if 
a kilometre be the unit of distance, and if C and D be two points on 
opposite sides of 0 at distances of 5 kilometres and 4 kilometres 
respectively then the distances OD, 00, CD and DG will be respectively 
represented by +4, -5, +9 and -9. 

From the above instances it is quite clear that the signs + and — , 
besides being used as signs of the operations of addition and subtraction, 
are also used as signs of distinction between quantities of opposite 
character. The signs when used in this sense are often called signs of 
affection, 

N. B. When no sign is ^prefixed to a number, the sign + is understood / thus, 
a end + a have the same meaning, 

26. Positive and Negative Quantities. Numbers or symbols 
preceded by the sign 4- or no sign are called positive quantities. 
Whilst those preceded by the sign - are called negative quantities. 
Thus, each of the expressions 4, + 6, a, + h, + c is a positive quantitp, 
whilst each of -4, -6. -a, -h, -c is a negative quantity. 

Hence, the signs + and - are often respectively called the positive 
and negative signs. 

Note 1. In 'positive and negative quantities' the word quantity is used in the 
sense of number. There is no difficulty however in understanding a negativm numbmr^ 
when the explanation given in Art. Hi) is remembered* 

Note 2. The absolute value of a positive or a negative quantity is its value 
considered apart froyn its sign. Thus, if a stands for 5 and b for 3, +(at) and — (ob) 
have the eame absolute value, namely, 15. 

N. B. It is important to hear in mind the meanings of such expressions as 
‘a gain of ~£20’, 'a riee o/ — 8 centimetres', *a distance of —6 kilometres to the 
north** dc. The expressions respectively mean 'a lose of £20’, ‘a fall of 8 centimetres' t 
distance of 6 kilometres to the south*, dc. 

EXERCISE 5 

1. If £4 be the unit, what is meant by gain ■■ -25" ? 

2. If a trader’s loss of Bs. 30 be represented by 30, what will 
represent a gain of Es. 70 ? 

3. If an income of Bs. 60 be represented by 15, what will represent 
a debt of Bs. 100 ? 

4. If a debt of £100 be represented by 25, what will represent an 
income of £400 ? 

PAS' 


1—2 
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5.. If a distance of 76 kilometres fco the north of a point be 
represented by 15, what will represent a distance of 160 kilometres to the 
luuth of it 7 

6* If a river level rises 12 centimetres on any day, falls 9 centimetres 
Ihe next day, and again rises 15 centimetres on the third, how would you 
r'^present the on successive da>s, taking 3 centimetres as the unit 
of length ? 

7. A man gains Ks. 30 in one year, loses Rs. 20 in the second 
year, loses Es. 40 in the third year, and ^ains Rs. 60 in the fourth year ; 
how wouid you represent his gat7i.s in successi'. e years, taking Rs. 2 
as 4j}ie unit ? 

8. In the precoding question, how wouid the man’s losses be 
represented ? 


CHAPTER KI 
FOUR SIMPLE RULES 

L Addition 

27. Definition. When two or more quantities are united 
together, the result is called their sum and the process of finding the 
result fs called addition. 

Note. As negative numbers are not recognised in Arithmetic, there is clearly 
m difference between the Arithmetical and the Algebraical significance of the word 
addition. Hence, when we speak of an Algebraic eam, we mean that quantities 
added together are not necessarily all positive. 

28. The result when one positive (juantity is added to 
another. Suppose BB is a road and that distances measured from 
left to right are reckoned positive whilst those measured in the opposite 
direction, negative. 

B’ A- O A B 

Suppose, 0, A and B are three points on the road such that OA is 
2 kilometres and AB is 3 kilometres ; then, if a kilometre be the unit of 
distance and if A and B be situated as shown in the figure, 0^1 and AB 
wUl be respectively represented by + 2 and + 3. 

^ If then a man starting from 0 travels to A in the first hour and 
'Caom il to .B in the second hour, his distance from 0 at the end of two 
ii evidently OB and will, therefore, be represented by +5. 
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Hence, einoe ( the distance travelled in the 1st hour )+( the distance 
travelled in the 2nd hour )~( the distance traveUed in two hours), we 
have(+2)+( + S)-6. 

Hence, generally speaking, {+a)+(+6)“ +(a+6), or more simply, 
(o)+(6)-{a+^. 

Thus, when two positive quantities are added together, the sum is 
a positive quantity whose absolute value is equal to the arithmetical sum 
of the absolute values of those quantities, 

29. The result when one negative quantity is added to another. 
Suppose, in the above figure OA'^2 kilometres and il'B' " 8 kilometres, 
and that A' is on the left of 0 and B on the left of A* as shown in the 
figure. Then, the distances OA' and A'B are respectively represented 
by -2 and -3. 

If a man starting from 0 travels to A* in the first hour and from 
A' to J5' in the second hour, bis distance from 0 at the end of the second 
hour, will evidently be OB and will, therefore, be represented by —6. 

Hence, since ( the distance travelled in the Ist hour )+ ( the distanoa 
travelled in the 2nd hour ) » ( the distance travelled in two hours ), we 
have (-2)+(-3)» -6. 

Hence, generally speaking, (-«)+(-&)— ~(a+b). 

Thus, when two negative quantities are added together, the sum is 
a negative quantity whose absolute value is equal to the (arithmetical sum 
of the absolute values of those quantities. 

Examfito 1. Find the sum of —a, —6c, — a*6, when o»2, 6""3, 


We have a*2, 6c*3 x 6*16, a*6“2* x 3*12. 

Hence, (-a)+(-6c)+(-a*6)-(-2)+(-16)+(-12) 

*-(2+16+12)* -29. 

Example 2. Find the value of { — 3c)+( — a*d)+(6+/+g), wheo 
a*3, 6* -2, c*4, d*6, /* -6, p* -8. 

We have 6+/+p*(-2)+(-6)+{-8) 

- -(2+6+8)* -16; 
also, 3c*12, 

and a*d-S* x6-27x6*186. 

Hence, the given expression *(- 12)+ (-136)+(- 16) 

*-(12+136+16)* -163. 
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EXERCISE 6 

1. Find the sum of -2, -9 and -11. 

2 . Find the sum of -5®, and - 2 , when {r“ 2 , y“3, s*5. 

3. Find the sum of — 7, a; and Vt and find the result of adding il 
to — 10, when « — 5 and 1 / * — 19. 

4. Find the value of 2 a — 3 ( 6 + c), when a** —5, 6 **2, c*l. 

5. Find the value of (-a*c*) + ( — a* 6 *)+l-(c*-a*)l, when a *2, 
6-3. c-4. 

6 . Find the sum of — 3a®6®, e, —20c* and (d + e)s when a— 1, 
6-2. c-3, cZ- -4, c- -5. 

7. Find the sum of -a‘( 6 -c), -b*‘[c-a) and -c^( 6 -a). when 
a-2. 6-5. c-4. 

8 . Find the value of i ~ (a* - 6 *)l + ] - (a» - 6 “)l + 1 - (a* - 6^)1, when 

a-3, 6 - 6 . 

9. Find the sum of -a;®(i/* - 2 *), - 1 /^( 2 * -x®) and 
when sc— 3, 1 /- 6 , «»5, 

10. Find the sum of -ia*'^ 6 ^-c*l, -c^H, -la*- 6 *xcM 

and -1(a*-6*) X c^t, when a— 60, 6—4, c— 2. 

30. The result when a negative quantity is added to a 
positive quantity. In tho figure of Art. 28 suppose a man starting 
from 0 travels to B in the first hour and kom B lo A in the second 
hour ; then, the distances travelled in the first and second hours 
will he respectively represented by +5 and —3, and therefore, the 
• distance from 0 at the end of the second hour will be represented by 
( + 5 )-|.(- 3 ), But the distance of the man from 0 at the end of the 
second hour {i.e., OA) is also evidently represented by +2. Hence, we 
have ( + 5 ) + ( “" 3 ) — +2, that is, — + (5 — 3). 

Again, il the man starting from 0 travels to B in the Ist hour and 
from jB to il in the second hour, then, the distances travelled by him 
in the Ist and 2nd hours will be respectively represented by +5 and 
— 7 , and therefore, his distance from 0 at the end of the second hour 
wili be represented by ( + 5) + (-7). But his distance from 0 at the end 
of the second hour (i,e„ OA') is also represented hy -2. Hence, we 
have ( + 6) + (“7) — — 2, that is, — —(7—5). 

Thus, generally speaking, we have ( + a) + ( - 6) — + (a — 6) or, - (5 “" fit) 
according as 6 is less or greater than a. In other words, if a positive 
and a negative quantity be added together, the sign of the result 
4|. positive Of negative according as the absolute value of the negative 
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Quantity is less or greater than that of the positive quantity and the 
absolute value of the result is always equal to the difference between the 
absolute values of the quantities. 

Cor, /. Since, a + ( — 5)“ -(fe— a) when b is greater than a, put- 
ting a*0, we have that is, to add a negative quantity is 

the same as to subtract its absolute value, and conversely, to subtract 
a positive quantity is the same as to add a negative quantity having the 
same absolute value. 

Note. Hence, there is no difficulty in finding the value of a^h when b is greater 
than a; for a — b can alwaye be taken to be equivalent to a+C'-t), and the latter ii 
equal to --(6-a) when b is greater than a. Thus, 3 —8=*3 + (-8)* “(8-8)- —6. 

Cor, 2, From Cor, 1, it is evident that the sum of any number 
of quantities can be expressed by writing down the quantities one after 
the other with their respective signs. Thus, a-6 + c-d means the 
same as a+(-i)+c+(-(£). 

Example 1. Find the value of a - 35 + 2o — when a ■■ 2, 5 -• 4^ 

0-5, d-l. 

a-35+2o-7d=a + (“35) + 2c+(-7(i) 

-2 + (-12)+6+(-7)--10+6 + (-7) 

--4 + (-7)--ll. 

Example 2. Find the value of a*5-5*c + c*d-c2*a-5c*, when 
a*l, 5-2, c-3, eZ—4. 

The given exp. - (1* x 2) - (2* x 3) + (3* x 4) - (4* x 1) - (2 x 3*) 
-2-12+36-16-18- -10+36-16-18 
-26-16-18-10-18- -8. 

EXERCISE 7 

1. Find the sum of 117 and —114, 

2* Find the sum of 218 and — 223. 

8. Find the value of a:-y+s, when »— 8, y— 25, s— 13. 

4. Find the sum of 3a;, — 6y, 2s, u and 14t;, when 05—2, y— 6, 
s— 1, fi-3. i>- -2. 

6. Find the value of 3w-6n+6g+r, when m-4, n-6, q-2 

r--8. 

6. Find the sum of — a*o, M*, — and — aM*, when 0—2. 
i«6, 0-3, d-6. 
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7. Find the value of + a!*y*, when “2, 

8. Find the value of a® -3a® Safe* — 6®, when a *3 and fe»5. 

9. Find the value of -5w*n + 10w®n®-10m*n® + 6f»n*-n®, 
when Tn—i and n*=6. 

10. Find the value of a® — 6a®6+ 16a®i>® — 20a®i>® + 15a®6* — 6a6® + 6®i 
when 0-3 and 6—2. 

31. When any number of quantitieB are added tosether* 
the result will be the same in whatever order the quantities may 
be taken. 

Suppose, a man starting from a place travels 6 kilometres to the 
north and then travels back along the same path 8 kilometres to the 
south. Then his position at the end of the journey is 2 kilometres to the 
south of that place. 

Again, if the man first travels 8 kilometres to the south and then 
travels 6 kilometres to the north, then also at the end of the journey ho 
is still 2 kilometres to the south of the place. 

Thus, we have 6+(— 8)— ( — 8) + 6, each being ec[ual to —2, or, more 
briefly, we have 6-8— - 8+6, and a similar result in every other ease. 

Hence, generally, a-6--6+a. 

Again, since 2-10+6— -8+6— -2, 

and also -10 + 6+2— -4+2— —2, 

we have 2- 10 +6-- 10 +6 + 2, and a similar result In 

every other case. 

Hence, generally, a-6+c--6+c+a. 

Similarly, it may be shown that 

a— 6+c— (i + 6— /— a + o+e — 6— d— / 

— — 6+a — d— /+c+a 
— Ac. Ac. Ac. 

32. When any number of quantities are added together^ they 
ean be divided into groups and the result expressed as the sum of 
these groups. 

We have 

3-7-8+6-4+2--4-8+6-4 + 2- -12+6-4+2 

--6-4+2--10+2--8; 

t8-7)+{-8+6)+(-4+2)- -4+(-2)+(-2)- -8 : 

8+(-7-8+6)+(-4+2)-3+(-9)+(-2)- -8 ; 

8+{-7-8)+(6-4)+2-8+(-16)+9+2- “8. 
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Thus, we have 

3-7-8 + 6-4 + 2*(3~7) + (-8 + 6) + {~4 + 2) 

*3*f(-7-8 + 6) + (->4 + 2) 
*34(-7-8)f(6-l) + 2, 

aiiL pirailar results in all Oihei ci. sew. 

Hence, generally, the expression — o- Q oan be prt 

2n any one o( the following fonrs : 

(1) (a + 6) + ( - c — c?) + e + ( -y 4 p), 

(2) a + (6 — c) - 4- (e ~/4* p), 

(3) (a + 6'“c) + (“cZ + fi-y) + p, 

(4) a + (6-C~cZ)4-c + (-'/4-gf), 

(5) (a + 6~c-(i)4-(e~/+i7), 

&o &c. &c. 

Cor. /, Conversely, we have (a f 5) + (~c-"^2)+a + (“/+flf) 

— —/ + g. Hence, the following rule : 

To add together tuo or more algebraical erpreasions write down ths 
terms in succession with their proper signs. 

Cor. 2. Since, a“6+c-d4-fl-/=a + c4-e“6-d“^ [ Art, 31 1 

“=(a + c + a) + ( — 5 — —/), we have the following rule : 

When any number of quantities are to be added some of which are 
positive and other negative, collect the positive terms in one group and 
the negative terms in another^ and express the result as the sum of these 
two groups. 

Thus, 3-7 + 8-9 + 6-6«(3 + 8 + 6)f(-7-9-6)-16+(-22)--6. 
Rzample 1. Simplify 6a - 36 + 2c - 4a 4- 25 - 7c. 

The given expression * 6a - 4a - 36 + 26 + 2c - 7c [ Art. 31 ] 

«(6a-4a)+(^36 + 26) + (2c-7c) [ Art. 82] 

*a + (“6) + (-"6c)=a“6-5c, 

Example 2. Simplify Sa*6 + 66*c - 6c®a - 10a*6 - 76*o + 8c*a + 4a*6 
— 6*c + c*a. 

The given expression 

■■ Sa*6 — 10a*6 + 4a*6 + 66*c — 76*« — 6*c — 6c*a + 8c*a + o*a 

- (3a*6 - 10a*6 + 4a»6) + (66»c - 76*c - 6*c) + ( - 6c»a + 8o*a + d*a) 

- 7a*6 + 4a*6) + ( - 26*c — 6*c) + (2c*a + c*a) 
-(•8a*6)+(-86»c)+(3c*a)- -Sa*6-86*c+8c*a. 
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Note. In the process above^ it must be noticed that when like terms are added 
together t tJie result is obtained by annexing the common letters to the sum of thi 
numerical coefficients. For instance, we find tliat 5b®C“76*c-6*c* -36’c, and 
evidently, -3 is the sum of the coefficients 6,-7 and -1. 

£uunple 3. Add together 3a-2Z?4-c and -5t? + 6e-/, and find the 
nnmerioal value of the sum, when a* 2. 6*1, c*3, 6^*4, c»7, /*6. 

Wo have (3a-26 + c) + (--5cZ + 6e-/) 

*3a-26+c~5^^ + 66-/*6-2+3• 20 + 42--6 
= (6 + 3 + 42) + (~2-20-5)*51 + (-27)*24, 

33. The ordinary rule for adding together compound expree- 

■ions. Put the expressions under one another so that the different 
■ets of like terms may stand in vertical columns and draw a line below 
the last expression ; then add up each vertical column and put the 
result below it. The following examples will illustrate the method : 

Example 1. Add together 3a-56 + 7c~9(i, -Sc + 6a~3ti + 76. 
4d+2c-a and 26-3c + 6(i. 

The first expression* 3a-56 + 7c-9ii 

The 2nd expression * 5a + 76 - 8c - 3d [ Art. 31 ] 

The 3rd expression*- a +2c + 4d 
The 4th expression* 26-3c + 6d 

The sum* 7a + 46 -2c -2(2 

Example 2. Find the numerical value of the sum of 20a*6* 
— 266*c* + d'^, -22a*6® + 196®c^ -3d^ and 2a*6® + 76*c* + 2d^, when 

a *498, 6*3, c*2, d*19. 

The first expression * 20a*6® - 256*c* + d' 

The 2nd expression* -22a®6* + 196® c*-3d^ 

The 3rd expression* 2a*6®+ 76®c^ + 2d’^ 

The sum* 6®c* 

*3® x2**27x 16*432. 

EXERCISE 8 

Simplify the following : 

1. 2aj + 3y-r-3®-2y + r. 2. 9m*-7n*+6p*+8n* — 4p* -8ia*. 

3. 8a* - 6a*6 - 7a* + 6c* - 2a* + 6a*6 - 4c*, 

4. 3a6c - 6c* + 6mnp* - ahe + 7c* - 9wnp* - 2c*. 

6. - 7a*6 - 66*c* + 10a*6 - 36*c» + 3d/ - a*6 - 6*c* - bdf. 

C. - 17fl?*y + 2(te*y * - 20yf - 36«*y * + - 4ayi + 6«*p*. 
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7. 9a*6c - 7j&®ca + 5c*afc + 36*ca - 5a^bd - c^ab. 

8. 20!r®mn - 23m*na; + 14w®a;m - 37£c*mn - 477i®a;m + 64m®7ia; 

- Sx^mn + IBn^xm - 15m®na; + 20n*xm. 

If fl— 9, 6*10, c = 12, d*5, A:*2, m*3, n*4, a:*6, y*7, £r*8, find 
the numerical value of the sum of : 

9. ~ + 3m + 5n and 5cZ — 4ir - Gt/. 

10. 5m-2y-76“8c and Sd + ir-lOa. 

11. 3fc*. -5m* + 7n*, ~2fl: + 56-c and 10d~7a. 

12. ~2&-l’3m-4n, ~^i-5rr + 6i/ and 3^j-5a-36+5c. 

13. -/cm + aa;, 6c — 4m(i + i/, -n^ — d^-^ab and 6fcn - 6y - 7® + ^mn. 

14. k^m-dnx, by^ -ckm — x^dt ^bz + ^a^^2m^d and 6n*--lbdM 
+ 2aA:»-36»d. 

15. 3m*6 - ba^x - 46*2, - 13;fc*6 + 42*d - 7d*n. - 6c*n + 86*y + 9d® 

and 5az^ -Ib^c- ^x^b+Sadn, 

Add together : 

16. a-26 + 6cand -7a + 36-8c. 

17. -3ar + oV-92, 6rr-3i/ + 72 and -2y + 2 . 

18. a;® + 3a;*-5x + 4,2ir*-6x* + 7a;-8, -x® + 7x*-2x+9 and 5x* + a. 

19. 3a-26 + 7c-8d, 2c + 6c^-5a, 36+ci-lOc, c-46+a and -7(i + 66. 

20. x* + 25^ + 3y*-x + y + 2, -6x* + y* + 2x-5, -3xi/-7y* + 3v + l 
and 6x* ■^xy-x-iy + 2. 

If a *5, 6 = 4, x = 8, i/*7, find the numerical value of : 

21. (3x» + 5y “ - 20a* + 496®) + (17a* - 276® - 23x®) + ( - y® + 36® - 3a*) 
+ (-236®-4y® + 7a* + 20x®), 

22. (10a* - 26x*y* + 30x®6» + 17a®y^) + (35x»y® + 16a®y’ - 304a* 
- 28x®6® ) + ( - 8a®y - 9x®y® - 7x®6*) + (5x®6» - 26a®y* + 289a*). 

23. (2a* - 76* + 9x* - 13y * + 15a6 - 21xy) + (5y* + 86* + 17xy - 6a* 
-8a6 - 20x*) + (13x*-20a6 + 5a»-16xy-10y»-26*) + (13a6-2x* + 36* 
+ 23xy-a* + 18y*). 

24. (29a6x-396xy+49xya-59ya6) + (296xy+49ya6-19a6x-39xya) 
+ (2a6x - 12xya + 66xy + 24ya6) + {Bxya + ^bxy - 13a6x - 14va6). 

25. (18a*6* - 436*x* + 62x*y * - 23a6xy) + (39a6w + 286*x* - 25a*5* 
-42x*v*) +(196*«* + 37a*6*-26a6<ry + 36x*y*)+(9a6xy-29a*6*-66»*if^ 
-tt*x*). 



ALGBBBA MADB EAST 


[ CHAP. 


26 


II. Subtraction 

34. Definition. Any quantity h ie said to bo subtracted from 
any other quantity a when a third quantity c is found such that the 
Bum of h and c is equal to a. In other words, c^a — 6, when c is 

flnoh that h + c =* a. 

The quantity from which another quantity is subtracted is called 
the minuend and the quantity mhtracied is called tlje subtrahend. The 
result is called the difference or tlie remainder. Thus, if a is 

the minuend, b the subtrahend and c the remainder. 

85.^ To subtract a positive quantity is the same as to add 
a negative quantity having the same absolute value, and to subtract 
a negative quantity is the same as to add a positive quantity having 
the same absolute value. 

Since, 3 + 4*7, we have 7“* 3=» 4 = 7 + (-3), 

-again, since 6 + (-2)*4, we have 4-6* -2*4 + (-6). 

Hence, generally, a — i*a + (*-W; t.a., to subtract a positive 
quantity is the same as to add a negative quantity having the same 
absolute value. [ See Art. 33, Cor. 1 ] 

Since, (•"8) + 6*2, we have 2“( — 3)*5 [ by definition ]*2+3, 
similarly, since ( - 6) + ( - 4)* - 10, 

we have (-10)-(“6)- “4*(-10)+6. 

Thus, generally, since (-h)+(a + 6)*a, we have a-(“h)*a + 5, 
to subtract a negative quantity is the same as to add a positive quan^^ 
tity having the same absolute value. 


Note. One quantity a is said to he greater than another quantity b when o— b 
is a positive quantity. Thus, -i is greater than -6 /or (-4)-( -6)- -4+6-1. 
Similarly, -6 > -7, -10 > -20 ; and so on. Hence, in the series 6, 4, 3, 2, 1, 0, 
"“S* "t* “6, -7, -8, each number is less than the one before it. 


36. Illustration. Suppose, AD is a railway line running from 
A 0 B C D 


west to ewt, and^, 0, B, C, D are stations on it such that 
90 kilometres, BC* 30 kilometres and C23- 10 kilometres. Suppose, 
a man travels from 0 to C in two days. 


Then evidently, (the distance travelled on the first day)+(the 
distance trav^l^ on the second day )“60 kilometres ; and hence, by 
detoition, 50 kilometres -( the distance travelled on the first day )-the 
distance travelled on the second day. 

^ travels from 0 to £, i.s., 

'iravels 80 kilometres towards the eaet of 0, then on the second day he has 
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to travel from P to C, a distanoe of 30 kilometres more tc v ards tte east ; 
thus we have ( 50 kilometres )-( 20 kilometres ) — SC kilometres. 

(ii) If on the first day the man travels from 0 to A, i.a.i travels 
a distanoe of 20 kllomotres towards the loestt then on the second day he 
must travel from i to C« a distance of 70 kilometres towards the east ; 
thus, we have ( 50 kilometres )-( —20 kilometres )=70 kilometres. 

(iii) Again, if on the first day the man travels from 0 to D, 

a distance of ^ kilometres towards the east, then on the second day he 
must travel from D to C, t.e., a distance of 10 kilometres towards the 
west ; thus, we have ( 60 kilometres ) — ( 60 kilometres ) * — 10 kilometres. 

Ilenoe, taking a kilometre as the unit of distance, we get the 
following results ; 


50- 

20- 

so 

60-( 

-20)- 

70 

60- 

60- • 

-10 


Example 1. Find the value of a — 5 + c, when a* 6, i* — 2, O"" — 3. 
a-5+c-6-(-2)4-(-3) 

-6+2-3-4. 

Examples. Find the value of -a-(-6)+c, when O" -2, 
c- -4, 

The given expression * - a + 5 + c 

--(-2)+(-3)+(-4) 

-=2-3-4--6. 

EXERCISE 9 

If a"“3, 6* -6, c— -6, d* -8, find the values of ; 

1. -a + 6-c+d. 2. a+( — 6) + c-d. S. o-d-(-6)-a. 

4. c — ( — d)+6 — a. 6. — ( — a)+5— ( — c) — d. 

If m- -47, n-60. -154, y- -234, find the values of : 

6. n-w-(-«)+y. 7. -{-m)+y-(-n)-«. 

8. -(-a?)+w-y-(-fi). 9. -(-y)-f»-fl5-(-n), 

10. -(-n)-y-(-»)-m. 

87. To prove that 
and 

Since, (5 + c) + (a - 6— c)*o, 

/. bydefinition« o-(6+o)»a-&-d. 
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Again, since (ft“c) + (a-fe+c)*a, 
a-(6-c)-a"5+c.* 

Cor. Thus, we arrive at the following rule for subtracting ona 
algebraical expression from another : Change the sign of every term 
of the subtrahend from + to - or from - to + as the case may be, and 
then write down those terms in succession after the minuend. Thus, the 
result of subtracting 2a+3ft“6o from a-2Z>+c»a-2&+C‘-2a-36+5e 

BiAinple 1. Subtract - 3a + 26 - 5c from 2a + 6 - 8c. 

The reqd. result * 2a + 6 - 8c + 3a - 26 + 5c 

■■ (2a + 3a) 4* (6 — 26)+ ( • 8c + 5c) 

“5a + (“6)+(“3c) 

“5a-6-3c. 

EzamiAe 2. Subtract 2a* + 3a6 - 56* from - 3a* + 2a6 - 46*. 

The reqd. result ■■ - 3a* + 2a6 - 46* - 2a* - 3a6 +• 56* 

- ( - 3a* - 2a*) + {2a6 - 3a6) + ( - 46* + 56*) 
--6a*-a6+6*. 

38. The ordinary rule for subtracting one compound exprea- 
aion from another. Put the subtrahend below the minuend in such 
a way that the different sets of like terms may stand in vertical columns 
and draw a line below the subtrahend ; then supppsing the sign of 
every term of the subtrahend to be changed, write down the sum of 
Moh vertical column underneath it. 

Examide 1. Subtract - 2aj* + Zxy - y * ' from ~ 2a?v + 3i/*. 

The minuend »* - 2ajy + 3y * 

The subtrahend »-2g! * + 3a?y~ y* 

The remainder — 3a:*-5a?y+4y* 

Note. It must he noticed that the signs of the terms of the subtrahend are fiol 
actually altered in the process, but they are eappoeed to he altered and the operation 
of combining each pair of like terms is performed mentally, 

*When a, b, e are aU positiye quantitiei and a is greater than b, and b li 
l^ter than c, the following proof Is generally given of this result in most treatises 
OB Aigebsa. 

U we snhtcaot b from a, we get a*-b, hot we thus suhtraot too mnoh from Oi 
for ws have to subteaot not b hat a qoanti^ whidh Is le« than b by s* HenoSi we 
nraBtadd^lothlssesnlti thus, a-fb-el-a-b+e. 



FOUB SIMPLE BULES 


III. ] 


fiiainpld 2. Subtract a* — 3a6 + 5fl:* — y * from 3a?* + 2 f* — 7a*, 

The minuend — 3a?* + - 7o* 

The subtrahend * 5a?* — y* + a* - 3a5 

. ‘ . The remainder “ - i^* + 3y * - 8a* + 3a5 

EXERCISE 10 

Subtract : 

1. a — 5+c from 3a + 26-- c. 2. 2a--56+4c from -a — 26+8c, 

3. -x + y-z from 2a? + 3i/-42;. 

4. 6m* - 6m + 3 from 7m* ~ 8m - 1, 

6. a?* — 2y * + 3z^ from 3a?* — i/* + 2 js*. 

6. 4i/* + 4a?t/ — 2a?* from 2i/* — 3a?t/ + a?*. 

7. - 3a* + 2a6 - 76* from a* - 5a6 - 86*. 

8. - 26c + 6c“ — Bxy from bbc — c* + 2a?i/. 

9. 2a:*-4a?* + 7a? + 5 from a?® - 3a?* + 6a? + 7. 

What is to be added to : 

10. a? + 2y + 2 ? to make ? 11. ~2a? + 6y “4^; to make a?+y + j? ? 

12. 3m* + 5m - 6 to make m* ? 

13. a® + 3a*6 + 3a6* + 6® to make a® + 6® ? 

14. - 2a*6* + 6* to make a^ + 6* ? 

15. What is to be subtracted from a® — 3a*6+3a6* — 6® 

to make a® — 6® ? 


39. Removal and Insertion of Brackets. 

(a) The laws for the removal of brackets are ; 

(i) If any number of terms be enclosed within a pair of brackets 
preceded by the sign + , the brackets may be struck out as of no value ; 

(ii) If any number of terms be enclosed within a pair of brackets 
preceded by the sign — , the brackets may be removed provided that the 
sign of every term within the brackets be changed, namely, + to and 
— to +. 

The reason is obvious, for any expression, included within brackets 
preceded by the sign + , has to be added to, whilst one, enclosed within 
brackets preceded by the sign -* has to be subtracted from what goes 
before. 

Thus, a-6+(c-d + 6)*a-6+c-(i + c, 

whilst a-6-(c-d + e)-a-6-c + d!“c. 



80 


ALGBBBA MADE BAST 


[ OHAP. 


(ib) The laws of insertion of brackets are : 

(i) Any number of terms in an expression may be enclosed within 
a pair of brackets, with the sign 4 - preyed ; 

(ii) Any number of terms in an expression may be enclosed within 
a pair of brackets, with the sign — prehx^d, if the sign of every tens 
put within the brackets be alterod. 

Thus, a-6+c-cZ + fl-/-a-6--(“C + d-fl+/). 

Note. We often find brackets wtthin brackets as in the expression aa“[86— 
— 60)}] ; here ii %s meant that the expression tuithin the braces { 1 u to bt 
subtracted from 3 b and the resuU thus obiavned to to he subtracted from 2a ; whilst 
the expression withvn Vie bracks 3 to be found by subtracting the expression within ths 
parentheses ( ) from 4 e. 

When an expression if ihis krnd to to be cleared of brackets^ 4 to best for 
a beginner to remove first Vie innermost iHur, then the innermost of those ihat remain^ 
and so on ; avd Lastly the outermost pair* 

Ezatoipie !• Simplify 

Ezuiple2. Simplify 

a-[b-\e-{d-B)\-/]^a-[b-\c-d + e\-/} 

«a- [i!)-c+d-6-/l»a-6+o-d + fl+/, 

EsampleS. Simplify 

a + [-b-{o-{d- e-f)~g\~h] 

-a+[-6-ic-d+e-/-pi-;i] 

“a+ t-i-c + d-e+Z+p-^i] 
«a-6-c+d“6+/+flf-h. 

Bzample 4. Simplify 2a - [3a + {46 - (2a - 6) + 6ai - 76]. 

The given expression «2a - [3a+ {46- 2a + 6+ 6ai- 76] 
-2a-[8a+{66+3a[-76] 

"2a- [3a+ 66+ 3a — 76] ■■2a — [6a— 26] 
"2a-6a+26" — 4a+26. 

Example 5. Simplify a- [-6- {o-(d-rV)H. first removing [J, 
then { \, then ( ), and last of all the vinonlnm, 

a-[-6-{c-(d-a-/)H-a+6+{c-(d-«-/)i»a+6+o-W-a-y) 

"a+6+c-d+i^"-a+6+o-d+a-/. 
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Note. The expression within [ ] consists of two terms namely -b and 
f* hencct when this pair of brackets, which is preceded by the sign 
is removed^ we get 6+{c-*(d-“ «—/)}. A similar reasoning applies to the removal r*f 
other brackets. It must be noticed carefully that only one pair of hrackmte is to if a 

ramoced at a time, 

Euimple 6c Simplify [a~ + 

We have a-\b-(c- d)\^a - \b-c-\’d\^a-b-^c-d ; 

and 2a-f3b + (2c- id)t ^2a-i3b-i‘2c-idi 
“2a-“3^-2c + 4rf. 

Hence, the ;;:iven expression 

*[a — 64-c — ^f] — [2a — 36 - 2c + Ad] 

■=a"*6 + C“d~2a + 36+ 2i’— 4d 
* •“ a + 26 + 3c — 5e?. 

Example 7. Of the expression a + b-o-^ d-e-f enclose the 
three terms within a pa^r of brackets and the last three in another, each 
precede:^ by the sign - , and then put the last two terms )f each of these 
bracketed expressions within an inner pair of brackets preceded by the 
sign - 

According to the given directions, 

a + 6“c + d-c-/* - 1— a — 6+cf -j “d + e+/f 

EXERCISE 11 

Simplify : 


1. 

2a — 3b ~ (4a — 66) + ( — 2a + 56). 


2. 

a: + (-y + 4a!)-(-2a: + S»). 8. 

- (5a: - v) + ( - 3* + ») - (2t - 6*). 

4. 

3a-6a+(26-a). 5. 

-o-)26-(6a+46)[. 

6. 

2a -)66 - 76-^1. 7. 

3-)5-(6-7^)K 

8. 

-2-[-3-J-4-(-5-6)(]. 


9. 

-a-[-S6-(-2a-(-a-46)(]. 


10. 

a-[26-)3c-(a-26-3c)(]. 


11. 

8x - [6y - UOi - (5® - 10» - 3«)}]. 


12. 

-a-[-6-(-c-{-a-6-c)H. 



Simplify the following expressions removing the braokets in the 
reverse order, t.c., the outermost first and the innermost last ; 

18. 2*-[6»-l9*-(10v-4fl!)H. 14. -6a-[36-i6a-(66-7a)f]. 

16. -7in-[3n-i8f»-(4n-10»i)|]. 
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16. -2a-[-4i-i-6c-(-8a- -10Z^-12c)}]. 

17. -3a;-[-52/-l-7«-(-9ir- - - 134]. 

18. -2x-[-iy-\-ez-{-3x- ^5y-7z)\l 

19. -a;“[-3i/ + ]-5«“(-2£c+ -iy-^z)W 

20. -2a+[-56-i-8c+(-3a- -66+^)}]. 

21. ~a; + [-5i/-l-92 + (-3ic 7y + ll2;)l]. 

Simplify : 

22. \2a - (36 - 5c)} - [a - 126 - (c - ia)\ - 7c] . 

23. [x-\y -[z-x)\ -{y - z)]-[z-\x-[y - z)W 

24. [2a-(6-c)~136~(2a-c)[-l-2a4-(c-46)}] 

- [ - 36 - (2a - 4c) + l6c ~ (26 - 3a)} - 1 - 5c + (6a - 76)}]. 

In the expression a'-h-c + d-m + n-x-^y-z ; 

25. Include the 2nd, 3rd and 4th terms in a pair of brackets 
preceded by the sign - , and the 5th, Gth and 7th in a pair of brackets 
preceded by the sign +. 

26. Include all the terms after the 1st in a pair of brackets precede 
ed by the sign ~, and of the expression thus enclosed pub the last four 
terms within a pair of brackets preceded by the sign + . 

27. Enclose the first five terms within a pair of brackets preceded 
by no sign and the last four within a pair of brackets preceded by the 
sign and then put the last three terms of each of these bracketed 
expressions within a pair of brackets preceded by the sign 

28. Enclose every three berms from the first in a pair of brackets 
preceded by the sign - , and then pub the last two terms of each of these 
bracketed expressions within a pair of brackets preceded by the sign 


III. Multiplication 


40. Definition. One number is said to be multiplied by another 
when we do to the former what is done to unity to obtain the latter. 

Thus, since 4*1 + 1 + 1 + 1, we must have 

4xa; or ix^x + x + x'^x. 


Similarly, 4x5 = 5 + 5 + 6 + 6 *20 

3x6 = 6 + u+6 “18 

5x3*3+3+3+3+3*16 


3x 

4x 


6x(-4)- 



I 

U 
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Again, since we must have 

(-4)xaj=» -x-x-x-x. 

Similarly, 

(-4)x6--6-5-5-5 «-20) 

(-3 K6--6-6-6 --18 \ — III 

(~5)x3*-3-3-3-3-3--16 ) 

Also, 

(-3)x(-5)--(-5)-(-5)-(-5) 

-5 + 5 + 5 - 15 \ 

(-4)x(-3)=-(-3)-(-3)-(-3)-(-3) 

-3 + 3 + 3+3 - 12 y n 

(-5)x(-4)--(~4)-(-4)-(-4)-(-4)-(-4) 

— 4 + 4 + 4 + 4 + 4 ■■ 20 / 


The number niultiplied is called the multiplicand and the number 
by which it is multiplied is called the multiplier ; the result is called the 
product. 

EXERCISE 12 

From the definition of multiplication deduce the result : 

1. When 5 is multiplied by 3. 

2. When 6 is multiplied by 3. 

8. When 9 is multiplied by 4. 

4. When -8 is multiplied by 4. 

6. When — 15 is multiplied by 3. 

6. When ~ 13 is multiplied by 6, 

7. When 8 is multiplied by -3, 

8. When 7 is multiplied by -5. 

9. When 15 is multiplied by - 3. 

10. When -9 is multiplied by -4. 

11. When -12 is multiplied by -5. 

12. When -16 is multiplied by -4. 


41. The Law' of Signs. From the lait article it is clear that if 
a and b are two whole numbers, we have 


) X ( + 5 

* + (ab) 

x(-5 

— — (at) 

) X ( + 5 i 

- (ah) 

)x(-5j 

I* +(ah) 


1—8 
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Thus, the product of two whole numberg is positive or uegative 
Aooording as the multiplicand and the multiplier have like or unlike 

signs. 

The same thing can be found when the numbers are fractional. 
For instance, since, -f* -J-i, i.e., since, -j is obtained by subtract- 
ing a thiid part of unity, twice, to multiply any number « by we 
must subtract a third part of x twice. 

Hene*!, “ J - | “ 

Similarly, " A-A“ “A. 

* A "1 A * A I snd so on. 

Henco, v/e can enunciate the Law of Signs in a more gener**! way, 
thus : The sign of the product of any two quantities is posit i .^e oi 
negative according as the multiplicand and the multiplier have like 
or unlike signs. Or, more briefly, thus : Like signs produce + , and 
unlike signs - . 

Cor. Since, ( •" aj) x ( ■“ a?) * a;* and also ( + a;) x ( + a?) ■■ a?* we have 
n/aj*“ ±«. Thus, every positive algebraical quantity has got two square 
roots which are equal in absolute value but opposite in sign. 

Biample. Find the value of (a*6 - cdXc^ - d*), when a--2, 

Since, a*6 - ( - 2)* x ( - 3 ) * 4 x ( - 3 ) « - 12 , 

and (3J"(-4)x5*- -ao, 

a*fc-C(i--"12-(-20)»-12+20«8. — (A) 

Also, since c* » ( - 4)* * 16, 

and d*-(6)*-25, c*-d»-16-25- -9. — (B) 

Hence, from (A) and (B), we have 

(a*6-c<^Xc*-d*)-8x(«9)--72. 

EXERCISE 18 

Find the value of : 

1. o5-cd, when o* -2, -3, c» -8, d*6. 

2 . (aj*-y*)6-aa5|f, when o-l, 6* -3, a;-!, y- -6. 

S. Saj^y-Sajy^ + ajys. when a- -1, y» -2, s- -7. 

4. ( - a)fc* - od* + fc( - c)*, when a “ 6, b" t 7, c • 4, d - 8. 

5. “a:*(-c)+t*(-y) + 4a*, when o--2, 6- -8. 0 --I, k-S, 
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6. a*(6-c)+6*(c“a) + c*(a~fc), when a- -2, 6- -5, c— -7. 

7. »®(v-«) + v®(£~a?) + jB:*(a?-y), when -3t y*8, -6. 

8. p*(g*-r*)+3*{r*-p*)+r*{|)*-g*), when p--3, fl--6, 

r- -7. 

9. a® + 6® + c® - 3a6c, when a* -12, 6* -13, c— -15, 

10. Show that (a + 5)* *a* + 5a*6+ 10a®6® + 10a®5® + 5a6* + b\ when 
a-3, fc--6. 

42. To prove that /.e., 6 multiplied by a gives the 

same result as a multiplied by b. 

(i) First let a and b bo any two positive integers. 

Place b units in a horizontal row and write down a such rows in 
such a manner that units in similar positions in the different rows may 
be in the same vertical column ,* thus : 

1 1 1 1 1 .... 5 times 

1 1 1 1 1 .... 5 times 

11111 


b times 


to a rows. 

This being done, evidently it may also be said that we have written 
down b columns, each containing a units. 

Now let us count up the total number of units thus written down. 

Since, we have got a rows each containing b units, the total number 
of units *( the number in the 1st row )+( tlfe number in the 2nd row) 

+ ( the number in the 3rd row ) + + ( the number in the atb row) 

—6 + 6+5+ to a terms— ax 6. ••• ••• ••• (l) 

Also, since we have got 6 columns each containing a units, the 
total number of units— ( the number in the Ist column ) + (the number in 
the 2nd column ) + ( the number in the 3rd column ) + ••• + ( the number in 
the 6th column )-a + a + a + *'* to 6 tenns»6xa. ••• ••• 

Hence from (1) and (2), .we have'ax6— 6xa,* 

».s., 6 taken a times— a taken 6 times. 

* Since a6*ba. It does not matter much whether we read ab as a times b or 
b ttmes a ( i.e., as b multiplied by a or a multiplied by b ) ; but until the proposition 
oS the present article hde been proved It seems expedient to stick to one and the 
same mode of Interpreting it. If a beginner Is taught to read 7a as *7 times a* whOsi 
7x4 as *4 times V he is but unconsciously led to think that such ezpreesione as ba 
and ab mean the same, but that consequently no amount of reasoning la neoeaaarj 
to establish the above proposition. As a safeguard against this evil, I have hith«to 
throughont taken a X b to mean ' a times b’ or 'b multiplied by a’. 
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(ii) Next let a and h be two positive fractions: suppose, a — 


and 6- 


P. 

Q 


where m, n, p, q are positive integers. 


Then, x J n 

n q {\q I I nq nq 

and fcxa-^x??^.^x|H-.eUpx^.^. 

q n ^ \\nj V qn qn 

But m and p are positive integers, therefore, mp^pm^ and simi- 
larly, fiQ^qn, 

Hence, from (I) and (II), we have a x ^ a.* 

Thus, it is established that for all positive values of a and b we 
must have a X &*=h>^a. ... ... ... (A) 


- (I) 

- (II) 


Cor. /. From Art. 41, we have a; x ( - » - (xy\ 

and (-i/)xa:* -(ya;) : but xy^yx^ 

a;x(-j/)*(-2/)xa;. ... ... (B) 

Cor. 2. From Art. 41, ( - a:) x ( - y) * + jry , 

and (-“y)x(-a;)» +j^a5 : but xy^yx, 

(-a?)^(-l/)*(*“y)^(-a;). ... (C) 

Hence, from (A), (B) and (C), we conclude that for all values of 
a and b, ax6»6xa. 


* We can lllustiate a x b « b x a when b and a are fractions as follows : 
liOt OB prove thatfx fslxf. 

§ X ^ means that we have to divide | of a thing into 3 equal parts and take 
8 of' those parts, whilst 1 means that we have to divide § of a thing into 6 equal 
parti and take i of those parts. 


aE 


1 




B 




Take a line AB 15 oentlmeties long, then } of the line will be 12 oentlmetme, 
and evidently I of 12 oentimetres ■ 8 oentimetres ; thus, f x J of the line - 8 oentimetree. 
Again, I of the line is 10 oentimetres, and | of 10 oentimetres *8 oentlmetrei, 
. * . 4 X I of the line also <- 8 oentimetres. 

Henoe, we have I x } | x |, Similarly, any other oaie may be iUostrated. 


III.] 
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EXERCISE 14 

Prove that : 

1. 4x6*5x 4. 2. 6x3«3x6. 3. 7x5-5><7, 

4. 4^8*8x4. 5. 9 x5»5x9. 

43. To prove that (aWxc— ax(ftr), or, Le.j to 

multiply c by the product of a and b is the same as to multiply c 
first by either of them and then that result by the other. 

Place h brackets in a horizontal row each containing o units 
and write down a such rows in such a manner that the brackets in 
similar positions in the different rows may be in the same vertical 
columni thus : 


w 

[c] 

[cl 

[c]...6 times 

[c] 

[c] 

[el 

[c]...6 times 

[el 

[c] 

[el 

[c]...6 times 


to a rows. 

This being done, it may also be said that we have written down 
b columns each containing a brackets. 

As we have got together ax5 brackets and as each bracket 
contains o units, the total number of units x c. ... ... (a) 

^ Again, since we have^ got h brackets in a row each containing 
0 units, ihe number of units in a row* 6c, and as there are a rows 
altogether, therefore, the total number of units *ax (6c) ... [p) 

^ Again, since we have got a brackets in a column each containing 
c units, the number of units in a column *ac, and as there are b columns 
altogether, therefore the total number of units * 6 x (ac). ... (y) 

Hence, from (a), (P) and (y), we have 
(a6) X c»a X (6c)-6 x (ac). 

Cor, From the results of the last article and this, we deduce that 
abe^bca^cab. For, by the present article abc^^a^ibc), and by the last 
article ax(6c)»(6c)xa»6ca ; hence, we have a6c*6ca, and similarly, 
bca^cab. Thus, we are led to conclude that the value of a product is 
the same in whatever order the factors may be taken.* 

Note 1. Although the factors of a product can be taken in any order, U is 
alvtays found convenient to place first the factor expressed in figures, and to put after 

* The validity of the oonolusion has been, established only foe three factors. A 
general proof, however, has not been attempted as bring too tedious for the class of 
stndents for whom the book is meant. 
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factors expressed in letters in the alphabetical order of those letters Thiu^ 
e‘xdx7xbxa^ is written la*bc*d 


Note 2. We are now in a position to modify a little the definition of Coafii^ 
eiant given in ArU 15, In an algebraical product one or more of the factors may bi 
sailed the coefficient of the remaining factors. 


For instance^ in labcd we may call lac as the coefficient of hdfor 7abcd can Is 
seritten a$ lacbd and therefore by the definition alluded to, lac is the coefficient of bd, 

44, To prove that where m and n are any two 

positive integers. 

N. B. From Art, 42^ we know that the quantity on either side of x may Is 
regarded as the multiplier and that on the other as the multiplicand. Hence, we need 
not any longer observe the restriction we have hitherto placed upon the meaning of 
a X b. [Bee foot-note, pagee 86, A, ] 

Since, a*-a(i, 
and * aaa, 

a* X a® * (aa) x {aaa) 

-axaxaxaxo [Art. 43] 


Again , since a* * aaaa, 
and a®**aaaaaa, 

X a® » {aaaa) x {ctaaaaa) 

-axaxaxaxaxaxaxaxaxa [ Art. 43] 

-a^o.a4+e 

Generally, since a^^aaaa ... to m factors, 

and a^*aaaaa ... to n factors, 

.’ . o’” X a** « {aaaa ... to m factors) 

x(aaaaa ... to n faotore) 
* aaaaaaaaa ... to {m + n) factors 


Con /. o’” X X a® ^ when m, n and p are positive integers. 

For a’"xa’*«="a’”'^ ; 

Cor* Pi ia^) "o’”*, where m and n are positive integers. 

For (o’”) " o’” X a*” X a”* X ••• bo n factors 

^^n+in+m' •••••• to fi terms 
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45. Applications of the principles established in the precod* 
ing articles. 

Esarple 1. Flu w that ( - abY — 

f — o•^)' •=( - ul) >■ { •* ab) ■ 

[ Art. < 1 ] 

[ Art. 43 ] 

[ Cor., Art. 43 ] 

[Art. 43] 

[ A*t. 4:4 ] 

-5a*h’‘ by 4a°6*. 


“ {ub) 

[da] X [hb) 
BzampU 2. Multiply 


t-5a»6*)x(4a*6")^ 


-K5a“i*)x(4a»6«)l [ Art. 41 ] 

— 15 X a® X b* X 4 X a* X i)*[ [ Art. 43 1 

— - 15 X 4 X a* X a* X b“ X [ Cor., Art. 43 ] 

- - 120 X (a»a®) x (b*b*)l [ Art. 43 ] 

--20o*i®. [Art. 44] 

example 3. Simplify ( - 2x*v®*) x (4a;*v®«*) x ( - Skv®*®). 

We have ( - 2®®v®«) x (4a:*i/®z*) 

■■ - l(2a:®v**) X (4a:*y®z*)l 

— 12 X a;* X y* X f X 4 X *■ X X 

— — 12 X 4 X a:* X sc* X y* X y^ X g X a*l 

- -I8x(a;®a:“)x(y*y®)x(a2»)l- - 8 a!®v®®z®. 


Hence, the given expression 

“( - 8a:®y®®«®) x ( -6ari/®z*)“(8a!®i/®®z®) x (6a:v®«®) 
“8xa;® xy‘^*-x** x6x®xy*xa* 

“8 X 6 X as® X a; X y®® x y* x a* x a* 

— 48 X (a;® a:) x (v®®y®) x (a®z*) * 48a:*v® 

EXERCISE 15 


Show that : 

1. (-o)x65- -6ot. 

8. -7a!® X 8a!® --66a:®®. 
5. (-7c)x(-3a6)-21a6e. 
7. 16 X 76-5® X 3®. 

9. (-o6)®--a®6®. 

11. (-o®&*)®-a®6®®. 

18. (-4aj®v®)®-16*®V*. 


2. (4a) X ( — 26) — - 8a6. 

4. (-26)x(-10a)-20a6. 
6. 10 x 36 - 25x14. 

8. (-o)®--o®. 

10. (a*6®)®-o®®6®. 

12 . {-»)*--**. 
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Multiply : 


14. 2a:“v by ~3a:®p*. 

15. 

-7a*b‘e by -3a6c*. 

16. -5a:^*p® by -8fl:®v"®. 

17. 

-12a:*v*«* by 

18. -14fl:p®«* by •'■10a:*p“2;^*. 



Simplify : 



19. (-ir)“x(-arv*)*x(a:*v)®. 

20. 

(-2a*)x(7a‘6»)x(5a*6‘ 


21. ( ~ Qx‘^v^z) X {2z*x^y^) x ( - iy^z^x^). 

22. ( - 3a:“i/) x (izy^x) x ( - x^z^y^) x (2zxy), 

46. Products of monomial expressions can be always found by 
Ibe method illustrated in the last article ; it is necessary, however, 
when dealing with more complicated cases of multiplication, that such 
products should be found mentally. Hence, the student must get 
thoroughly accustomed to this kind of mental work, for which ao 
exercise is added below. 

Example 1. Write down the product of 3a5* and -5xy, 

(3a:*) X ( - 5a^) » - 15a:*y, . 

Example 2. Write down the product of -6a*d and -8ad*. 
(-6fl*«x(-8a5*)-40a*h». 

EXERCISE 16 

Write down the product of : 

1. - 2a:® and 5a:*. 2. 5a®6 and “4a6®. 

8. -3m*n® and -7n®m®. 4. 3a:®y® and -6a:y*. 

6, -a® 6* and "-3a*5®. 6. 5w»n® and -“8wi*n. 

7. -lOxyz^ And -5xv*z, 8. 4a:®y®s and -6a:yx®. 

9. -6a:*i/®«* and -^8a:®y*f. 10. -5a*5*o^ and -5a*5*c 

11. 3a:*ys* and -8a?y*«. 12. -4a6jcy and “8a*a:5y*. 

13. -7a*5*a® and -5abz. 14. 5a*a;*y and -12a5®y*a*, 

16. -14av*and *-5a:*y£f. 16. 2a&c® and 

17. - 7a®a:®v and - 9a:®ya® . 18. - 8a?®y and - 20i/®f *»•. 

19. -13a®5^»c^® and -65c®fl*. 

20 . -7aV2/®x*and -16«*a:*a®y®. 

47. To prove that a(0+c)*-a0+ac. 

Whatever b and c may be if a be a positive integer, we have 
a(5+c)*(5+c) + (6+c)+(5+c)+ to a terma 

* Every binomial exprenlon oaa be put In the form b+e. Foe Instanoe, the 
•zpeeiBlon Sa* -3y*, which can alto be writtea ae (2«*)+(-8ti*) ii of the form ‘ 5*1 0. 
Ss* being regarded M 5 and as e. 
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— (6+6 + 6+ ••• to a terms) 

+ (c + o + o + to a terms) 

'■a6 + ac. ••• ••• (l) 

Hence, conversely, »6+c»~ + — I that is, if p and Q be 

a a a 


any two quantities and r a .positive integer ^ then 




Next suppose, a is a positive fraction, t.s., suppose, ‘ where 
m and n are positive integers. 

Then, — (6 + c)—mx^ — [ by the definition of multiplication ] 

n n 

m(6 + c) 


[by (1)1 
[by (A)] 

n n 

-”*6 + fc . “• - ( 2 ) 

n n 

Hence, from (l) and (2), for all positive values of a, we have 

a(6 + c)-a6 + ac, ••• ••• ••• (3) 

Next suppose, a is any negative quantity, ».s., suppose, a--*, 
where x is any positive quantity. 

Then, ( - «).(6 + c) - - [®(6 + c)] 

■■-(»6+{rc) [by (3)] 

- -a;6-(rc-(-fl:).6+(-a;).o ; 

thus, for any negative value of a also, we have 

a(6+c)»a6+ac. ••• ••• (4) 

Hence, from (3) and (4), for all values of a, 6 and o, we have 
a(6+c)*a6+ac. 

Cor. /. Conversely, a6 + ac « a(6 + c). 

Note. Hers a ia a factor common to botti the termi and la called a common 
factor of the two terms. Similar results hold foe three or more terma having 
common factor. 

Similarly, ojya* + xyb^ - xy{a* + 6*), 
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Cor. 2. Since, ft *- c » 6 + { - c), we have 

oih c) * a]]b + ( — c)] = aft + fl( c) *= a5 “ ac. 

Conversely, ab-ac- a[b - c). Hence, 2aa; - 2ay = 2a(a; - v)* 

Cor. J. a(t -f c + ■= + (c + d)\ = ai? + a(c + c^) * at + ac + ad. 

Similarly, a(t + c + iZ + c +/+**•)== at + ac + ati + ac + a^+ •• • 

Thus, when any multinomial expression is multiplied by a mono- 
mial, the result is the sum of the products obtained by multiplying the 
different terms of the multinomial by the monomial. 

Conversely, at+ac+ad + ac + *" = a(t+c + c^4-e + -**). 

Example 1. Multiply 2at - 3t* by 5at. 

6at(2at - 3t») - 5at{2at + ( - 3t*)l 

-5atx2at+6atx(-3t») 

-10a*t*-15at“. 

Example 2. Multiply - 3a;* + 5a;* - 6a; + 4 by - 6a;*. 

(“■6a;*Xa;*“3a;* + 6a;*-6a;+4) 

■* ( - 6a;*)ia;* + ( ~ 3a;*) + 5a;* + ( — 6a;) + 4{ 

« ( - 6a;*).a;* + ( - 6a;*X “* 3a;*) + ( - 6a;*).5a;* 

+ (-6a;*X-6a;)+(-6a;*).4 

- - 6a;* + 18a;* - 30a;* + 36a;* - 24a;*. 

N. B> The beginner is particularly recommended to work out at first each 
example in the method shown ahovet but after some practice he can safely do away 
wUh the intermediate steps and ivrite down the result at once in the manner exempli’ 
fled below. 

Example 8. Write down the product of 

-4a* + 5a*t-6a*t*-8at* + 9t* and -3a*i*. 

- 4a* + 5a*t - 6a*t* - 8at* + 9t* 

-3a*t* 

12a* t* - 15a*t^8a*t^4a*t* -'27a*t* 

Example 4. Simplify 2a:»(3«-2)+2!r(ar+3)-6(a!-3). 

We have 2a!*(3a! - 2)-6®* - 4a:*. 

2*{2a!+3)“'4a:*+6a:, 

6{®-3)-6a!-18. 

Therefore, the given expression 

• (6a;* - 4a;*) + (4a;* + 6a;) - (6a; - 18) 

- 6a;* - 4a;* + 4a;* + 6a; - 6a; + 18 - 6a;* + 18. 



POUB SIMPLE RULES 


43 


III. ] 

Example 5, Simplify 3a(2a - 5) - 3a(a - 6). 

Putting flc for 2a-5 and y for a -6, we have 

3a(2a - 5) - 3a(a - 6) * Zax - Say * 3a(a; - y ) 

-= 3aK2a - 5) - (a - 6)i * 3a(a + 1) » 3fl* + 3a. 

EXERCISE 17 

Multiply : 

1. 2a5 — 1 / by * 2. a ~ 26 + 3c by - 5a. 

8. 2flj - 3y by 4rry. 4. 2a* - 36* - c* by ahc. 

5, »*y-‘2tey*-'V* by -3iri/. 6, 3a*6* a6* - 5a® + a*6 by 76*. 

Write down the product of : 

7. 3a*a5“4aa;* + 5afl5and -2a*. 8. -2m* + 3m*n-6mn* and 4nin, 

9, a*6c - 6*ca + c*a6 and - a6c. 

10. sc* + y* +«*-l/«- 2 fl;-icy and xyz, 

11. -2c*d + 3(2*c-6c^Z*-4c*^» and -6c*d*. 

12. 8a*-6a*6 + 5a*6*-4a6* and -2a*6®. 

Simplify ; 

18. 7a;*(a;-2)-2a;*(»-3)-8a;*(l-2a;). 

14. «*(y» - 2*) + y *(«* - «*) + «*(®* - y •). 

16. 9a;®(a:* - 2y *) + 6y *(3®* + y *) + 3y*(«® - lOy *). 

16. + 2a;* + 2a;) - 2a;*(a;® + 2a;* + 2a;) + 2a;{a;® + 2a;* + 2a;). 

17. a®6*(a®6* - 2a^6* + 2a*6) + 2a*6*(a®6* - 2a®6* + 2a*6) 

+ 2a*6(a®6*-2a^6* + 2a*6). 

18. 2a*6®(2a*6® +6a®6* + 9a*6*)-6a®6^(2a*6® + 6a®6^ + 9a*6*) 

+ 9a®6*(2a*6* +6a®6* + 9a®6*). 

19. a*(2a; - 3y) + a*(3a; + 4y) - a*(6a; - 2y). 

20. If a»a;*-y 0 , h^^y^-zx and c^z^-xy, 

find the values of (i) aa; + 6y + cjc ; (ii) ca; + ay + 6«. 

IV. Division 

48. Definition. One quantity a is said to be divided by another 
quantity 6, when a third quantity c is found such that e^6*a. In other 
words, o-»-6-c, when a»6xo. 

Thus, when as-y xn, we have x-^y^z, and X’^z^y, 

When one quantity is divided by another, the former Is called the 
iiyii^d and the latter the divizor ; the result is called the qv^otiznU 
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49. Fundamental Propositions. 

(i) To prove that a+ftx^-a. 

If we denote a-*-6 by we must have, by definition, 

Hence, a-^-6 x b^x x b»a. 

(ii) To prove that a+b+c^a+bc. 

We have (a-»-6-<-c)x5c*Ka-<"2>)-«'ctxcx5 

“[Ka-+-b)-<-cixc]xb 

^(a+b) xb [by the last result ] 

*a. 


Hence, by definition, a+b-*"C*a-+‘6c. 

That is, to divide any quantity successively by two others is the 
same as to divide it at once hy their product. 

Cor* Hence, a-^-b-^c—a-^-c+b, for each of them "a -•-(be), 

(iii) To prove that a-^b^ax 

We have x ft-l-i-bx 5-1. I by (i) ] 


Hence, 

“'d 

xb*ax|| xjj 



“axl-a ; 

».a., 

(•-I) 

|'Xb»a. 


Therefore, by definition, a+b— ax 

Thus, to divide any quantity by another is the same as to multiply 
the former by the reciprocal of the latter. 

Cor* a+bxc»=axc+b. 

For a+bxc-ax xc*axcx [ Cor., Art. 43] 

and this latter —axc+b. 

50. Law of signs. 

Since, ax(-b)--ab, 

. by definition* ab]-^a- - b \ t 

wA a\ 
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Again, einoe (-a)x(-6)*a6, 

and -a 1 

It is evident also that ah-^a^ h \ ™ 

and ab-^h^ a J *’* 

Hence, from I, II and III, we have the following law of signs in 
division ; 

Whefi the dividend and the divisor have the same sign, the Quotient 
is positive, and when they have different signs, the quotient is negative. 
In other words, like signs produce +, and unlike signs 

51. Division of one monomial expression hj another. 

Let us examine a few particular cases : 

(i) Since, 6a*^®c = 15a®Z>*c, we must have 

(15a*i®c)-*- (5a®i*c) = 3a^h. 

Thus, if the div’idend = 15a®fe®c 

= 3 X 5 X a® X a* X fe* X 5 X c, 
and the divisor =5a®Z?*c, 
we have the quotient *3a*^. 

(ii) Since, (-2a^H^cd)^(-Sa^c^)-6a^^b^c^d, 

we must have -3a®c“. ' 

Thus, if the dividend 

“2 X 3 X X a* X 6* X c X c® X ci, 
and the divisor = - 2a^^b^cd, 
we have the quotient* -3a®c*. 

(iii) Since, (-5a®6*c*d?) x(4&®c*)* -20a®6®c®d, 
we must have (-20a®6®c®c2)-*-(-5a®6*c*<i)*46®c®, 

Thus, if the dividend* -20a®fe®c®eZ 

*( - 5) X 4 X a" X 6* X 2;® X c* X c® X d, 
and the divisor* -ba^b^c^d, 
we have the quotient* 45® c®. 

Hence, from I, II and III, we are led to deduce the following rule 
for dividing one monomial expression by another : 

Take away from the dividend all those factors which make up the 
divisor and to the remaining factors prefix the sign +, or no sign, if 
the two expressions have the same sign, and the sign if they have 
different signs. 

Note. TTaihowfl^’+a’-U'xa’l-S'a’-o* C -o'*-’]. 
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Similarly, o*®Ta’"a“, o’‘4-a**«a’, and w oft. Softer, ffofioralli 
a*-ra"*a'""", where m and n are posUwe integere and m > n» 

Example 1. Divide 18m*n*p by 
The dividend 

The diviBor* -6m*n*p. 
the quotient* -8m. 

Example 2. Divide -24a^6®c by -6a*hc. 

The dividend* -24fl’6®c 

“(-6)x4xa*xa*x6xfc*xc, 

The divisor* -6a*i!«. 
the quotient* 4a® 6*. 


EXERCISE 18 


Divide : 


1. 16«® by -4x. 2. 

3. -30a®®‘ by -6a®**. 4. 

5. -14a®6*c by — 7a*i>c. 6. 

7. -70a:^®V®« by -14!r“v®. 8. 

9. -81«t*®n’®p* by 27m®n*p*. 10. 

11. 25a:*®v®*® by -6a:^®y«®. 

12. -42a*®***v*«® by -14o*®a!^®V*«. 

18. a^®* by a*®. 14. 

16. 66to®®® by -Sot*®®. 16. 


-18*® by 6**. 

36**®y® by 12**y*. 
-20i»‘*fl®r* by 10f>*®fl®f*. 
64a®*6®c» by -8a®6*c®. 
-69a’6*c® by -23a®6®c®. 


28**®‘ by -4®***. 
-91a”®6*®® by 18o®®6®®. 


5f. Division of a multinomial by a monomial. 

From Oor. 3, Art. 47, we have 

o(6+ c+ d +«+/+ •••)*o6+ 00+ ad+ a«+ «(/+••••*• 

Hence, (a6+oc+od+o<+*”)'*'0*6+c+d+e+ 

*(a6+o)+(ac-«-o)+(od+o)+(a«+o)+ 

Thus, to divide a multinomial expression by a monomial toe have 

to divide each term of the dividend by the divisor and take the sum of 

those partial quotients for the complete quotient, 

Bsample 1. Divide 4a*a;*-6a*a;*+10az® by -So*. 

.. . » .j i_4o®e*-6a**®+10oa!® 

The required quotient" 
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- 6 a*a:* . lOox^ 

- 2 aa; -2ax 

“ ~ 2 a®a; + 3afic*-6x* 

Example 2 . Divide 9a;* - 4a;*a - 2cc®a* by 3a;*. 

mi *3 !.• j. 9a;* — 4a**a — 23**0* 9a;* . — 4a;*a . — 9 ** 0 * 

The required quotient* ^ + -g^ + 

*3a;*-Ja;a-|a*, 

Note, a little practice the student can safely do away with the (inicf- 

mediate) step in each case and vyi ite down the quotient at once, 

EXERCISE 19 

Divide : 

1. by a* 6 *. 2 . 2a*fe-3ad* by -oi. 

3. 6o*i*-9a*6* by 3a*6*. 4. 12a;V-9a;*y by -3a;*y. 

5. 14a;’y* -21a;*v^ by -7a;*y*. 6. 4??»n“ - 12m*n* + 16wi“n by 4mn. 

7. - 3 a*a;* + 6 a*a;“ -9a*a;* by -3a*a;*. 

8 . 12 a;* - 8 a;*a* + 20aa;* by - 4a;*. 

9. 10m*n* - 15w’n* - 20m*n* by 5m*n*. 

10 . 8i)*g*-5jp*q*“3p*q* by - 8 i 7 *g*. 

11 . -14a;*y* + 21a;*®y*-"28a;^y® by 7a;^y*. 

12. 15a®a;* - 30o’x* - 45a® a;® by 20o®a;* . 

13. -60a;*a*“75a;*a® + 80a;*a® by -20a;*a*. 

14. 125?n®n*p* - 175w*n®iJ* - 200m*n*jp* by 25m*n*ii*. 

15. - a*5®c*a;®i/*£:* + 2a*5*c®a;*y®a® - 3a®6*c*a;®y*«* 

by -o* 6 *c*a;*y* 0 *. 

MISCELLANEOUS EXERCISES I 
I 

1. What number will represent an interval of 5 hours (i) if the 
unit of time be half an hour ; (ii) if the unit of time be 10 hours 7 

2 . If a; stands for 17 and v for 26, what does a; y denote 7 

8 . Define "Coefficient". Distinguish between a nttmmoal 
ooeffioient and a literal coefficient. 

What are the coefficients of a;* in 15a;*. 2 aa;*, lah^x^ and l^m^pqx^ 7 

4. Distinguish between and Jah. Find the value of 

Jab Joh, when a-9, 5*4. 
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5. If a distance of half a kilometre to the north of a place be 
represented hy 40, what will represent a distance of 6i metres to the 
south of it ? 

6. State the result when a negative quantity is added to a positive 
q uantity. Hence deduce that + ( ■“ 6) * “■ h. 

7. Define subtraction. Hence deduce that 4 -6* -2 and that 
5-(-3)«8. 

8. Arrange the following numbers in descending order of magni- 
tade : 2. 5. -3, 7. -8. -1. 9. -4, -12. 

II 

1. If a* 4, b* 5, find the values of : 

(i) ab-a^h ; (ii) 45-at ; (iii) 74-7a ; (iv) 85-86. 

2. What does mean ? Distinguish between and n“. Find 
the value of a* — 4a®6 + 6a*6* — 4a6® + 5*, when a*=7, 6*5. 

3. What is the relation between a and each of the following ) 
i/fl, \/a. Va and Va ? 

Find the value of i»ya*-3d x •“C®-20, when a»8, d»7, 0“6r 
d-6ande*l, 

4. What is meant by the absolute value of a positive or a negative 
quantity ? Illustrate this by an example. 

5. Add together 3a;*i/, -Idx^y and llx^y ; and find the 

numerical value of the sum, when {r*4, y=*5. 

6. Writedown the sum of 16a;®, -8ccy", 24a;*y*. y® and -32a;*v 
and find its numerical value, when a;=*4, i/*6. 

7. Subtract 4a - 136 - 25c from 176 ^ 12c - 19a. 

8. Simplify 8x - [4y + i2« - (a; - 5v + 3«)i] - (3a; - ly), 

HI 

1. Express algebraically the following statements ; 

(i) The result of multiplying the sum of a and 6 by c is the same 
as the result of dividing x by the product of y and z, 

(ii) The square of the sum of x and y is the same as the result 
of adding together the square of a;, the square of y, and twice the product 
of X and y, 

(iii) If the cube root of the result of subtracting n from m be 
ilvlded by the product of the cube of m and n, we get a quantity which 
is less than the sum of the square roots of x and v. 
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(iv) Since, a is greater than b, therefore, three times a is greater 
than three times b, 

2 . At Bt 0, D, E, Ft O are a number of snooessive points on 
a straight line such that the distances ABt BC, CD, DE, EF, FO are 
respectively 3, 4, 6 , 8 , 5 and 7 centimetres. If DC be represented by Si 
what number will represent DB, DE, DF, DA and DO respectively 7 

8 . State the result when one negative quantity is added to another. 
Find the value of the sum of - a®, -“3a*6, —Sab*. -b®, when a* 6 , 

4. Show by a numerical example that when any number of quan- 
tities are added together, the result is the ssune in whatever order tho 
quantities may be taken. 

5. If a*16, 6*10, c*5, d*l, find the value of 

(a-"6X5 is/(a — 6 Xo + d). 

6 . If a* J, 6*1, prove that 

^a*-a‘b+a*b*-ab* + b\ 

7. Add together 3a® + 46c-®* + 10, 2®®-6a®-16+66o and 

ai-96o-4a*-10®®. 

8 . Simplify a-[66-la-(3c-36)+2a-(a-26-s)f], 

IV 

1. If a *9, find the value of : 

(i) N/4a ; (ii) 

2. ^ Show by a numerical example that when any number of 
quantities are added together, they can be divided into groups and 
the result expressed as the sum of these groups. 

8 . If a*2, 6*3, 0 * 4 , find the value of 
a -6 + C | 6 -c + a ^ o-a +6 
0 + 6-0 6+6-c 0+0-6* 

4. Define an Algebraical Expression, Distinguish between 

a simple expression and a compound expression. 

Is 42a6®® a simple or a compound expression 7 Give the names 
with illustrations of the different classes of compound expressions. 

5. If ®*2, y*3, 0 * 6 , 6 * 6 , find the value of 

V6(ar+»r* + V(a;+a)(6-5te) + Mxib-y)*. 

6 . A certain sum is divided between A% B and 0 ; B raoeinas 
a pounds more than*' A, and 0 receives 6 pounds more than JB ; tf 
A receives x pounds, find an expression for the whole sum divided. 
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7. Add together o*-3o6-M6*, 2i>*-ji.*+c», oi-Jh'+b* And 

M-ih*. 

8. Beduoe to its simplest form 

i2!r* - (y * - xy)\ - iy * - (4®* - y *)[ + i2y ■ - {3xy - 

V 

1. What is meant by the dtmenstons and degree of a product ? 
What is a Homogeneous Expression ? Write down two trinomial homo* 
goneons expressions, one of six dimensions and the other of seven. 

2. If yon were asked to had the value of the expression 
U'^h^O-^d'^e'^f'^ gK how would you proceed ? 

3. Define /actor. What are the si mpie /actors of 2a6(tt + 6) ? 

4. If a* 4 and x*2, find the numerical value of 

(a- a;)* a*. v^2a+4sc 64«* 

6. Find the value of (a;® “7aj* + 6£r + 6)+(-3a;+2»® +4+&r*) 

+ (-ll-4a!" + 2flc-7ar*)-H(at* + 2+5aj"-4a5), when 35-6, 

8, Prove that a-(6-c)»a--6+c. How is this generally proved 
when Oi 6, c are all positive quantities and a is greater than 6. and 6 
is greater than c ? 

7* Simplify 2a?-[(3fic-9v)-l(2sc-3y)-(a?+5yH]. 

8* When is one number said to he multiplied by another ? From 
the definition deduce the result when -8 is multipli^ by -4. 


1. Define the power of a number, and the index of the power , 
and illustrate them by a numerical example. 

2. If a-16, 6*10, «-6, y»I, find the numerical value of 

(a-y) ^/24Sr+lc•+ V(o-(rX6+y), 

3* Show that a* + 6® + c* - 3a6c - (a + 6 + cXa® + 6* + c® - ofc - ao - 60), 

(i) when a*S, 6-4, c-5 ; 

(ii) when a-t, 6*4, c-1, 

4, State the propositions from which the following result may be 

deduced 

a-'fe+c-^d+a— /*(a+c+e)*bj(”6— d— /). 

5. Illustrate clearly by an example that 40-( - 15)-55. 

8. Find the numerical value of the sum of 7a5®-26N/ys*l-i*, 
H and ai®+6a5®+7>/ys. when ®-17, y-16, f-16. 
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7. State the operstioiM indioated by the expression 

6a-[46-i3o-(2d-7e)n. 

8. Find the valne of 

[(o* + 6* + 0* + <i‘)ia + 6 - (c - a)H- a*6 + - (6* + o*) + 
when a— 4, 6-8, c*2, 

VII 

le Disthignish between : 

(i) a'^hc and a+5xc j (ii) a* and 4a ; (iii) 3>/a and Va 

(iv) and Ja + h\ (v) and Jah^ 

2. If a“l, 6*2, c*3, d*0, find the value of : 

#j\ a*6+ 6*o + c^d + (f *a . 

(7+6X^^-l(a-cf) + (o"^J ’ 

(ii) Vh -a* + VMe - V3(8a + 66 + Sc - 2d). 

8« Show that the expressions 

(a+6+c)® + a® + 6® + c®, (a + 6)® + (6+c)® + (c + a)® + 6060 and 
aa® + 86*(a+fl)+26® + 3c®(a + 6)+2c® + 3a*(6+o)+6a6o are equal to one 
another, 

(i) when a-2, 6-3, c-4 ; 

(ii) when o— 7, 6-4, c-1. 

4. Simplify : (i) 1 - [1 - il - (1 - i+i)H ; 

(ii) 3a-(6-2c)-{a+c-(8a-6-2c)}-(2a-86+4o). 

6. Express algebraically the following statements : 

(i) That the product of the sum of the two numbers multiplied by 
their differenoe is equal to the difference of the squares of the numbers. 

(ii) That the square of the sum of two numbers exceeds the sum 
of their squares by twice their product. 

6. Find the value of 

17a-66-[7a-36-i4(a-6)-(2a+36)H, when 0-89, 6-62. 

7. n 7-6a+46-6o. X--3a-96+7o. 

r-20a + 76-6c, ^-13a-66+9c, 

oaloulate the value of V~(X+Y)+Z, [ Mad. TJ. Matrio., 1888 ] 

8. From the sum of 0—^6 + — ic+ia— i 6+d, ii — i6+e—ai 
*a-W+6-|o and 8a-66+8c-4i subtract Va- W6+*c-¥i. 
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1. Prove that a^b*‘b^a, when a and b are any two positive 
Integers. 

2. If JIf stands for a(m+ft) and N stands for Hm-n), find the 

values of ^ and ^ j ‘ 

Q 0 CL 0 

S. In the identity* c(a + fe) » ca + ch substitute ; 

(i) w+n for c and find the value of the product (m+nXa+6) i 

(ii) a+6 for fi and evaluate (a +6)*. 

i. Simplify : (i) a<y “ “ a?) + " v) \ 


(ii) + + 


VZ 


0^ 


5. Prove that 

(i) where m and n are positive integers and m> n\ 

and (ii) 

6. If a^^^yz^^zxt h’^Syz-^xy^zx and c^‘3zx~-wy'^yz, 

find the value of — 

xyz 

7. Multiply + 

+ by 24a®6®o’^{r*y V. 

8. Divide + 


CHAPTEB IV 

SIMPLE FORMULAE AND THEIR APPLICATION 

58. Definition. Any general result expressed in symbols is 
oalled a formula. In other words, a formula is the most general expres- 
sion for any theorem respecting numerical quantities. 

54. Formula (a+6)®»a*+2a&+6*. 

[ (o+ b)* -(o+ bXfl+ 6)+ 6(a+ 6) 

-o»+2a5+6« ] 

*Ii In an equality both Bides are equal foe any and every value of the lymbolloSI 
qnantltleB Invol^, or when one side of the equality can be simplified into the othes. 
toe equality Is said to be an idtnHty* ( Also see Art. 69, ) 
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IV. 1 


That ia, the sQuare of the eum of any two quantitiee it equal to the 
euvt of their tquaree plus twice their product. 

Cor. o* + 6* - (a* + 2o6 + 6*) - 2a6 - fo + - 2o6. 


Example 1. Find the square oi 2x + 3v. 

(2* + 3y)* - (2a:)* + 2(2a:X3v) + (3v)* - 4a:* + 12xv + 9v*. 

Example 2. Find the square of 5a: + 4. 

{6a: + 4)* — (5a:)* + 2(5a:).4 +4* ■•■25a:* + 40aj + 16. 

Example 8. Find the square of 4a' + 75*. 

(4o* + 75*)* - (4a*)* + 2(4a»X75*) + (75*)* - 16a* + 66a*5* + 496*. 

Example 4. Find the square of \x-¥iv. 

(4a: + |y)* - (ia:)* + 2(ia:Xi») + (Iv)* 

-ia:*+|ai^+4»*. 


Example 6. Find the square of (i) ( ^ )' (ii) ( ® y )' 

'My x1 \yl \vl\xl \xl y* x* 

^ 'a: yf \xl x y \y} x‘ xy y* 


Examine 6. Find the square of 8012. 

8012*-(8000+ 12)* -8000* +2.8000.12+ 12* 
-64000000+192000+144-64192144. 

Examine 7. Express 16a:* + 40a:v + 25p* as a perfeot square. 
16a:* + 40av + 26»* -(4a:)* + 2.4a:.6p + (6v)* 

-(4a:+6v)*. 


Example 8. Find the value of x‘ + \' when x+ ^ —8. 

X X 

**+;3-(*+ il* -2.*.; -3*-2-7. 

fl5* \ X f X 

BzamfAi 9. Find the value of + when a+ "ii 
o*+^-(a* + ^)*-2.a*-^-14*-2-196 - 2-194. 
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BxamidA 10. Find the square ol a+5+e. 
<a+6+c)*“|a+{6+c)f*, [regarding Ii+e m one term ] 

" o* + 3a(6 + o) + (6 + c)* 
a* + 3ai + Sac + 6* + 26o + c* 
a* + 6* + c* + Sab + Sac + Sic.* 

BmnpU 11. Find the square of a+b+e+d. 

(a+f>+o+d)*-i(a+6)+(c+(i)l*. [regarding «+b wane term 

and e+a aa another J 


“ (a + 6)* + 2(o + bYfi + <f) + {c + <f)* 

■» (a* + Sab + h*) + 3(ac + ad + 6o + M) + (c* + Sod + d*) 

-a* + b* + c* + d* + Sab+ Sac + Sad+ 36c+ Sbd +38d. 

Sxampla 12. Simplify 

(a+b-c)*+2(a+b-cXa"b+c)+(a-b+c)*. 

Putting » for (a+b-c) and v for (o-b+c), we have the givao 
expression —»*+3 !bv+P* ■*(»+!/)* 

■i{a+b-c)+(a-b+c)[* 

-(Sa)*-4o». 

SxaiBlrtalS. Find the value of 9®* + 30!n/ + 26v*, when le-M 
end p" -9. 

The given expression (3s)* + S(3sX6y) + (6y)* ■■ (3s + 6v)*. 

But Sa!+6p-3xl6+6x(-9)-45-45-0. 

the given expression "O. 

Kveiinila 14. Simplify 986 x 986 +. 966.S8 + 196. 

The given expression "(986)* + 2.986.14 +(14)* 

[ •■• 196-u* 'a8-a.i4 1 

- (986 + 14)* - 1000* - 1000000. 

EXERCISE 20 

Find the square ol each of the following expressions : 

1. x+L 2. 3o+2. 2. s+Sp. 

4. to+7p. O* 8a+4b. 0. 6o+7b. 

7. op+Sbs. 8. o*+2bc. 0. 8s*+9p*. 

»«PKI. nan ha written ai a*+&*+e*-l-l(ai-i-ac+to). 

Xhmiiorei (i) a*+6*+e*“(a+t+*)’—®(®b+sc+be)" 

^ |(rt+«e+W“(«+t+«)*”(**+>’+**j5 
(ob+ae+W"‘i{(s+t+<4*~f**+t*‘*‘*’2» 
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IV. ] 


10. 

4»*+tf*. 

11. 

fa+|y. 

12. 

(MV 

13. 


14. 

907. 

15. 

..A. 

16. 

t +2j+ Sc. 

17. 

ab^bc^ca. 

18. 

2p+3g + 4r. 

19. 

** + V*4**. 

20. 

2a: + 3yf Ig. 

21. 

** + y» + s*. 

22. 

25. 

® + V + 2o + 36. 
4m+Sn+3p+2g. 

23. 

S-i + 45 + c + 2d. 

24. 

2o+®+4y+ 


Express each of the fcllowin{ expressions as a perfect square : 
*6. ** + 4a: + 4. 27. 9a* + 24a6+166*. 


28. 96®* + 5xii + ^ 
16q*^o^9f<* 


29. ®*+2+ 


80. 


96* ^^^16a* 


Simplify ; 

81. (®+v)* + 9(®+yXic-y) +(»-»)*. 

82. (®-y+s)* + {y+«-*)* + 2(®-y + xXv+*”*). 

83. (2o-3fc+4c)* + (2o+3fc-4c)*+2(2o-»+4cX2a+36-4c). 

84. (6a-76)* + a(5o-76X9f)-4o) + (96-4o)*. 

85. (2®— 6y— 3*)*+{6y + 3«— ®)* + 2(2a:— 6v— 8*X6v^■3^-*). 

86. 46* +2.45.5 + 25. 37. 992 x 992+ 8 x 8 + 2 x 8 x 909. 

88. 8‘88 X 8’88 + 2'4 x 388 + 144. 

Find the value of : 

89. 9®* + 12® +4, when ®”' —1. 40. 16®* + 64® + 64, when 9l 

41. 26m* + 40mn + 16n*, when m “ — 18 and n ■■ 23. 

42. 49a* + 66o6+166*, whena--7Mid6-13. 

48. 64a* + 16ac+c*, when 0*6 and C” -49. 

44. 81«* + 18«* + **, when ®*7 and ** -67. 

46. 86p* + 132pg + 121g*, when p * 12 and g ^ - 7. 

46. If m + — * 4, show that m* + (^) * 14. 

VI VffI/ 

47. If ff + “ »a, find the v^lue of ®* + 

48. Il»+ ^ (^/S, show that **+^'*Qland «*+jp““3. 
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49. Find the value of ^ + when ^ + f 
0 * a* a 0 

60 . If sc + ^*2, find the value of a* + * 

65. Formula (a-W®-a®-2ad+0*. 

[ (a- W* -(a - b)(a - b)^a{a -b)-b{a-b) 

-a*-2afe+6*.] 

That is, the sguare of the differenoe of any two quantitiee fi equal 
to the 9 um of their squares minus twice their product. 

Note. This formula ia virtually included in the formula of the last artielSi, 
lor. (tt-6r«fa+(-b)}*»fl* + 2o(-b)+(-b)*-a*-2fl6 + t*. 

Cor. /. a* + 6*-(a*-2a&+5*)+2a6*(a-2>)* + 2a6. 

Cor. 2, Since (a + 6)**a*4-2ai+6*, and (a-6)*-a*-2a5 + 5*, 

avldenlly we have (a + 6)* * (a - i)* + 4a6 and (a - h)* * (a + 5)* 4a5. 

Biamplo 1. Find the square of 3a -46. 

(3a - 46)* - (3a)* - 2(3aX46) + (46)* -9a* - 24a6 + 166*. 

BEample 2. Express 25v* - GOys + 36s* as a perfect square. 

26y* - 60ys + 36s* - (6y)* - 2.6i/.6s + (6s)* - (5y - 6s]F. 

Bxample 5. Find the square of 898. 

898* - (900 - 2)* - 900* - 2.900.2 + 2* 

-810000 - 3600 + 4 - 806404. 

Bzample 4. Find the square of (ix - fy)*. 

(tm - tv)* * (fa?)* - 2.1 a;.fy + (f y )* 

-A«*-a?y+Hy*. 

BEamiAe 6. Find the square of -4a6-56e. 

(-4a6-66c)*-K-4a6)-56c|* 

-( - 4a6)* - 2.( - 4a6X66c)+ (66c)* 

- 16a*6* + 40a6*c + 256*c*. 

Brauplo 6. Find the square of sc - y - s. 

(fl5-V-«)*-te-"(F + s)t**a?*-2aj(y+s)+(y + *)* 

«r*-2teF-^s+y* + 2ys+s* 

- sc* + y * + 1 * 2s«^ - 2a5s + 9iff . 
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BzamiAe 7. Find the square of 2« - Sy - Ijp. 

(2« - 3y - 4s)® - 12® - (3y + 4s)^® * (2®)® - 2(2®X3y + 4s) + (Sy + 4s)® 

- 4®® - 2(6®y + 8®s) + l(3y)® + 2(3yX4s) + (4s)®l 
*4®® - 12®y - 16®s + 9y® + 24ys + 16s® 

*4®® + 9y® + 16s* - 12®y - 16®s + 24ys. 

Example 8. Find the square of a - 6 - c + d. 
(a-6-c+d)®*l(a-fc)-(c-d)(® 

-(a-6)®-2(a-6Xc-d) + (c-d)® 

■“(a®-2a6+6®)~2(ac-ad-tc + 6d) + (c®-2ed + d®) 

— a® — 2a6 + i® - 2ac + 2ad + 2&C — 2M + c® — 2od + d® 

“a® + 6* + c* + d®-2a6“2ac + 2ad + 26c-2M — 2od, 

Example 9, Simplify 

(a® - fcy + cs)® + (a® - - cs)® - 2((t® - fey + csXflWJ • 6y - cs). 

Puttirg m for {ax-by-^cz) and n for (a®-fey — cs), we have 
the given expression — m® + n® - 2?»n * (wi - n)® 

• \{ax - fey + cs) - (a® - fey - cz)\ ® 

*(2cs)® = 4c®s®. 

Example IX Find the value of 9a®-48afe+64fe®, when a *16 and 

6 = 6 . 

The given expression * (3a)® - 2(3aX8fe) + (8fe)® - (3a - 8fe)® 

«(45 - 48)®*{-3)»-9. 

Example 11. Simplify : 

48325 X 48325 - 48313 x 96650 + 48313 x 48313. 

Putting ® for 48325 and y for 48313, we get the given expression 
-®xa;-y.(2®) + yxy [ •.* 96650 - 2.48826 - 2« ] 

-®®-2®y + y®-(®-y)®. 

the given expression -(48325 - 48313)® -12® -144. 

Example 12. Find the value of 

(i) |®+ • (ii) + ^ aiid when®- ® 

(i) (,+ l)'-(.-l)’+i,».l...+4-a 
(il) |)* + 2.*.i-2*+2-6. 

(m) **+j^-(*« + i)*-2^.^-6*-2-84. 



58 


ALGEBBA HADE EAST 


[CHAT. 


Example IS. Find the valne of a* + 6* + c*-oi-a<!— ic, 
when o“!C+p, and c<“®+3v. [C. U. 1914 ; D. B. 1931] 

a* + 6* + 0* - ofc - oc - 6c “ i[2a* + 26* + 2c* - 2a6 - 2oc - 2&c] 

- J [o * - 9a6 + 6* + o* - 2oc + c * + 6* - 26c + 0*1 

-4[{a-6)» + (o-c)* + (6-c)*] 
“4[(»+v-a!+y)* + (fl:+p-fl!-lh^)* 
+(a;-y-*-2j/)*] 

“ 4[(2v)* +(-»)*+(- 3»)*] 

- i[4v* + »•+%/•]- i[14tf ■] - *. 


EXERCISE 21 


Find Ihe square of each of the following expressions : 


L 


3. 

2. 

2x'-5. 

3. 

8®- 

6y. 

4. 

ax- 

-by. 

5. 

8m -3n. 

6. 

pm- 

-qn. 

7. 

p*. 

-mn. 

8. 


9. 

05*- 

2xz, 

10. 

8a» 

-65*. 

11. 

- xyz - ahc. 

12. 

x^yz^-y*MX, 

18. 

a*x 

*-5V. 

14. 

3 7 

7®-i2P. 

15. 

2a* 

1. 

p 

16. 

y 

2a; 

17. 

2®-r- 
" 4v 

18. 

a-26-2c. 

10. 

6®- 

-3v-6«. 

20. 

3m-4n-6g, 

21. 

0*- 

36* -6c*. 

82. 

flj- 

y-a-5. 

23. 

a-2(r-35-4y. 

24. 

90- 

1. 

25. 

120 

-3. 

26. 

600 - 2. 

27. 

993. 



Express each of the following expressions as a perfect square ; 
^ 16o*~8o6+6*. 29. 4®*— 20!cy+26y*. 


30. 4ic*-2+, 


31. 


'4®*’ o*'^46* o6’ 

18. •646x'646+r355xr355-r29xr366. 


32. 9®* + 


121 ®* 


1 

11 


Simplify : 

84. (o+36)*-2(a+36Xo-36)+(o-36)*. 

85. {2a-46+6c)*+(9o+46+6c)*-2(2o-46+5cX2a+46+6c). 

85. (8a+66+7c)*+(7c-4a+66)*-2(3o+66+7oX7c-4a+66), 

87. {9®* - p* - 6s*)* - 2(2®* - p* - 6s*X6s* + 2e* - p*) 

+(6s*+8®?--p*)*. 

88. bi5-ie-i'Oo}*-(-(a6+46c+Soa)*-9(a6>6o+aaXa6+i6o-l-9ea}. 
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fv.l 

89 . 16946x78946-1-78941x78941-2.18946 x 78941. 
^ 24667 X 24667- 2.24567 X 24660 -h 24 563x24660 
•"* 24667 - 24560 


Find the vnlne of : 

41. a*6*-12a6c-f36c*, when 0“4, 6-7 t;id e“8. 

42. **y*-24fl)y2-H44«*, when !r*7, p”9 and «>"6. 

43. 26{i^-^v)••^-«■-10^(a;-^l/), when ®“47, p- -22 and s~128. 

44. 9e‘-4Ma+b)+^a+b)*, when o- -37, 6-67 and e-46. 

46. 64(7i>-6a)“ -96{7p-55)r-^ 96r*, when i>-28, b- 32 and f-43. 

46. If c- ~ -4, show that c*-H ( ^ )*-18. 

47. If X- - — c, show that a:•-^ c*-t-2. 

X X 

48* II 05 - ^ “ J2t show that 05* + ^ -4. 

X X 

49. If 05“ - “8, show that 

05 

U) (flj-H i)*-18 : (ii) <r*•^ A-ll : and (ili) + 

60. Find the value of 

(i) 05-^, when fl5 + y*9 and a5y»14. 

(ii) a5 + y, when fl5-y-9 and 05^—36. 

(iii) 05* + y* + «* -05^-050 “VS, when 05*6+ c, y—o+a and «»a+6, 
Bk Show that (i) (x + y)* + (a5 -y)* *2(a5* + y*). 

W>(^)’-(V)’— ■ 

66. Fonanla (a-f6)(o-6)-a*-6“. 

[ (a+ bXa~ b)^a(a- b)+ b(a- b) 

-o*-6*.] 

That is, the produet of the sum and differenoe of any two guantitiet 
4s egttal to the differenoe of their eguares. 

Vote. OomwrMlv, a*-li*-(a-i-ft)(a-b). Btnee, m eon eJmaytjM fhefeeten 
Sfen w grm ioit wAtefc is 0/ ft. /urm s* -b*. 

[ IPkM «w expmiien U the produet of tue or mere MUtnutoMStMSh qf Ml 
letter tseetMafeetorofthe/oniur.J 
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Example 1. Multiply + 5v by 3a; - 5v. 

(So; + 5yX3« - 6y) - (3a;)* - (5i/)* - 9a;* - 26y *. 

Example 2. Multiply a + 6-fl by fl-6+c. 

(a+6-cXa-6+o)-la+(6-c)Ha-(6-c)l-fl*-(6-c)* 

- a* - (ft* - 25c + c*) » a* - 5* + 25c - c* . 

Example 8. Multiply a;* + rri/ + y* by a;* - a;v + y*. 

(a;* + av + y *X»* - an/ + y *) * Ka;* + y*) + an/M(a;* + y *) - an/1 
*(a;*+y*)*-(an/)* 

“ a;^ + 2a;*y * + y * - a;*y * » a;* + a;*y * + y* . 

Example 4. Find the product of 512 x 488. 

612 X 488-(600+ 12X500 - 12) 

- 600* - 12* - 260000 - 144 - 249856. 

BxamiAe 5. Simplify (a* + a5 + 5*)* — (a* - a5 + 5*)*. 

The given expression “ Kfl* + ^5 + 5*) + (a* - a5 + 5*)t 

xl(a* + a5+5*)-(a*-a6+6*)l 
-(2a* + 25*)x2a5 
- 2fa* + 5*) X 2a5 - 4a5(a* + 5*). 

Example 6. Find the value of (9726864)* - (9726849)*, 

The given expression- (9726864 + 9726849V9726S64- 9726849) 

- 19463708 X 6 -97268616. 

Example 7. Resolve into factors 9a* -25. 

The given expression -(3a)* -(5)* 

-(3a+6X3a-6). 

Example 8. Resolve into factors (a + 5)* - (c - d)*. 

The given expression — Xa + 5) + (c — (2)M(a + 5) — (c — d)l 
— (a + 5+c— dXa+5— c+(2). 

Example 9. Resolve into factors 16a^ - 81a;*. 

The given expression —(4a*)* - (9a;*)* — (4a* + 9fl;*X4a* - 9a;*). 

Again, 4a* - 9a;* - (2a)* - (8aj)* - (2a + 3a;y2o - 3a;). 

Hence, the given expression -(4a* +9a;*X2a+8a;X2a- 8a;), 



BIUFIiB FOBHUIiB AND IHBIB APPLICATION 


61 


IV. 1 


EXERCISE 22 

Multiply together : 


1. 

05+8 and *-3. 

2. 5a; +13 and 6a; -18. 

8. 

ie+2a and as-Oa. 

4. aa;+&y and oa;- 6v. 

6. 


«• 

7. 




\y xl\y xl 


8. 

208x192. 

9. 1016x984. 

10. 

am+n* and awi-n*. 

11. ®y+y« and ®y-y«. 

12. 

- 2y« and a;* + 2y«. 

18. x*y + ®y* and ®y* - ®*y . 

14. 

85 + 1, a-l and «* + l. 

15. a® + 6®, a® - 6® and + 6®. 

16. 

0+6 + C and a+fe-c. 

17. a+6+o and a— 6— c. 

18. 

fn® + mn + n* and w*- 

-wn+n®. 

19. 

a5* + 2fliy+2i/* and a;*- 

-2®i/ + 2y®. 

20. 

ax-hy-^cz and ax-^by^-cz. 

21. 

-aa; + fey + c« and ax-^by-^cz. 

22. 

b^m - c*w + a^p and b^m + c*n - a*p. 

28. 

a® -86® + 27c® and a® 

+86* -27c*. 

24. 

a*a?* — 2aa; + 2 and a*®* + 2aaJ + 2. 

26. 

- a*®* + 1 and a* 

■a:*+o*a;* + l. 

26. 

fn*+ N/2.m?i + «* and wi*- N/2.mn + n*. 

27. 

®*- n/ 2® + 1, ®*+ >/2® + l and ®*-l. 


Simplify : 

28. la+b-c)‘-(a-b+c)*. 29. (o-2i+8o)*-(o+96-So)*. 

SO. (a!*+!W+p*)*-(®*-!ry+y*)*. 

81. {.w+y-a+b)‘-{x-y+a-b)*. 

82. (2a+36-6c+7d)*-{2o-36+6o-7<i)*. 

Find the value of : 

88. 2846x2346-2348x2343. 84. (53497)* -(68487)*. 

86. 498667 x 498667 - 498562 x 498562. 

Besolve into factors ; 

86. 26**-86. 87. 9a*-16o*. 88. 16m*-tfn*. 

89. 4p*-81«t*. 40. a***-646*. 41. S6«*-121y*. 
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46. 

48. 

60. 

62. 

64. 

67. 

69. 

01 . 


48 -64d*. 


_ ^ 
9 


48. 

46. 


144c* -26d*. 
o* 144 


44. 


9** 


1 ^* 

191 ~ 25^ ^ ~ **“ 

(a+26)*-2Bc*. 49. 4ic*-(3o-46)*. 

4(o*-6*)»-9(6*-c*)*. 61. 

o*-816*. 65. (x-v)‘-(a-b)*. 66. 81»*-6a6T*. 

(4o+76)*-(3a-8i)*. 68. (3®+6if)*-(2a!-7v)*. 

(o+26-Sc)*-(a + 6-c)*. 60. (2»» + 3n-6p)*-(2« + 8i))*. 

(3fE - 4* + 7c)* - (2* - 3v + 5c)*. 


67. Formula (o+5>*-a*+8a*5+8o0»+6^ 
or, "O*+0*+8<lft(®+W. 

[ (fl + 6)* “ (o + bXo + 5)* “ {o+ iXu* 2fl6 +6*) 

-a(a* + 2a5+ 5*)+ 6(o» + 2ai+ 5*) 

-a* + 80*6+806* + 6* : 

and this latter»'o* + 3o6(o+6)+6*“o* + 6* + 8o6(o+6). ] 
Cor. o*+6*-)o*+6*+3o6(o+6))-3o6(o+6) 
-(o+6)*-3o6(o+6). 


Example 1. Find the cube of So +56. 

(So + 56)* - (3o)* + 3(3o)*(66) + 3(3oX66)* + (56)* 
-27o* + 3(9o*X56)+ 3(3oX256*)+ 1256* 
-27o* + 135o*6+ 225o6* + 1256*. 


Example 2. Find the cube of 54. 

64* -(60+ 4)* -60* + 4* + 3.50.4(50 + 4) 

-125000 + 64+ 600 x 54 
-126000+ 64 + 32400-157464. 

Example 8. Simplify 

(a: - y)* + (« + v)* + 3(ir - »)*(* + y) + 8(0! + y)*(a! - y). 

[ G. U. Entr, Paper, 1876 ] 
Patting o for a; -y and 6 for (c+v, we have 

the given expression— o'+6*+3a*6+86*a 
-o*+8o*6+8o6*+6*. 

.* . — (o + 6)* - K« - y) + (* + y))* - (Ste)* — 8«*. 


and 
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Bmnpte 4. Simplify 

64 X 64 X 61-t- 36 X 36 X 38+ 192 X 64 X 36+ IQB X 64 X 36. 
Sappose 2*64 and v-36. 

3*-192, 3W-108. 

. the given expression “*•+!/•+ 3a;.a;.v + 3y.z.v 

“ X* + y* + 3x*y + 3xy* •• (x + y)* 

“(64 + 36)* - lOO* - 1000000, 

[ Bnbetitnting the yaluee ol x and y ] 

Example 5. If a+&>5 and ab^Q, find the value of a' + b*. 

We have a* + 6*-(o+ W* -3a6(a+b). 

and by the given condition 

-6* -3x6x6-126-90-36. 

Example 6. If x + ^ -p. show that ®* + ( |) “P* “ 3p. 

Since, a* + 6*“(a+6)*-3a6(o+6), 

■■■ 

-h »)•-’(- i)- 

Hence, the reqd. value * p* -3p. 

Example 7. Find the cube of p+g + r. 

(p+g+f)*“l(p + g)+r|*-(p+g)* + 3(p+®)*r+3(p+g)r* + r* 

- (p* + 3p*g + 3pg* + g*) + 3(p* + 2pg + g“)r + 3(p + g)r* + r* 

“P* + 9* + r* + 3p*g + 3pg* + 3p*r + 3pr* + 3c*r + 3gr* + 6pgr. 

Examples. Find the value ob x*+9x*y+27xy*+27y*, whan x»0 
and y“-2.* 

The given expression "x* + 3x*(3y) + 3x(3y)* + (3y)* "•(x+ Sy)* 
-(6-6)>-(-l)*--l. 

Example 9. Show that x* +^ — -2, when 
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Therefore, from the given condition, 






EXERCISE 28 

Find the cube of : 


1. 

(e+3. 

2. 

2a;+l. 

3. 

3a + 6. 

4. 

4fl!+3v, 

5. 

k*+2v. 

6. 

xy-^yz. 

7. 

a*6+o*d. 

8. 

o+6+2o, 

2. 

2a+3y + «. 

10. 


11. 

In4.2fc 

2“+3^- 

12. 

? + «. 
y X 

18. 

1 + 1. 

X y 

14. 

2 + 3. 

3a 66 

16. 

106. 

16. 

86. 


Simplify ; 

17 . ( 3 »» + 6 w)* + 3 ( 3 to + 6 n)*( 2 m - 6 ») + 3 ( 3 m + SnXawi- ■*•(»» -••A 

18. (3a:-8y)* + (9y-2a:)* + 3(!r+vX3it-8yX9y”2BK 
1». (3o - 76)" + (106 - 3a)» + 96(3a - 76X106 - 3a). 

20. (6!t-2)* + (3-4a:)» + 3(»+lX5a:-2X3-4!e). 

21 . (3 - 70 !)* + ( 8 it - 1 )» + 3 ( 8 o! - lX 3 - Ixlx + 2 ). 

22. (o-6+c)* + (a+6-c)* + 6ola*-(6-o)*|. 

28 . 1’76 X 175 X 176 + 25 x 25 x ’ 25 + 75 x 1 76 x 176 + 76 x *25 x 175 , 
24 . 389 X 3’89 x 389 + 111 x 111 x m + 16 x 3*89 x ni. 


Find the value of o* + 6* : 


25. 


27 . 


28 . 


80 . 


21 . 

tt 


Whena+6“6 and a6*7. 26. When a+6“7 and a6*B. 

If o + ^ “ 3, show that ®* ^ 

If «+ i <“4, find the value of z* + • 

If (» + 2)+^'^'^j“6, find tne value of (®+2)* + 


If 0 + ; " ^/5, prove that «* + ;4“0. 

A A 

If —“-4, Show that 


If 


(tt+2)« + l , 
a+2 


show that 


k+2)! + l, 


2. 
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Find the value oi : 

88. a?® + 6ar* + 12a; + 8, whena:=-2. 

84. »“ + 12®* + 4805 + 64. when a;*- 5. 

85. 8a * + 36a*6 + 54aZ?* + 275®, when a * — 3 and 6*2. 

86 . ®® + 18®* + 108® + 361, when ® * - 11. 

87. If ® + y * 5, show that ®® + y ® + 16®y == 126. 

88. If a* + 6* “ c*. show that a* + 6® + 3a“6*c* * c®. 

89. If iJ + g = 2, show that p® + g® + 6pa*8. 

58. Formula (fl-ft)® — fl®-3a*^+3a^*-“ft®, 
or, * a® “ 6® - Mb(a - b), 

[ la - 6)® * (a - bXa - 6)* * (a - 6Xa* - 2a6 + 6*) 

* a(a» - 2a6 + 6*) - 6(a* -* 2a6 + 6*) 

*=a®-3a*6 + 3a6*“6® ; 

and this latter = a® ~ 3a6(a - 6) - 6® * a® — 6® — 3ab(a ~ 6). ] 

Cor. ]a® - 6® - 3a6(a - 6)^ + 3a6(a - 6) 

*(a^6)® + 3a6(a-6). 

Bxample 1. Find the cube of 3®-4y. 

( 3® - 4i/)® * (3®)® - 3(3®)*(4y) + 3(3®X4j/)* - (4y)® 

* 27®® - 3(9®*X4i/) + 3(3®Xl6y*) “ 64y ® 

* 27®® - 108®*y + 144®y* - 64y ® . 

Bzample 2. Find the cube of 297. 

297® - (300 - 3)® “= 300® - 3® - 3.300.3(300 - 3) 

- 27000000 « 27 - 810000 + 8100 

- (27000000 + 8100) - (27 + 810000) 

- 27008100 - 810027 = 26198073. 

Example 8. If a — 6*6 and a6*6, find the value of a® — 6®. 
a® -6®* (a -6)® + 3a6(a-6) 

*>6® + 3.6.6 [ Substituting the values ] 

-126 + 90 * 216. 

Example 4. Find the cube of a-6-c. 
(a-6-'c)®*Ka-6)-c|®*(a-6)®-3{a-6)*c + 3(a-6)c*-c® 

- (a® - 3a*6 + 3a6* - 6®) - 3(a* - 2a6 + 6*)c + 3(a - 6)c® - o® 

- a® - 6® - c® - 3a*6 + 8a6* - 3a*c + 3ac* - 36*c - 36c* + 6abc 


1—6 
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Biampto 6. find the value of 27»* - 64®* + 36® - 64, when «» 2i. 
The given e®pres8ion“(3®)*-3(9®*).2+3(3®).4-8-66 
-(3®-2)*-66, 

Hence, the reqd. value— (7 -2)* -66 *126 - 66 “69. 

Eiample 6. If - 4, find the value of 

X X 

®«-l_g» 1_ 1; 

XXX X 

••• 

g*-l_g« 

g» g*~g» * g* 

-4“ + 3.4 - 64+ 12- 76. 

EXERCISE 24 

Find the cube of : 

1. fl;-2. 2. 2a;-l. 3. 2“3a. 4. 3-4a. 

5. 2a -36. 6. 6m ’“4n. 7. 2®-5y. 8. ia-t6. 

9. 3®-^- 10. i-i- 11. 198. 12. 494. 

oo; X y 

13. 2a-*6-c. 14. 15. 

Simplify ; 

16. (a + 26)* - 3(a + 26)*(a - 26) + 3{a + 26Xa - 26)* - (a - 26)* . 

17. (3aj - 8y)» - (2« - 7y )• - B(Bx - 8yX2® - 7yXaJ - yl 

18. (6aj-8)*-(3«-8)»-6ir(6aj-8X3a;-8). 

Find the value of : 

19. m* - 12m*n + 48mn* - 64n*, when m - 12 and n - 3. 

20. 27a* - 136a* + 226a - 126, when a - 4. 

21. 8-9a+27a*-27a®, when a-3. 

22. 216 - 1440? + 108fl5* - 27®*, when ® - 3. 

28. (6a-66)*-(3a-46)*-3(3a-6X6a-66X3a-46), when 8a- 6-0. 

24. If a- ~ -S, find the value of a* - 1 ^ J • 
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IV. 1 

25. I£ c- “ *6, find the value of • 

26. If ^ “Pi show that ““ Jis*P* + 3p, 

27. If -- ^—1, find the value of ^7^ * 

a a 

28. If aj-v“3, show that a*-y®-9w-27. 

29. If 4, show that p*“8g*-24pg*64. 

80. If 2a - 36 - 6. show that 8a® - 276® - 90a6 - 126. 

69. Formula (a+6)(a*-a6+6®)-a*+6*. 

[ (a + 6Xa* - a6 + 6®) * a(a* - a6 + 6*) + 6(a® - a6 + 6*) 

* (a® - a®6 + a6®) + (a®6 - a6* + 6®) 

-a® + 6®.] 

Note. Comeraely, a*+b**-(a+b)(a*-a&+b*). Bence, vteean ahiwys rmdlve 
an empreeaion into factors when it is of the form a* +b*. 

Bzample 1. Multiply o;^ - a?® + 1 by a?® + 1 , 

Putting a for a;® and 6 for 1, wo have 

a?® - a;® + 1 - (a?®)® - a;®.l + 1* * a® - a6 + 6® . 

Hence, (a:® + - a® + 1) * (a + 6Xa® ~ a6 + 6®) 

-a® + 6® 

-(a;®)® + l®««® + ]. 

Bzample 2. Multiply 9aj® - 12a; + 16 by 3x + 4, 

Putting a for 3a; and 6 for 4, we have 
9a;® - 12a; + 16 - (3a;)» - (3a;).4 + 4® 

*a®-a6+6®. 

Hence, (3a; + 4X9a;® - 12a; + 16) * (a + 6Xa® - a6 + 6®) 

-a® + 6®«(3a;)® + 4® 

-27a;® +64. 

Example 8. Multiply 16a®-20a6 + 266® by 4a +56. 

Putting X for 4a and y for 56, we have 

16a® " 20a6 + 256® - (4a)® - (4aX56) + (56)® 

-a;®-ai^+y®. 

Hence, (4a +56Xl6a® - 2na6+ 266®)-(a;+yXa;® -a^^ +y*) 
-a;®+y®-(4a)»+(66)® 

-64a® + 1266®. 
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Bxample 4. Eesolve a®i®+8c* into factors. 
a®6® + 8c»-(a5)® + (2c)® 

■ [ah + 2c)i(afc)* - (a&X2c) + (2c)® I 
-(ai+2cXa®fc*-‘2a2?c+4c®). 

EXERCISE 25 

Multiply : 

1. + l by as+l. 2. l-2a;+4a;* by l+2a;. 

8. 26i)* — Sp + 1 by Sp + 1. 4. 49a® — 28a6+16b* by 7a + 46. 

5. 64a;® - 24a;y + 9y* by 8a; + 3y . 6. o®5®-4a&c+16c® by ab+4c, 

7. a®a;®-5aia;+266® by aa;+6fc. 8. 26a*-"45a2;+816® by 6a + 96. 

Eesolve into factors : 

9. a® + l. 10. o“+8. 11. 8a;® + 1. 12. 27a® + 8. 

18. 8w® + 64. 14. 64p® + 125. 15. 8a;® + 125y®. 

16. 8a;®+216i/®. 17. 27a® + 343y®. 18. 27a;®+512»*. 

19. 216a®a;*+y®. 20. 27a®6® + 64a;®y*. 

21. 729a®6®c» + 1000a;®y*;s®. 22. 1331a®6®a;® + 729c®y®«®. 

60. Formula (a-W(a®4'a&+6*)-a*-d*. 

[ (a - tXfl* + a6 + 6*) = a(a* + afe + 1*) Ufl^ + at + 6*) 

-{a® + a»6 + a6®) -> (a»6 + o6* + 6®) 
-a®-2>®.] 

Note. Converseli/, a*~6*«(a-6Kfl* +ab+b*)* Hence, i«6 con oiwa^s resoiee 
ifUo factors an expression which is of the form a* - b*. 

Example 1. Multiply 4a*d® + 2a5® + 1 by 2a6® - 1. 

(2o6®-lX4a*fc® + 2a!>* + l) 

«(2afe* - l)K2afe»)® + (2a6®).l + 1®| 

-(2a6®)®-l®-8a®6®-L 

Example 2. Eesolve 64a;® -a®y® into factors. 

64a;®-o®v®-(4a;®)®-(ay®)® 

- (4a;® - ai/®)i(4a;®)* + (4a;®Xay ®) + (ay*)® [ 

-(4a;* - ay *Xl6a;® + 4aa;®y® + a®y®). 
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EXERCISE 26 

Multiply : 

1. l + 2aj + 4a!* by l-2a:. 2. a:* + 3® + 9 by a-3. 

8. 16o* + 4a+l by 4a — 1. 4. ®* + 2a;*ya + 4y*e* by 

6 . 9ot* + 6mnQ + 4n*g* by 3 ot — 2ng. 

6 . 16a*6* + 4o6*c + 5*c“ by 4a6 - be. 

Resolve into factors : 

7. 125a* -1. 8. 343®* -8y*. 9. 216J:* - 126t». 

10. l-512)k*. 11. 729m*-64a*n*. 12. 27®“v“ - 1331v*b*. 

61. Formula (x+a)(x+b)^x^+(a+b)x-¥ab. 

[{x+aXx+b)“‘aiz+b)+aix+b) 

»®*+(a + b)a:+ab. ] 

Rote. It is easy to see that the above formula includes the following results \ 

(1) (a5~o){a-“b) = aj* -(o+6)«+ab \ 

(a) (a5-a)(a!+b)*fiB*+(b-a)aj-ob j* 

(3) (®+a)(fl5-b)«x*+(d-b)a5-ab J 

For instance, (x-o)(«-b)*te+(-o)H®+(-b)> 

«**+{( -o)+(-b))x+{(-o)x(-b)> 

■ ®*-(a+b)a;+ob. 

Similarly, the truth of the other results can be proved, which is left as an 
exercise for the student. 

Hence, toe can express the formula more clearly as follows : 

{x-i-a){x-i‘b)^x* -k- {algebraic sum of a and b)x’¥{j^roduct of a and b)« 

Bzample 1. Write down the product of x+3 and x + L 
Since 3+ 4“ 7 1 the required product 

and 3x4- 12 J -jr* + 7a?+12, 

BzamiAc 2. Write down the product of a;-7 and x+L 
Since .-7+4* - 3 1 the required product 

and (-7)x4--28 j* -a:*-8aj-28. 

Bmuple 8. Write down the product of a? + 5 and x^9. 

Since 5-9-- 4 1, /. the required product 

and 6x(-9)--45 J -«*-4«-46. 
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Example 4. Write down the product oi aj-^2 and ®+7. 

Since -2+ 7* 6 1 the required product 

and (-2)x7«-14 J 

Example 5. Write down the product of aj - 6 and 05-8. 

Since -6-8»-18 1 the required product 

and (-6)x(-8)- 40 J -a5*-13«+40. 

EXERCISE 27 


Write down the product of : 


1. 

05+1 and a;+2. 

2. 

a;+2 and a;+9. 

3. 

05-6 and 05+6. 

4. 

05-3 and »-ll. 

5. 

0-11 and 0+16. 

6. 

»»-7and w+10. 

7. 

p+13 and p-11. 

8. 

p+12 and p-17. 

9. 

05-4 and 05+9. 

10. 

o;-6 and a;-10. 

11. 

05-12 and a; + 5. 

12. 

k-13 and k + 2. 

13. 

a+6 and a+14. 

14. 

r»-14 and m+6. 

IB. 

05-6 and 05-13. 

16. 

05+7 and a;+12. 

17. 

0-3 and o - 11, 

18. 

05+4 and 05-13. 

10. 

in+6 andt»-16. 

20. 

05-8 and a;- 10. 

21. 

0 + 6 and 0 - 12 . 

22. 

26. 

in-7 and wi+lS. 
05-16 and 05+10. 

23. 

05-10 and 05-16. 

24. 

05 + 6 and 05-18. 


CHAPTER V 
SIMPLE EQUATIONS 

62. Definitions. Any two expressions connected by the sign 
of equality (*) constitute an equation, and each of the expressions 
thus connect^ is called a side or member of the equation. 

The term equation, however, is hardly used in this extended sense. 
When one expression is put equal to another, the equality may hold 
iAf/ter for all values of the letters involved, as in (a + 6X^-6) “a* -6*, or 
for some particular values of the letters only, as in 4x">8 (which is true 
only when ir-*2). The latter class of equations alone are called eQuatiofU 
(more correctly. Equations of Condition)^ whilst any equation of the 
former class is call^ an Identity (or an Identical Equation). 

Thus, (a5 + 1) + (2a; + S) * 3a; + 4 is an Identity ^ 

whereas (fl5+p+(a;+8)*3a;+2 is an Eflttation ; 
the former being tn e for all values of os, and the latter, only when 05*9. 
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The letter, to which a particular value or values must be given 
iQ order that an equation may be true, is called the unknown quantity. 
It is usually represented by one of the last letters of the alphabet 
s, y, g, etc. 

Any particular value of the unknown quantity, for which an 
equation is true, is said to satisfy the equation, and is called a root 
or a solution of the equation. 

To solve an equation is to find its root or roots. 

An equation containing only one unknown quantity, is said to bo 
an equation of the first degree or a simple equation, when the unknown 
quantity occurs only in the first power. 

63. Axioms. The process of solving an equation is primarily 
based upon the following axioms : 

(1) If to equals the same quantity, or equal quantities, be added, 

the sums are equal. 

(2) If from equals the same quantity, or equal quantities, be 

taken, the remainders are equal. 

(8) If equals be multinlied by the same quantity, or by equal 
quantities, the products are equal. 

(4) If equals be divided by the same quantity, or by equal 
quantities, the quotients are equal. 

Cor. /• From axioms (l)and (2), we deduce an important principle 
which is of great use in solving equations, and which may be enunciated 
as follows : 

Any term may be traniposed from one side of an equation to the other by 
simply changing Its sign. 

For, let tr-a*h+c, 

then adding a to both sides, we must have 

a;-a+a“6+c+a, [ Axiom (1)] 

or, 6+c+a; 

again, subtracting c from both sides, we have 

ir-a-c»6+c-c [ Axiom (2)] 

-fc. 

Thus, a, removed from the left side, appears as + a on' the right 
and + c, removed from the right side, appears as — c on the left. 

Similarly, if a5-a*fc-c+d, we have aj-a-'b+o-d— 0. 

Such removal of terms is called Transposition. 



72 ALGBBBA MADE EAST [ OHAP. 

Cor. 2. The sign of every term of an egmtion may he chanced 
without destroying the equality. 

For, let sc - a * 6 + c ; 

then (sc-a)x(--l)*(2> + c)><(-l), [ Axiom (3) ] 

or, -sc + a«-6“C. 


64. Different forms of Simple Equations : 

Simple equations are generally of the following types : 

I. The unknown quantity with any coefficient is equal to a km wn 
quantity (z.6., constant) ; as 3sc * 12. 

The general form of this type of equation is ax^b. 

The root of this type of equation is found out by dividing the known 
quantity by the coefficient of the unknown quantity and is j • 

II. The sum of the unknown quantity with any coefficient, and a 
known quantity is equal to a known quantity ; as 6sc + 6*26. 

The general form of this type of equation is 


In solving the equation 6 is to be transposed to the right-hand side 
and the equation stands as ax^C^b \ and the root is found out by 
dividing the algebraical sum of the known quantities by the ooeffioient 

c ^b 

of the unknown quantity and is 

III. In this form of equation there are unknown and known 
quantities on both sides : as, 3a; + 2-5a;-4. 

The general form of this type of equation is 

To solve a simple equation of this type, unknown quantities are to 
be grouped in one side and the known in the other ; as oa? — ca?— d-6, or 
[a-c)x^d-b ; and the root is found out by dividing the algebraioal 
sum of the knovm quantities by the algebraioal sum of the ooeffioients 
of the unknown quantity. 

N, B, Thus M evident that every Hmple equation is alioaye reducible te 
type I above, 

Simple Examples. We shall now work out some examples 
illustrating the general method of solving a simple equation by the 
application of the foregoing principles. The unknown quantity wlU 
always ^ denoted by os. 
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Example 1. Solve 18a; *54. 

N. 0. The question may be otherwise put as follows ' 


value of 09 ?’ 

Since, 18a; *54, 

dividing both sides by 18, we get 


18a; 64, 
18 “18 


or, 05*3. 


Thus, the required value oi x is 3. 


'r/18x-54, what is the 


Example 2. Solve 12a; + 9 * 45. 

12a; + 9*45, 

or, 12a; *45 -9, [ by transposition ] 

or, 12a; = 36 ; 

a;*fS*3. 

Thus, the required value of a; *3. 

Example 8. Solve 3a; + 5 * a; + 19. 

N. 0. The question may he otherwise put as follows I 'If 8« + 5"«+19, 
what is the value of x T 

Since, 3a; + 5*»+19, 

by transposition we must have 

3a5-a;*19-5, or, 2a5— 14, 
and therefore ( dividing both sides by 2 ), 
a; *7. [Axiom (4)] 

Thus, the required value of x is 7. 


Example 4. Solve the equation - lla; + 2(8 - ») - 32. 


Bemoving the brackets, we get 
-lla;+6-2a;*32, 
or, -13a;+6*32, 

OP, - 13a; - 32 - 6, [by transposition ] 

or, -13a;-26. 

Multiplying both sides by - 1, 
(-l)x(-13a;)-(-l)x26, 
or, lSa;--26. 

dividing both sides by 13, 

a;- -ft, ».a., -2. 

Thus, the required value of 05 Is -2. 
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Example 5. Solve («+2X3a; + 4)-6a?“10+(3a5+2X«+l). 

The left Bide-8a;* + 10a;+8-6a; 

-8»* + 4a!+8 ; 

and the right Bide - 10 + 3a;* + 5a; +2 
- 3a;* + 6a; +12. 

Hence, 3a;* + 4a; + 8 - 3a;* + 6a; + 12. 

Removing 3a;* from both Bides, we have 

4a; + 8 *6a; + 12. [ Axiom (2) ] 

Hence, by transposition, 

4a;-6a;-l2“8, 
or, -a;-4, 

and therefore, a; - -4. [ Cor. 2, Art. 63 ] 

Thus, the required value of a; is -4. 

Note. The student can easily see for himself that when ff has this valuSf 
each side of the given equation becomes eoual to 40. 

Bxample «. Given |+6"| + | jfind*. 

Slnoe, |+5-|+f’ 

multiplying both sides by 12 ( whiph is the L.O.M. of the denominators ), 
we have 

12 ( 1 +6)- 12(1 + 1 )- [Axiom (3)] 

or, 2a;+60-4a;+3a;-7a;. 

Hence, by transposition, 

2a;-7a;--60, or, -6a;- -60, 
and therefore ( dividing both sides by -6 ), a; -12. 

Thus, the required root is 12. 

Note. When the root is found out, the root may be verified by putting the 
value of the unknown quantity in the equation. If it ie found that equality of both 
sides is maintained, when the root is substituted in place of the unknown quantUy, 
the root ii eorreet. 
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EXERCISE 28 


Solve the following equations : 


1. 4®>‘16. 2. 3®- 

-15. 8. 7®- -28. 

4. “6e-25. 6. |- 

-1. 6. -g^-20. 

7. 6*+4-22. 

8. 9®-4=32. 

9. -8*-4-20. 

10. -5® + 3--12. 

11. 8«+6(2-®)--16. 

12. 5(l-®) + 3(2-®)--29. 

18. 4(2-®) +2(3-^) -30. 

14. 7(3-2®)+5(®-l)-34. 

16. 4*+3-2®+6. 

16. 3® + 2 — ® + 6. 

17. 6*-6-2«+3. 

18. 15® -9- 11® -25. 

19. 4(®-8)-2(®-6). 

20. 2(®-15)-5(®-ll)+4. 

21. 19-3®-6®+36. 

22. 3(®-2)+7(2®-3)-5(l-2®)-59, 

28. 18®-4(6®-8)+17-0. 

24. 14(®-4)+8(®+6)-6(7-2®)+4. 

26. 8(2® -7) -9(3® -14) -15. 

26. 3® -13(2® -13) -4® -20. 


27. 49+13(8a!+27)-8(5+fl!)-3x. 

28. 16-6(7a!-2)-13(iE-2) + 4(l3-!t). 

29. 8*+6(a:+7)+9(2a:+23)-3(ir+6)=0. 

10. («-7X4*-29)-(2!e-6X2a:-17)+l. 

21. (8!r+2X2!r-6)-(4-3a!Xl-2!E)-10. 

82. (8« + 6X6® - 7) - (3® + 2X9® - 13) - (3® + lX3® - 1). 
88 . (*+2Xat+6)-2(®+l)* + 13. 

84. (*+lX4*-7)-(®-lX®+6)-3(®+2)‘ + 6. 


85. 
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CHAPTER VI 

PROBLEMS LEADING TO SIMPLE EQUATIONS 

65. Symbolical Expression. The chief diflBoulty in solving 
an algebraical problem lies in expressing correctly the condition of the 
problem by means of symbols. The student should, therefore, be first of 
all introduced to this art before the solution of any problem is presented 
to him. The following examples will serve as illustrations. 

Example 1. If a man earns x rupees per month, how many twenty- 
five paise pieces will he earn in half a month ? 

Since, 1 rupee *4 twenty-five paise pieces, 

. ■ . X rupees * 4a; twenty-five paise pieces. 

Clearly therefore the man earns 4a; twenty-five paise pieces per 
month. 

Hence, the number of twenty-live paise pieces earned in half 
a month —i of 4a;* 2a;. 

Example 2. If an insect creeps up a pole x centimetres per minute, 
how many metres will it rise in y hours ? 

Since, 1 centimetre -liuth of a metre, 

• £17 

, X centimetres * j^QQ^h of a metre. 

Hence, in 1 minute the insect creeps up ^^th metres ; 

.'. in 60 minutes • • • • metres. 

Thus, in 1 hour the insect creeps up metres 

Therefore, in y hours it rises x yj metres 

Thus, the required number of metres 

Rxampl i 8. If a man travels at the rate of X kilometres per hour, 
in what time will he finish a journey of 10 kilometres ? 

Since, x kilometres is travelled in 1 hour, 

.* . 1 kilometre • • • - th of an honr ; 

X 

• ^ honn. 

X 


10 kilometres are * 
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BEample 4. The digits ol a number beginning from the left are 
® And y. How would you represent the number ? 

If the digits be 4 and 5, the number *10 x 4+ 5 ; 

if the digits be 6 and 7, the number ■= 10 x 5 + 7 ; 

if the digits be 8 and 4, the number*10x8 + 4 ; 
and BO on. 

Hence, it is quite clear that when x and y stand for the digits from 
the left, the number is to be represented by 10a; + y. 

EXERCISE 29 

1. The sum of two numbers is 15 ; if one of the numbers be a;, 
what is the other ? 

2. The difference of two numbers is 20 ; if a; be the greater, what 
is the other ? 

3. The difference of two numbers is 25 ; if a; be the smaller, what 
is the greater ? 

4. What is the excess of 25 over y ? 

5. What is the defect of 2a; from y ? 

6. If a; be one factor of 21, what is the other factor ? 

7. What number is less than 100 by 3a; ? 

8. What number taken from 4a; gives as a remainder ? 

9. If a man travels x hours at the rate of y kilometres an hour, 
how many kilometres does he travel ? 

10. If a man travels at the rate of y kilometres per hour, in what 
time will he finish a journey of x kilometres ? 

11. A man is x years of age, how old will he be 20 years hence ? 
How old was he 3 years ago ? 

12. In X days a man travels 60 kilometres ; what is his rate per day ? 

18. If a train travels 48 kilometres in x hours, how many metres 
does it travel in one second ? 

14. If I spend five paise a week, how many rupees do I save out 
of a yearly income of 5a; rupees ? 

15. Write down 5 consecutive numbers of which x is the middle 

one. 

18. Write down the sum of 8 consecutive numbers of which the 
middle one is x. 
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17. What is the odd number next after 2m+l ? 

18. What is the even number next before 2x ? 

19. If X men take 10 days to do a work, in what time will y men 
doit? 

20. A room is a metres long and b decimetres wide ; whal is the 
measure of the area of the floor in square decimetres ? 

21. In the last question And the number of square units in the 
area when the unit of length is 4 decimetres ? 

22. How many kilometres can a person walk in 20 minutes, if he 
walks X kilometres in v hours ? 

23. In what time will a person walk 16 kilometres, if he walks 
X kilometres in a hours ? 

24. What is the present age of a man who was (a; -5) years old 
20 years ago ? What will be his age 30 years hence ? 

25. If the digits of a number beginning from the right are x and y. 
what is the number ? 

26. If Xt V, e be the digits of a number beginning from the left, 
what is the number ? 

27. In the preceding question, if the digits be inverted, how would 
you represent the new number ? 

66. Easy Problems. We shall now work out some problems 
which will fairly introduce the beginner to the subject of the present 
chapter. The unknown quantity will invariably be represented x. 

Example 1. 7 times a number is 28. What is the number 7 

Suppose, the number is x, 

/. 7a;-28; 

4 is the required number. 

Example 2. 5 times a number increased by 4 is 29. Find the 
number. 

Suppose, X is the number. 

5a; + 4-29. 

or, 6»*29-4«26 ; 
a?-V-5. 

5 is the required number. 

Ihtample 3. Eight times a number diminished by 10 is equal to the 
'fuxu of six times the number and 4. Find the number. 
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Buppose, the number is x. 

From the given condition, 

8a-10-6a+4. 
or, 8a!-6a;-4+10, 
or, 2a5"14; 

aj-V-7. 

7 is the required number. 

Bzample 4. A and B together start a business with a jolut-oapital 
of Bs. 540. If A*b share in the capital be double that of B, find the 
share of each in the joint-fund. 

Let X represent B's share. 

Then, ^'s share in the capital is 2x» 

So, the joint-fund* SB + 2«, f.s., — Ssc. 

But, the joint-fund is Bs. 540 ; 

/. 8sb*Bs. 540, or, sb*Bs. 180, 
i.6., B’s share is Bs. 180, 
and /. ^*s share is Bs. 360. 

Bzample 5. Divide 34 into two parts whose difference is 8. 

Let SB denote the larger part. 

Then, 34 -sb denotes the smaller part. 

Hence, by the question, 

aj-(34-SB)*8, or, 2»-34-8; 

2a;*42; aj-21, 

Thus, t)^e larger part is 21 and the smaller part is (34-21*) 13. 

Bzample 6. The sum of three consecutive numbers is 177. Find 
the numbers. 

Let ^ he the smallest of the consecutive numbers. Since the conse- 
cutive numbers differ from each other by 1, the numbers after x are 041 
and 0+2. In this problem, the three consecutive numbers are, therefore, 
0 , 0 + 1 , 0 + 2 . 

By the given condition, 

0+(0 + l) + (0 + 2)*177, 
or, 0 + 0+1 + 0+2*177, 

or, 30 + 3*177, 
or, 30*177 - 3, 

or, 30*174. 

0*H^*58. 

Hence the consecutive numbers are 58, 59, 60. 
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Example 7. What number ie that of which the third part exceeds 
the fifth part by 4 ? 

Let X represent the required number. 

Then, by the given condition, 

^ - I “4, or, 6aj-3a;*60, 

or, 2a?*60 ; a:*30. 80 is the required number. 

Example 8. In 10 years A will be twice as old as B was 10 years 
a^o. Find their present ages if A is now 9 years older than B, 

Let the present age of B be denoted by x. 

Then, the present age of i is a; +9. 

After 10 years A’s age*a;+9TiO“»+19. 

Before 10 » B'b » *a;-10. 

• ‘ . by the given condition, 

a5 + 19“=2(a;^10), or, a;+19“2aj-20, 

by transposition 2® -a; *20 +19, or, a; ■*39, 

i.a., the present age of B*39 years, 

» » » » A“48 » . 

EXERCISE 80 

1. Ten times a number is 90. What is the number ? 

2 . A number when increased by 10 becomes 26. Find the number. 

3. When 9 is added to nine times a number, the sum is equal to 
twdlve times the number diminished by 18. Find the number. 

4. A straight line, whose length is 9 metres, is divided into two 
portions, one being double of the other. Find the length of each portion. 

5. A bag contains as many rupees in it as there are fifty-paise 
pieces. Find the number of fifty-paise pieces if there be Rs. 30 in 

aU. 

6. Find two numbers whose sum is 60, and vbose difference is 30. 

7. Find a number such that it is equal to five times its defect 
from 96. 

8. Find a number which being multiplied by 8, the product will 
be greater than half the number by 90. 

9. What number Is that from which if you subtract 40, the 
differ' nee will be one-third of tue original number ? 

10. WhL<i number is thf ^ of which the excess over 85 is less by 22 
than its defect from 67 7 
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11. Four times the excess of a number over 16 is egual to the.defeot 
of the number from dl6 ; find the number. 

12. Find 3 consecutive numbers whose sum will be 120. 

18. Find a number which when multiplied by 7 is aS thuch afovi 
132 as it was originally below it. 

14. Divide 90 into two parts such that three times One of the parts 
together with four times the other may be equal to 336. 

15. The sum of two numbers is 39 and one~fifth of one of them is 
equal to one-eighth of the other. Find them. 

16. Find a'number v^ho^e fourth part exceeds its ninth part by 5. 

17. Find a number whose sixth part exceeds its eighth part by 3. 

18. Divide 21 into two parts, so that ten times one of them may 
exceed nine times the other by 1. 

19. A bouse and a garden cost Bs. 850 and the price of the garden 
*”^ths of the price of th^e house ; find the price of each. 

20. Divide Bs. 420 among two persons, so that for every ten palse 
one receives, the other may receive one*fourth rupee. 

21. A and J9, two shepherds, owning a flock of sheep, agree 
to divide its value. A takes 72 sheep, while B takes 92 sheep and 
pays A Bs. 350. Find the value of a sheep. 

22. The ages of two men differ by 10 years, and i5 years ago the 
ilder was just twice as old as the younger ,* find the ages of the men. 

23. A father's age is three times that of his son, and in 10 years 
it will be twice as great ; how old are they ? 


CHAPTBB VII 

GRAPHSI: PLOTTING OF POINTS * 


67. Introduction. We have shown in Chapters II and HI how 
certain algebraic ideas and rules may be easily understood by graphical 
illustrations. In fact, graphical representation of anything, wherever 
it is possible, greatly helps to realise the nature of the thing represented. 
In the present chapter we propose to consider how algebraic quantities 
can be represented by points as a preliminary to geometrical represen- 
tations of algebraic identities and equations which ^11 be considered 
later on. Such geometrical representations are called Graphs. 


1—6 
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58. Instraments required. The student should first of all provide 
himself with the following instruments and acquire skill in manipulating 
them with accuracy and neatness. 

(a) A hard Pencil. 

note. It mwt he well-sharpened so that the lines draivn may be very fine. 

(b) A pair of CompaBses (also called Dividers). 



(d) A graduated Flat Ruler (of moderate length) showing 
millimetreB and tenths of an inch. 
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■sampk 1. Through the point A draw a straight line paraUel to BO, 



Kaoe the Set-square DEF in such a way that the edge DE may 
fall alo^ EG. Then slip the other Set-square QRK into the position 
shown In the diagram, so that HQ may pass by A. ^ Now trace a line 
along HG, which will evidently be parallel to BO, 


bamjpie 2. Through the point A in the straight line BC draw 
a ''Straight line perpendicular to BO, 

^ parallel to BO, Then place the Bet-square 

such a way that HK may fall sAongDE, and OB may pass by Am 
Now trace a line along HG^ which will evidently be perpendicular to £C. 



Example 8 . Find the length of the straight line AB. 


8 « 
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By means of the pair of Oompasses and the Millimetre Boale we 
Gnd that the length of AB is equal to 5*4 centimetres. 

EXERCISE 81 

1. Produce the straight-line AB to^double Its length, 

A B 

2. On a given straight line AB a point 1/ i» taken supposing it to be 
the middle point. By means of a pair of Compasses, however, it is found 
that AD is a trifle shorter than BD, How is the mistake to be corrected ? 



3. ABC b a triangle and D is a point on AC, as in the above 
diagram. Through D draw, towards AB, a straight line parallel to CB, 

4. In the same diagram, through D draw, away from AB, a straight 
line parallel to BC, 

5. In the diagram of example 3, through B, draw a straight line 
parallel to AC, 

d. From the vertices of a given triangle draw perpendiculars to the 
opposite sides. 

7. In example 3, measure the lengths of the sides of the triangle, 
and also measure the lengths of AD and DC, 

89. Squared Paper. A specimen of a sheet of squared paper is 
given below. 

We have two sets of parallel straight lines on the paper. One set 
being parallel to the length, imd the other parallel to the breadth of the 
paper, it is clear that every line of the first set is perpendicular to every 
line of the second. The distance between every two consecutive parallels 
is one-tenth of a centimetre, whilst every two consecutive thiek parallels 
are a centimetre apart. The whole paper is thus divided into a large 
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number of small squares which are equal to one another, each side of 
raoh square being one millimetre (one*tenth of a centimetre) in length. 
The paper is also divided into a number of thick*bordered SQuareSg 



C 


square being one centimetre in length. It is clear 
L hundred of the small squares are contained in each of 
me thick-bordered squares. 

Note 1. ^ PS parallel to AB may be regarded as 0 atf-ancf-msK UflMi ftfld 
those parallel t & . , norih^and^eauth lines. They may also he considered as 

harimontal and vmr:* 'al lines respectively. 

Note 2. Wor the sake of convenience the length of a side of a small sguars faa$ 
t« denoted by the symbol a. 


Note 8. The paper may also be so ruled that the length of a side of a smaH 
sgssare if only one-t^nth of an inch instead of one-t^th of a oentimetret i%e,t 
In that oaae the distance between every two consecutive thick parallels ia eddentiy 
an inch, (One inch is approximately equal to 2‘&i centimetres). 


1* 0, S, S are four stations such that Q is 7 kilometres 

IB 11 kilometres south of P, and /S is 13 kilometres north 
of Q. Find the distance between R and S, 

Taking the length of a side of a small square (♦.«., a) to represent 
hall kilometre we have P, Q, JS, S as in the figure on next page 
where P0-14a, PB-22a and 0S-26a. 
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With B as centre and B8 as radius describe an arc of a circle 
eutting the east-and-west line through B at T, 
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Now as ST*60a, we have BS alBo=50a. Hence, the reqilred 
distance ””25 kilometres. 

Example 2. An upright post is 6 metres high. A string of leiigth 
6i metres has one end attached to the top of the post and is held tight 
with the other end in contact with the ground. How far is this end 
from the foot of the post ? 

Let 10a 10 times the length of a side of a small square) represent 

one metre. Then 6 metres will be represented by 60a and 6i metres 
by 65a. 

Let AB represent the post, so that AB””60a. Take a point C on 
the horizontal line through B such that BC”*65a. 

With B as centre and BC as radius describe an arc of a circle 
cutting the horizontal line through A at 2). Join BD ; then BD 
represents the string. 
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Now, AD is equal to 25a, which is 20a + 5a. Hence, the required 
distance *■21 metres. 


EXERCISE 32 

1. A is 5i units of length east of 0, and P is 4 units of length 
north of A, How far is P from 0 7 

2. P is 8 metres west of 0, and Q is 7i metres south of B. How 
far Is Q from 0 7 

3. C is 2 metres north of 0, and B is 6$ metres west of 0. How 
far Is B from 0 7 

4. D is 2*1 centimetres south of 0, and S is 2*8 centimetres east 
of D, How far is S from 0 7 

5* A is 2*7 metres east of 0. P is north, of A and 4*5 metres from 
0. How far is P from A 7 

8. Q is 2*4 metres south of B. 0 is east of B and 2*6 metrei 
from Q. How far is B from 0 7 
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7. B is 41 metres east of il, 0 is f metres north of and D il 

2 metres north of B. How far is D from C ? 

8. B is 25 metres north of A» P is 40 metres west of At and Q is 

20 metres east of B. How far is Q from P ? 

9. Two vertical posts, 14 metres and 3*8 metres high, are 13*6 metres 
apart. Find the distance between the tops of the posts. 

10. A ladder 10 metres long has its foot at a distance of 3 metres 
from a vertical wall. How far up the wall does it reach ? 

70. If in a plane, a point and two straight lines piusing 
through it at right angles to each other be given, the position of 
any point in the plane can be easily defined. 

In the plane of the paper as shown in the diagram given below, 
let XOX* and YOY* he the two given straight lines at right angles to 
each other. If P be any point in the plane, how to know its position 7 



We may regard XOX*' as the east-and-west line, and YOY* as the 
north-and-south line. Draw PM parallel to YOT meeting XOX at M. 
Bvidently then M is due east of 0, and P, due north of M , ' Henoa, 
if OM and MP be known, we know the position of P at once. 

Taking the length of a side of a small square as the unit of length, 
wo have 25 units of length and ilfP-* 30 units of length, Henoo 
fho llosUion of P may be briefly defined as follows : 
t5 iniltt east, 80 nnita north. 
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Note 1. If Q he a point whose position is defined to he 12 units easi% SO unite 
nort^ii to find Q all that we have to do is to take a povnt 12 units due east of 0 and 
ihenee proceed 20 units northtvards* 

Note 2* If R he a po%nt whose position is defined to he 18 units west% 10 unite 
eoutih to find R all that we have to do is to take a point 18 units due west of 0 and 
tHonoe i>roc 0 e <2 10 tsnits southwards* 

EXERCISE 33 

[ SQuared Paper is to he used in every case, ] 

1. Find the points whose positions are defined as follows : 

(1) 6 units east, 7 units north. (2) 12 units west, 8 units north. 

(3) 15 units west, 18 units south. (4) 22 units east, 9 units south. 

(5) 12 units west, 19 units north. (6) 35 units east, 38 units south. 

2. It is clear from Chapter II (Positive and Negative Quantities] 
that '6 units ^ west* is the same as '—6 units east* and *8 units south' is 
the same as '-8 units north'. Henoe, find the points whose positions 
are defined as follows : 

(1) 7 units east, -8 units north. 

(2) - 15 units east, 9 units north. 

(8) -9 units east, -13 units north, 

8. In defining the position of a point the words 'east* and north' 
may be omitted if it is accepted as a rule that the distance measured 
towards the east should invariably be mentioned first. Oa this conven- 
tion, find the points whose positions are defined as follows : 

(l) 8 units, 9 units. (2) 16 units, -21 units. 

(3) — 12 units, 15 units. (4) — 10 units, — 14 units. 

4. We may define the position of a point still more briefly if the 
word 'units' be omitted. Find, then, the points whose positions are 
defined as follows : 

(1) 15,10. (2) 33,20. (3) -18,15. 

(4) 20, -15. (5) -25. -33. (6) -23. -38. 

71. Definitions. The student is referred to the diagram of the 
last article. The given lines XOX! and YOY* with reference to which 
the positions of all points in the plane are defined, are called the axes 
of co-ordinates ; and the point 0, where these lines intersect, is called 
the origin. 

The straight line XOX* is called the axis of x and the straight 
line FOr", the axis of y. 

The lengths OM and MP which define the position of the point P 
are called its co-ordinates* OM being called the abscissa (or JC«co» 
ordinate) and MPt the ordinate (or j^-co-ordinate). 
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'The point (x, ]/)' or simply \xt y)* means *the point whose 
absoisBa^a? units of length, and ordinate units of length*. 

Note 1. When we speak oj the *x and y* of a povnU toe mean Us abscissa and 
OTdinate, 

Note 2. The abscissa is positive or negative according as M is on the right or 
on tJie left of 0. The ordinate ts positive or negative according as P is above or below 

Net© 3. ‘To plot a point* is to find the position of a point, when its co-ordi- 
nates are given, 

Erainple 1. In the diagram given below write down the qct 
ordinates of the points Pi, Pa, Pa, Pa. 

The figure explains itself. Take two times the length of a side of 
a small square as the unit of length 



(1) Odfi"*8 units and Mi is on the right of 0 ; ilfiPi*-10 units and 
Pi is above the line XOT, Hence, the oo-ordinates of Pi are 8 and 10. 

(2) OM^^b units and Ma is on the Irft of 0 ; dfaPa^lS units and 
Pi Is above the line XOX, Hence, the co-ordinates of Pi are *5 

and 18 . 
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(8) OJlfs* 10 unite and Jkfa is on the left of 0; JlfaPs"!! nnltS 
and P» is below the line XOX\ Hence, the co-crdinatee of Pi are 

-10 and - 11 . 

(4) OJif 4 ■“ 15 units and M 4 . is on the right of 0; Jlf4P4"" 10 units 
is below the line XOX". Hence, the co-ordinatee of P 4 are 

16 and - 10 . 

EbLample 2. Plot the points ( - 1. 0). (0, 1), (1. 2) and (2, 3), and 
show that they all lie in a straight line. 

Let 16 times the side of a small square represent the unit of length, 
and let Pi, P*. Pa, P4 respectively denote the four given points. 
Then the positions of the points will be as shown in the figure given 
heiow. 



Now we find that a Flat Ruler oMy be bo plao^ tl^ to 
will pass through all the lour points. Hence, they all lie in the same 
Straight line. 
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Let S times the side of a small square be the unit of length. Then 
the positions of the points, P, Q, E will be as shown in the diagram. 
Oount the number of small squares falling wholly inside the trismgle 
PQB, Of the remaining squares through which the sides pass, find the 
nimber of only those half or more than half of which are within the 
triangle and reject the others. Since nine small squares represent a 
unit of area, one-ninth of the total number of small squares thus counted 
will give the area of the triangle pretty accurately. 

Counting by the above method, the number of small squares in the 
triangle POP—243 (nearly). 

Hence, the required area **27 units of area (nearly). 

Verification : Through P and Q draw two straight lines parallel 
to rc-axis and through B a straight line parallel to p-axis. Thus the 
rectangle PLMN is formed. 

Now. APgS-DPLJfJ^- APLP- APCM-APQN 
^PL,PN-iPL,LB - iBM.QM-iPN.NQ 
-8x8-i8.2-i.6.3-i.8.5 
-64-8-9-20 
-27. 

Example 6, Plot the points ii(3, 2), P(12, 2), C(ll, 8) and i)(2, 8), 
Find the area of the quadrilateral AJBCD and read the co-ordinates of 
the point of intersection of AO and BD, 



Take S times the side of a small square as the unit of length* 
Then the positions of the points. A, P, 0 and D will be as shown in the 
diagram. 
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Counting by the method of Example 4, the number of small squarei 
in the quadrilateral ^BOi>*486 (nearly). 

Hence, the area required *■54 units of area (nearly). 

Verification : The quadrilateral is a parallelogram. 

Therefore, its area**^B.BL (base ^ height) 

»g X 6»54 units of area. 

Also, from the diagram, the co-ordinates of the point of inter 
section of AC and BD are 7 and 5. 

EXERCISE 34 

1. In the diagram given belovc ^ vhat are the co-ordinates of tbs 
points Pi, Pa, P», P 4 , (i) when *. le unit of length is represented 
by a side of a small square, (ii) when the unit of length is represented 
by 6 times the side of a small 8 ({aare ? 
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ft# 4V, AftS^a^D® “ nago 94 what wiU be the co-ordinate* 

"^n* length be represented by nine 

Bimes the side of a small square ? ^ wjr ui«o 

(7i7)i (13,13), and satisfy yourself 
that they he m a straight line passing through the origin. 

fclio points (-8, 4) and (10, -6), and satisfy yourself that 

the straight line joining them passes through the origin. 

6. Plot the points (8.6) and (-4, -11). and find the distanoa 
between them. 


6. Plot the points (-7. 9) and (-12. 21;, and find the distance 
between them. 

7. Plot the points (-11. 13) and (3. -35). and find the distanoe 
between them. 


8. Join the points (0, 0) and (5, 5), and produce the straight line 
both ways. Find the ordinate of the point on this straight line whoso 
absoissa is 11, and the abscissa of the point whose ordinate is - 13. 

9. Join the points (0, 7) and (12, 0), and produce the straight line 
both ways. Find the ordinate of the point on the straight line whoso 
abscissa is - 18, and the abscissa of the point whose ordinate is - 14. 

10. Join the points (-4.0) and (0. -8). and produce the straight 
line both ways. Find the ordinate of the point on the straight lino 
whose abscissa is -10, and the abscissa of the point whose ordinate 


11. Plot the points Aid, 2). J5(3. 7) and C(8, 5). and find the area 
of the triangle ABC, 

12. Plot the points P{-2, 5), Q(6, 5) and B(8. 9), and find the area 
of the triangle PQB, 

18. Plot the points D(5, 2). E{6, 8) and F{7. 12). and find the area 
of the triangle DBF, 


14. Find the area of the quadrilateral whose vertices are (11, 9), 
(8, 2), (3, 7) and (11, 7). Obtain the co-ordinates of the point of interseo-* 
tion of its diagonals. 


15. Find the area of the quadrilateral whose vertices are fi) (16 8) 
(2, 3). (11,14) and (6.11); (ii) (3. 6). (6, 4). (17, 16) and U 18) ; 
jiii) (-12. 6). (-12. -10\ (16. -10) and (16. 5); (iv) (0. l). (io. 8) 
2, 13) and ( - 2. 8). 


18. Construct a triangle whose base is 12 centimetres and the two 
other sides are 5 and 13 centimetres respectively. Find the area of the 
triangle, the altitude and the angle opposite to the longest side. 
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17. CoDfitruct a triangle whose base is 6 centimetres and the two 
other sides are S and 5 centimetres respectively. Measure the altitude 
as accurately as possible. 

18. Plot the following series of points : 

(i) (6. 0), (6, 3), (6. 4). (6. 6). (6, 8) and (6. 10) ; 

(ii) (-2. 7). (3. 7). (5, 7). (7. 7). (8. 7) and (10. 7). 

Show that they lie on two straight lines respectively parallel to 
the axis of y and the axis of x. Find the co-ordinates of their point of 
intersection. 

19. ^ Plot the points (8, 4). (4. 3). (6. 0). (-4, -3), (4. -3). Find 
their distances from the origin and show that they lie on a circle with 
the origin as centre. 

20. Plot the points A(5, 2). B(9. 2). C(6. 8), 2X9, 8) and E(7, 12). 
Find the area of the figure ABDEC and the co-ordinates of the point of 
Intersection of AD and BC. 


MISCELLANEOUS EXERCISES D 

I 

1. From the identity (a + 6)*"a® + 2a6+b*, deduce the square of 
— * by putting x for a and -y-t for 6. 

2. Establish the following formulas : 

(i) + 

(ii) 4a6-(a4-6)«-(a-6)*. 

3. Prove that 

(y-sXy+s-»)+(«“ajX«+®-y)+(»--yX«+y-«)-o. 

4. Prove that 

(a-- 6 Xa+lXib+l)-a( 6 +l)* + «a+l)*-(a-6Xa+6+2a6). 

6. If a=a;+m, 6*y+m, c*jEf+w, show that 

a* + i)* + c*“‘6c — + ys — sa;— ajy , 

6. If s “ a + + c, prove that 

(as + + acXcs + ah) ** (6 + c)*(c + a)*(a + 6)*. 

7. Divide (m + n)® - 27p® by wi + n - 3p. 

^ 8. Find the quotient when the dividend is (9«*-17a5y+13y*)* 
Uli remainder is 49y”(2a;+5y)® and the divisor is 3a;*-(ry+16y'. 
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9. If e+ y ^ and »+ ^ ^ * find the yalue of **y*+ Jrn* 

10. Show that 

{® — y + «)*+(®+V — «)* + 6®(®-V+*X®+tf-«)— 8«*, 

II 


Solve the following equations : 

1. 3(a;-3)-2(iE-2) + ®-l=!E + 3+2(x + 2) + 3(ir + l). 

2. (a:-3)(a:-5)-(fl:-2X®-7). 

8. 2(a:+lXa; + 3) + 8={2;E+lXa; + 5). 

Find the value of £C, when 

4. (a + b){b — x)^b{a- x). 


5 mnx-p npx — m ptn^ - n ^ 2p ^ ^ , 

mn np pm mn np pm* 

^'7 11 2 ‘ 

^ a;-2 e 3 a; + 10 , x-2 

8. It— ^ = 5^--^- + — 

10. j(it-l)-«(2iE-3)+|(l-2a:)-A(4a!-6). 


7. 4aj--^-it+^^^+24, 
o ^JZl+M^2 , 4a!-- 8 1 


III 

1. Find the number to which, if 29 be added, the sum will exoeed 
four times the number by 8. 

2. Find a number whose 7th part exceeds the 9th part by 4. 

3. A man saves one-tenth of his monthly income and spends one* 
third of the remainder in buying petty things. At the end of the month, 
he has Hs. 300 in his pocket after meeting all the current expenses which 
amounted to two-fifths of the total income. Find his income per month* 

4. A merchant invests two-fifths of his capital in sugar business, 
one-third in jute and half of the remainder in cloth and has Bs. 300 cash. 
Find his capital and the money invested in each business. 

5. A is twice as old as B and four years older than 0. The snm 
of the ages of B and C is 96 years. Find the age of each. 

6. Two sums of money are together equal to Rs. 62 60 P., and 
there are as many rupees in the one as there are five paise in the 
other. Find the sums. 
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7. Plot the following points on a squared paper and verify that 
they are the axigdlar poiaU of a rectangle. Show that the length of 
eaoh of tdie diagonals is 5 : 

(14, 2), (-14. 2), (-14. -2) and (l4. -2), 

8. 0 is a £xed station.' A is 20 kilometres north of 0. B is 
4 kilometres east of A, C is 17 kilometres south of Show that the 
distance between 0 and C is 5 kilometres. 

9. If, in the above example, A be 12 kilometres west of 0 and 
P be 6 kilometres jnortb of A, and B be 12 kilometres east of 0 and 
Q be 5 kilometres south of P, show that the distance between P and Q 
is 26 kilometres. 

10. Plot the following points on a squared paper and verify that 
they lie on a straight line through the origin : 

(-6. -10), (1. 2) and (3, 6). 


OHAPTEB VIII 

HARDER ADDITION AND SUBTRACTION 
i. Addition 

72. In Chapter III, we have explained the following laws of 
addition of algebraic quantities and expressions ; 

(1) If any number of quantities are added togetheri the result 
will be the same in whatever order the quantities may be taken. ThuSi 

a+6+o*6+c + a*c+a + 6, etc. [Art. 81] 

This is called the Commutative Law of Addition. 

(2) When any number of quantities are added together, they can 
be divided into groups and the result expressed as the sum of those 
groups. Thus, 

a+h+0"a+(6+c)*(a+6)+c*6+(c+a), etc. [Art. 82] 

This is called ,the Associative Law of Addition. 

(3) When any number of like terms with numerical coefficients 
tm sydded, their sum^' s Uhe term whose ooejfficient is equal to the 

of the ooeffioieBts«dfrtiie> tenns added. * [ Art. 32 ] ' 

. Thus^ ^sum.ot1tev*r20, 7ff, is 16<r, since 5+(-2)+7+6>» 16. 

This proeess is known as collecting terms. 
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The ordinary mle for adding k)get>her oompound expreBsions with 
like and unlike terkns has also been explained in Art. 88. 

We have bo tar applied these rnlea to simple oases and now propose 
to consider more dilOQ cult problems. 

78. Compound expressions^ with fractional coefficients. 
If compound expressions with fractional coefficients are to be addedi 
first simplify each expression if necessary ipd then put the expressions 
nnder one another so that like terms stand in the same vertical colnmni 
and draw a line below the last expression, then add up Mch vertical 
column and put the result below it. Simplify the coefficients in the 
result by Arithmetical Buies. 

The following examples will illustrate the process : 

Example 1. Add together : 

I ■^ 6"7‘ -^V+y*+i*+12a andf«-|* + |»-26. 

The 1st expression ■■ ia:+ iy- h 
The 2nd expression ■■ fc? - Av + + 12a 

The 3rd expression* -ia5+ |y+ f* -26 
the sum* 2sc+Ay+ 2s + 12a — 26 

{ In the sum, 

the coefficient of a;*i + i— 
the coefficient of y*i — A + 
the coefficient of s* — ♦+V+ 
the coefficient of a=0+12+0*12, 
the coefficient of 6*0+0— 2* — 2. ] 

Note. Notice that places of like terms in V are vacant in the Ut and Brd 
emtreaaions. For convenience, the coefficients of V in these places may be taken to be 
MOro, Similarly, the coefficierUs of the like terms in *b* may be tcken as sero in the 
lei and 9nd easpressions* 

Example 2. Find the sum of — 

tea 
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Simpllfyinf! each of tho expreBsionB by oolleoting terms and 
pgrocee^ng ab above, the snm followB. ThuB, 

The lBtexp.-{| -*) *+(-# +A)y+(-A+ D* 

-(1 -i) as+i-i +i) y+(-i + i)*** i* 
The2naeip.-(A-*) ®+(-A+«) y+(-* + 

-(i -1) »+(-i +J) y+(-4 + 4)«--la:+4v 

The Srd exp.“{| -A)*+{“l +1) y+(“l +A)b 

— (j -i) *+(-4 +4) y+(~4 + 4)g~ ~ix 

the sum- -Aic+iv 

[ Id the sum, 

the ooeflBcient of 

the coefficient of v*0 + i4-0*i. ] 


Example 3. Find the numerical value of the sum of 


-gt |4‘-8a- 


and + when a? *96, i^»79, a«5, and ft*4. 


In this probltui, the niiraerioal value can be obtained easily from 
the sum of the eipressions, 

The Ist expression * fir® + Av * - 20a* + Vh® 

The 2nd expression * - V®* + 17a* - 

The 3rd expression* “Al/*" 1^** 

The ith expression* VaJ* " Av* + 7a* - Vft® 


the sum* a*+ 6® 

*5*+4®-5x6 + 4x4x4-26 + 64-80. 


[ In the result, 

the coefficient of = + 

the coefficient of * A 'I'O A^A^^^^SSP^^A^O, 

the coefficient of a** -20+17-3+7*24-23*1, 
the coefficient of 6“-^- V + l- V«^*=^**=*^ 


74. Compound expressions with literal coefficients. Oo- 
effioients which are not wholly^ numerical are called literal. Thus, 
the coefficients of x in ax, bbx, (c + J -eja;,... bein^ a, 6b, (c+d-s),.^, 
respectively are literal. 
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The terms ax, 6bx, {o‘hd-e)x, if considered in respect of x 

differ in their literal coefficients only and are also called like ^hen thus 
considered. 

If ax and bx be two like terms in x, 

their sum-oaj + ba?— {a + b)i». 

Hence, the sum of two like terms is a like term whose coefficient 
is the sum of the coefficients of the two terms. By Art 47, Cor. 3, this 
rale for addition will be true even when the number of terms is greater 
than two. 

Thus, the rule for addition of like terms is same for all coefficients 
numerical as well as literal. 

It, therefore, follows that the rule for adding compound expressions 
is same for both of these coefficients. 

The following exmples will illustrate the above rule. 

Example 1. Add together : 

(^+c)ir+(c+a)i/ + (a + fc)s, ctx-^by-^CM and a; + y+s. 

Arranging the expressions so that the lite terms may stand in the 
same vertical column and adding up each such column, the sum follows. 
Thus, 

The 1st exp. » (6 + c)x + (c + a)y + (a + b)» 

The 2nd exp. * a® +bv + cs 

The 3rd exp. ^ x + y + s 

the sum *(a+Z>+c+l)ir+(a + 6+o+l)y + (a+6 + o + l)r. 

[ In the result, 

the coefficient of aj*(6+c)+a + l—a+6+c+J , 
the coefficient of y*(c + a)+b+l*a + h+c+l, 
the coefficient of s*(a + 6)+c+l"a+ 6 + 0 + 1 , ] 

Example 2. Add together : (6 - o)® + (o - djy + (a - b)zt (b - o)y 

+(a-6)a5+(c-a)s and (6-c)s+(o~/i)a?+{a-6)y. 

The expressions contain like terms in respect of x» v and z, HencCt 
arranging like terms in the same vertical column dnd proceeding as 
before, the result follows. Thus, 

The 1st expression “(6- ok +{o-a)y+ (a -6)s 
The 2nd expression ■* (a - b)x + (6 - c)y + (o - a)z 
The 3rd expression (o - 0 ) 35 + (a— 6)y+ (6- o)x. 

thesum^O. 
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f Id fehe sum, 

fche coefficient of a)+(a— tt 

-fc-c+c-a+a-6*0. 

Similarly, the coefficients of y and « are zero. ] 

Example 8. Find the sum of (aa;-hi/)+(haj-cx), (flV-te)+(hV“’ca) 
and (cx - ar) + (cx - by). 

Each of these three expressionB contains like terms in respect of 
fl?, y and x. Arranging each expression in terms of <r, y and x and 
proceeding as in previous examples, the sum is obtained. Thus, 

The 1st exp.“ ax-i-bx-by-ce» (a+h)a?- by- cx 
The 2nd exp.- -ftaj+ay+iy-cx- -bx+la + b)y- cm 
The 3rd exp.- -flir-&y+2cx — -ax- by-^^OM, 

the sum- {a-b)y. 

[In the sum, 

the coefficient of a;«(a+6)-"6-a-a+6-6~a-0, 
the coefficient of y- -5+(a+6)-6— -i+o+6-6— a-ft, 
the coefficient of x— - c-c+2c— 0.] 

Note 1. When compound eapressions with brackets are to be added to Uhe 
ompound expressionst it is more convenient to retain brackets as in Example S, 

Note 2. The expressions to be added should be simplified by eolimeiing tarmsa 
if nesessary as in Example 8, 

Example 4. Find the sum of 

(a* + fe* )« + (6* + c*)y + (c* + a*)x, (6* + o^)m + (c* + o*)n, 

((j*+a*)p+(a*+6*)g and (a*+6*l;+(6*+c*jJk. 

The expressions contain like terms in respect of (6*+c*), (c*+a*) 
and (a* + Hence, arranging like terms in the same vertical column 
and proceeding as before, 

The let expression -«(a*+h*)+y(t* + c*)+x(c*+ a*) 

The 2nd expression - m(6* + c*) + n(c* + o*) 

TheSrd expres8ion-Q{a* + 6*) +p(c*+a*) 

The 4th expression -;(a* + h®) + + c*) 

. the sum -(» + q +yXa* + 6*) + (v + m + + o*) + (x + « + pXc* + o"). 
[ In the result, 

the ooeffiolent of (a*+6*)-«+0+g+/-x?+<jf f/. 

Similarly, the coefficients of (6*+c®} and (c*+a®} are (p+in+ik) 
and (x+n+p) respeotively. j 
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Add together : 

1. ^*-5xv+v*,iv*-7x*-6x+2i/, dxv-6+v-Gv* and 3-4y-(-8a. 

2. ahc+a*h-b*c*, 5o*6-126*c*-3ai>c. 8i>*c*-4o*h+2o6o ud 
8a*6+66*c». 

3. — 3»»»i)+2TO“n*+6TO*«*, 77»»p-10m*n*+5m*«*— m*n*i 
0m*n*-6r»nii + S»»*«* and -7fft*«* + m*n*-4m*n*. 

4. 12a*h*!r-29h*a!*o+37a!''a*h+46o*h*!r*. 256*a:*a-16a*6*fl!* 

“•18a*6*a!-6a!*a*6, 32a*i*a:*-23!r*a*6+20o*ii*a:-286*a:*o and -9iE*o*6 

- 14o*&** - 60o»6*a:* + 326*a:*o, 

6. -16a*i*c* + 7c*a*6»-246*c*o» + 27o*i*c‘, 19c*a*h'‘-16o*fc*o* 

+2So*6V-86Va«. 296Va* + lla‘6*c*-9o*6*c'‘-16c*o*6* and 

- 8o*6*c* - 10c‘a«h» + 36*c*a® - 18a®6*c*. 


6. 26a*h*-85*c“-23c“o* + 19a*5V, 16c*a“ - 14a*i*c» - 19a*6* 
-13i*o*. 27a*6V + 13a*h® + 17c*o*-206»c*, 29h*c*-6o*6*c*-21a®6* 

- 13c*o* and 106*c» + 3a*i* + 4o*a* - 27a*h*c». 


7. 6o*-186*-53c*-25aic, 38c*-37a*-7oZ«!+29h*, 26a6c-17o* 
+ llh* + 43a*, 13h* - 18ahc + 4a* + 21c* and - 14a* + 12c* + 21ahc - 346*. 

o ® £ X » . 3® , 2|/ . S« ^ , 8® , .6c 

*• 2'^8'^6 4 

*• 6 7 11 7 ^11 6 ““ 11 6 7 

10 + 7|£!c^6c!®^. 7^ , 6*!*^^ . §K!f. 

15 13 17 13 ^ 17 15 “““ 17 15 ^ 18 

« 7o*6 . 96*c . Ilea* , 13a6», 86*c , 10c*a . 12a*6 .176c* 

"• 19 17 21 85 17 19 *~W 

8206* , 186c« ■ lOcg* . Hoc* 

16 35 21 21 ■ 

12. I a6c* + 1 6ca* + |6*d. § cai* + abo^ + ^a*d, 

+ ^ c*d+ |«*5* and jQa*d+-| 6*d+j^ e*d. 


18 ®-2v , ay-8« . 8g-4®, 

t *-*y +iLigg4.ag.-to. 

19 a 6 


2g-8y '. 8v-4« , «-9a) 
6 12. 9 . 


and 


j6ott* 
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6 ^ 16 ^ 35 

6^Ty+ ay-3g ■ 3g-6it. 

85 ^ 6 ^ 15 

15 26 -3c ^ 3c-4fl ^ 4a - 26 ^ 

he ca ah 

2o’*-36 I 36 -4c | 4c-2a^ 

a6 6c ca 

15 hx-^ay ^ ^hy-iaz ^ Zhz- 
ah ah ah 

og-2cy ^ 4ay - 3 c 5 ^ 6ag - eg 
ca ca ca 

17 cy-az ^ az-hy ^ hx-ez ^ 

caxy abyz hezx 

^-cg^ cz-ay ^ ax-hz 
hoxsy cayz ahzx 

If a *6, 6*4. a;* 8. V* 7, find the numerical value of : 

18. (46a* + 386^-87a6a?* - 106y^) + (47a6aj* + 86y*-66a‘- 686^) 
+(67y* + 756* + 23a* +63a6ir*) + (-336*+8y*-27a6(r> - 39a*) + (26a* 
-45y*-226* + 5a6ir*). 

19. (36ajy* + 207a6*-986a;* - 62ya* - 83a6a;*y) + (686a;* + 109va* 
— 66a;y*-87a6* + 63a6a;*y) + (26a6a;*y“*75a6*-25ya* + 436aj* + 53a;y*) 
•«-(28ya*-£9rv*-65a6a;*v + 45a6* + 266a;*) + (-89a6*-43ya* + 69a6a;*y 
+6a;i^*-3g6a;*). 

20. (67a*6a;. + 256*aT/ — 143a;*ya + 37^*a6 — 263a*6*aj*) + (63as*ya 
-92i^*a6-63a*6aj + 73a*6*ar*-856*a;y) + (35y*a6 + 1326*ai^ + 82a*6V 
+ S6a;*ya + 96a*6a;) + (— 50a*6*a;* — 78a*6a; + 27y*a6— 17a?*ya — 626*a;v) 
+ (61a;*^a - 206*a;y + 148a*6*a;* - 7y*a6 - 12a*6a;). 

Add together : 

21. (a*+ii»‘X*»+«)+(ffl*-ft*Xp+«)+c*Z, (a*-6*Xf»+n)+(o*+l*) 

* (l> +«)+ c*»M and nc* + Xo* + 5*) + JWa* - 6*). 

22. (a5+tf)^+(v+*)*5+(*+a:)*c, (a:-»)*o+(y-f)»J+(g-aj)*o and 
a(«* -y*)a+ 2(y* -»*)5+2(** -i«)c. 

28. be(b~o), oa(o— a) and o*(o— W+6*(o— o)+o*(6—a). 


Sst-STj 6y-7*j.2«-3!e 
'16 ■^“35“^“6“ 


2c — 3a , 3a — 46 I 46“ 2o ^ 

+ — r — + — Tz — and 

ca ah he 


%x^ cx-ihy . 3cy-66« , icz-bx , 

— w~^hr-*~hr 


ay-hx 6g-ci/ ^ ox -an , 

ahxy heyz cazx 
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Supply the following omissions : 

24. a* + &» + o*-a6-ac-&c-l f-«6-c)» + (c-a)* + (a-6)*l. 

85. (fi+c){r» + (c+a)i/»+(a+fc)«*-l + 

25. When 3x^5y + 4,z is subtracted from a number, the remainder 
is iy-Bx“5z, Find the number. 

27. The middle one of the three consecutive numbers is 3 a 5 + 4y - 1 ; 
find the sum of the numbers. 

28. A traveller walked (2x + 3y - 4iz) kilometres on the 1st day, 
(Sa; — 4v + 6«) kilometres on the 2nd day and (6« + 2y — fix) kilometres on 
the 3rd day. Find the distance covered by him in 3 days. 

29. The share capitals invested by three shareholders of a Company 
are (a + 3y + 2a — 5s) rupees, (7a? — 6i/ - 25 + 2s) rupees and (a + 36 — 9aj + 3s) 
rupees. Find the total capital of the Company. 

80. Bam earned (3a + 46 -5c) rupees, Hari earned (a — 3c) rupees 
more than Bam and Jadu*s earnings were equal to those of Bam and 
Hari. Find their total e^irnings. 

11# Subtraction 

75. In Art. 35, we have explained that to subtract a is the same 
as to add -a. Thus, a?-a»a?+(-a). Similarly, to subtract an 
expression is to add it with its sign changed. The ordinary rule for 
subtracting pne compound expression from another has already been 
explained in Art. ^ and has so far been applied to simple oases only. 
We shall now consider harder examples on subtraction. 

Example 1. Subtract ax+by-^cz from (6 + c)y + (c + a)z + (a + h)x. 

Arranging like terms in a?, y and z and applying the rule explained 
in Art. 38, the difference required is obtained. Thus, 

The minuend - (a + 6)a? + (6 + c)y + (o + a)z 
The subtrahend » afl?+ by+ cz 

the difference 6a? + cy+ az 

[ In the remainder, 

the coefficient of a?*(a + 6)-a*a + 6 — a“6. 

Similarly, the coefficients of y and z are o and a respectively. ] 

Example 2. Subtract (6 — c)^yz + (c - a)*zx + (a - h)^xy 

from (6 + c)*ys + (o + a)*sfl? + (o + h)*xv. 
The minuend ■■(6+c)*ys + (c + a)*sa?+(a+6)*a?y 
The subtrahend » (6- (c - a)*zx + (a - 6)*a?i/ 
the remainder ^ 46cyr+ icazx-h iabxy 
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( In the remainder, 

the ooefBoient oi ya; * (6 + c)* - (h - c)* 

* 6* + 26c + c* — (i* 2^ + c*) 

* 6* + 26c + c* — 6* + 26c ■“ c* ■* 460t 

Bimilarly, the coefficients of zx and xy are 4ca and 4a6 respectively.] 

Example 3. Supply the omission in the following : 

(2a + 36)fl5 + (36 + 4c)i/ + (4c + 2a)z * (a + b)x + (6 + c)y + (c + a)x + 1 

Evidently, the omission can be obtained by subtracting (a + 6)» 
+ (6 + c)v + (c + a)« from (2a + 36)a;+(36+4c)y + (4c + 2a)c. Proceeding as 
ia examples 1 and 2 above, the result of subtraction can be easily found 
to be (o + 2b)x + (26 + 3c)y + (3c + a)z. 

Example 4. Subtract 2*5a«— 3‘t6y— 8‘32« from 3jaaj+246y+6fSe. 
The minuend * 3iaa; + 246y + Sfje 

The subtrahend = 2‘5aa;- 3*t6i/^8* 8&g 
the remainder — fafl;+ V6y + W« 

[ In the remainder, 

the coefficient of aa;*8f-2’6* 

the coefficient of 6y*24-(-3’t)*24+3‘t-*V+V"Vi 

the coefficient of c*6S8-{-8*34)-688 + 8*8S-W + W 

Note. As in addition, fractional coejftcients in the remainder must be simplified 
BuUs of Arithmetic. 

When compound expressions with brackets are to be subtracted, it is more 
ao%oenient to retain the brackets, as in Examples 1^3 » 

EXERCISE 86 

Subtract : 

1. - 7r* + 6a;*y - 8a;*y • - 13a: V + 

from 3a:® - 6a:*y + 2a:*y* - 7a:*y“ + 6y®, 

3« Sin'na: - 10n*aww + 14fl:®mn - 20m®n*a: - 27w*a:*w 

from 6m®7w: - 17n®awn + 26a:®win - 13m*n®« - 

3. 37«® - 28aj®y + 43a:*v® - 54a:®y ® - 67a:*y ® + 84a:y ® - 93y® 

from 48a:® - 81a:®y - 7a:®y * - 39a:*y® ~ 41a:*y ® ’*-66iry® - 68y*. 

4. - 3yf6o® + 4yx®6c-afla?® -9y*f6c+ 80®a:® 

from 8aa;®-'6aV4-6yx6o®-7y*f604-8yf*60. 
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5. 19aj*i*y ^ 15aj®y + 27 + 

from 25 - 16a;*y *« - 17icy“«* + 21fl;®«*y - 6®*y*** + Sd^yi ® 

0. - 23ir®y»if® + - 66aj*y®«® + 26®*y®«® + 85«®y*f • 

from 29«‘y®«® - 37a;®y*«* + 64a;®y»«® - 46a?®y®«* ^ 67ff®y»«® + 89fl?®v®«®. 

7. -29«®y®«® + Ibx^y^z^ + 13ar®y®«® + - 94fl;»y®f® 

“86a®y*5® from 41ic®y*;?* - 87a;®y*0® - 2^®y®«® + 63a;*y®if* - bbx^y^z^ 
+ S7«®y®0®. 

8. What must be added to 8a:® - 5fl?y + 6y * + 7y« in order that the 
flam may be -a;®-y®“yfl ? 

9. What must be added to — 6a;® + 13a:®y®-a®6a;+66a?y® + 7ajya5 
in order that the sum may be a* + a;®y® + a®5a; - 25a;y® - 2a;yah ? 

10. What must be added to 6a;* - 6a;®y + 7a;®y® - 8a;y® - 19y® in 
order that the sum may be 3a;* + 6a;®y® - 12y* ? 

11. What must be added to -“6a;® -8a;*y+6a;®y® + l7a;®y® + 18«y* 
-5Jly* in order that the sum may be - 7a;* - 4a;®y® + 18a;®y® + 2^® 7 

12. What must be subtracted from 2a* + 6a6-“66® in order that the 
remainder may be o® + 26® 7 

13. What must be subtracted from 6a;® - 6a;y + 4y ® - 8® - lOy + 15 in 
order that the remainder may be a;® + 2a;y + 3y® + ia;+6y“b6 7 

14. What must be subtracted from 3a® — 4a®6+6a6®— 86® in order 
that the remainder may be a®“2a6® + 76® 7 

16. What must be subtracted from -8a;®y + 4a;®y®‘-llai^® + 12®* 
-“13y + 27 in order that the remainder may be 4a;®y - 3a;®y® - ll®y® 
+90fl;»-30y+56 7 

10. From what expression must 3a®-7a6-86c+96® be subtraoted 
In order that the remainder may be 2a® -t- 3a6 + 36c + 26® 7 

17. From what expression must -3®® +6y®-7a5y“»“8®-9 be flub- 
traoted in order that the remainder may be ®® - 8y® + 2ajy - 11® + 7 7 

18. From what expression must — 7a® -"86®c-13ac® + 86® be Bub- 
traoted in order that the remainder may be 4a®-36®c+7ac®-86® 7 

19. From what expression must 21®® - 87®y® + 42y® - 18®® + 19aw 
89 be subtracted in order that the remainder may be * 26®® + 16®y® 

-87y® + 7®®-43®y+24 7 

Subtract : 

80. Ar« + ISy + Wo from 6i® + Ii|y + W*. 

81. - ’86a® +4fy+'ltms from -rfea®+fy + *6?»«. 

88. 117a®oa+2*81c®6y-6318c®fl 

from 82’89o®6y+2‘87a®fl®-e2’78o®«. 
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28. fSo^ o^x + iio^b^V + + 2'3 te + 3'5mv + V** 

from Z'Zlx+\ia^b^y-ftM-^h^(^z -2‘6>»y-tto^A. 

24. Bupply the omission in the following : 

(i) 3‘2!E+6‘3y + 6'4«-( )-2a!+3y + 6*: 

(ii) 17ir+23y + W*“52!r-r7y + V^*-( ); 

(iii) r2a + 15'52/* + 16m» + 14p 

-( )-(2'2a+3‘52i* + 4m* + 16p). 

Subtract : 

25. hcUh - c) + ca(c - a) + a6(a - b) from bdb + c) + ca{o + a) + ab{a + 6). 

26. a*(b - c) + fe®{c - a ) + cHa - b) from bc{b “ c) + ca{o — a) + ab{a - 6 ), 

27. (b-c)* + (c-a)* + (a“6)* from 2(a* + b* + c*-flb-bc-ca). 

28. (l + a + a*)a:+(l + b+b*)y +(l + c + c*)« 

from (l + a)*«+(l + 6)*y+(l+c)*xr, 

29. A man earned (ax+by-^cz) rupees per month for a year and 
spent (lOaaj + lScii) rupees during the same year. How many rupees will 
ho be left with at the end of the year ? 

80. If out of (50a;+71t/ + 18s) sheep, (13aj + 12y) and (16y+8f) be 
sold and (3s + 23a;] die, find the number of sheep left. 

81. Subtract |0-(a + 6+c)( from i0+(a + 6+c)[. 

82. Find the difference between x+y + z and the sum of 
iO+(a!+y + sH and i0“(a;+i/ + «)}. 

88. Bam has (3a; + 2y - 5s) rupees and Shyama has (a; - 2y ~ 30) rupees 
less than what Bam has. Find the amount Shyama has. 


CHAPTEB IX 
HARDER MULTIPLICATION 

76. We have explained the following rules of mnltiplicstior of 
Algebraic quantities in Chapter HI. 

(1) axb-5>«a, [Art. 42] 

abo^bca^cab, etc,, [ Art. 43 ] 

i.0.i the valtte of a product is ike sows in tohaiever order the feetcr 
may he taken. 

This is oalled the Commutative Law of multiplication. 
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(2) (a6)xc-ax(6o)-fex(ac)*ax6xo, [Art. 43] 
f. 0 ., the factors of a product may be grouped in any way. 

This principle is known as Associative Law of multiplication. 

(3) a(6+c)-a6+ac. [ Art. 47 ] 

This is known as Distributive Law of multiplication. 

(4) where m and n are positive integers. 

This is known as Index Law of multiplication. 

We now proceed to consider products of compound expressions and 
harder examples on multiplication. 

77. To prove that (a+b)(£?+rf)-ar+arf+6r+6rf. 

Putting X for c + d, we have 

(a + h\c + (f) - (a + h)x “ x{a + h) 

^xa+xh [ Art. 47 ] 

* a® + fee *o(c + d) + 6(c + d) 
uc -f od + fe; 4* 

Cor. Since, a-6“a+(-2>) and c~d»c+(-d), 

.*. (a-6Xc-d)*{a+(-6)Hc+{-cf)f 

■*flc+a(-d) + {-Wc + (-i'?X-d) 

« ac — ad — 6c + fed. 

78. To prove that (a+fe+c+rf+-'*)(m+B+p+g+— ) 

+c(m+if+p+a4-*-)+^f(m+if+p+fl^+—)+&c. 
Putting X for m+n+p+g'+---, we have 
(a + 6+c+d+’"Xw+n+p+g + -**) 

*(0+6+0+ d + *’*)aj 

*oa: + fea?+caj+da; + -’- 

■*o(?n+n+p+g + ***)+fe(?n + n+p + g + '*') 

+ c{9w +n+p + g + ***)4" d{f» +n+p+g + ***)+ Ac. 

Thus, to multiply one multinomial expression by another we have 
to multiply every term of the one by every term of the other and take 
the algebraic sum of these partial products. 

Bzampie 1. Multiply 2a + 36 by 4a + 56. 

(4a+66X2a + 86)-(4aX2a)+(4aX36) + (66X2a)+(66X36) 

- 8a* + 12a6+ lOafe + 166* «8a» + 22a6 + 166*. 
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BsampU 2. Multiply So? - 7y by 2a? - 5y . 

(2a? - 6yX8a? - 7y) - (2a?X3a?) + (2ajX - 7y) + ( - 6yX3«) + ( - 5yX - 7y) 
-6a;*-14a;y-16aJlr+36y* 

-6aj*-29iry + 36y*. 


EXERCISE 37 


Multiply : 

1. 2a+36bya+t. 

8. a + b+fl by a + 6+c. 

5. a-h-chy a-h-c, 

7. 2a?“3y-42f by 

9. a?* + y* + «* by x-y^z. 


2. 2m-3nbywi“n. 

4. a-6+c by a-6+c. 

6. a~2b-3o by 2a--6-o. 

8, -5a? + 2fl“36 by -a?“a+6. 
10. xy+yz + zx by xy-yz-zx. 


79. Arrangement of an expression according to descending 
or ascending powers of some letter. 

When the different terms of an expression contain different powers 
of any letter, if we arrange the terms in such a way that the term 
containing the highest power of that letter is put first on the left, the 
term containing the next highest power is put next ; and so on ; and the 
term which either contains the lowest power of that letter, or does not 
contain that letter at all is put last, then we are said to arrange the 
expression according to descending powers of the letter considered. 
If the order of the terms be reversed, the arrangement is said to be 
according to ascending powers of the letter. Thus, the expression 
o*fl?* + 3a*a?y-6aVy* + 4a*a?V-2aa;V + a?*y* as it stands may be 
considered as arranged either according to descending powers of a, or 
according to ascending powers of y, but if it is arranged as -ba^x^y* 
+ fl?^y* + 4a»a?^y«+fl*a?»-2aa?»v* + 3a*fl?y, it is arranged according to 
descending powers of a?. 


80. When one expression is to be multiplied by another, arrange 
both the multiplicand and the multiplier according to descending or 
ascending powers of some letter common to them, and proceed as 
exemplified below. 


Example 1. Multiply a* - - ab by at ^ 6* + a*. 

Multiplicand “ a* - at - 1* 

Multiplier — g^^-at-t* 

Product by a* «a^-a®t- a*t* 

Product by + at - +a*t- 

Product by -t* - - o*t*+af + 

/ . complete product -a* -8a*t* +t* 
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Note. The proossa ahovm abcm may he described as foUotoa : 

The multiplier has been placed under the multiplicand afte/r hav^g arranged 
them both according to descending powers of a, and a line has been drawn below the 
fmUipUer* The successioe products of the multiplicand by the different terms of the 
multiplier beginning from the left have been placed in different horisontal rows in 
such a manner that each set of like terms may he in the same vertical column, A line 
having been now drawn below the lowest of the rows, the complete product has been 
found by writing down the sum of each vertical column immediately below it. 

Rxample 2. Multiply 2a* - 3a?* - 5ax by - 3a?* + ^* + 5aa?. 

Arranging the multiplicand and the multiplier according to ascend- 
ing powers of a?, we have 

Multiplicand * 2a* - 6aa? - 3a?* 

Multiplier *2 a* + 5aa? — 3a?* 

4a^-10a®a?- to*a?* 

+ 10a*a? - 26a*a?* - 15aa?* 

- 6a*a?* + 15aa?* -<■ 9a ?* 

Product- 4a* -37a*a?* +9®* 

fizample 8. Multiply 2a®6 - 6a6* - a* + 3a*6* 

by 2a* - Ba^b + 4a6* - 6a*i*, 

Arranging the multiplicand and the multiplier according la 
descending powers of a, we have 

Multiplicand — — a* + 2a® 6+ 3a*6* — 6a6" 

Multiplier -2a* - 3a*6-5a*6» + 4a6* 

- 2a« + 4a''6 + 6a® 6* - 10a*6® 

+ 3a’i-6a®6*- 9a®fe® + 15a*fe* 

+ 6a»6* - 10a®6* - 15a*6* + 25a®6* 
- 4a*6®+ 8a*fe*H-12a®6®-20a*y 

Product - "2a® + 7a^6 + 5a«6*-33a*6®+ 8a*6* + 37a®6® -20fl*6® 

Note. In this example, the multiplicand and the multiplier are each homo- 
geneous and of the 4th degree, whilsi the product also is homogeneous and of (he 
6th degree. Similarly, it may be seen that whenever the expressions to be multiplied 
together are homogeneous, the product also is homogeneous, aad the degree of the 
product is egual to the sum of the degrees of the expressions. This law is of treat 
importance in testing the accuracy of a multiplication when the multiplicand and 
the multiplier are both homogeneous, for in this case if (he product obtained doss not 
turn out to be homogeneous, we are sure there hoe been an error eomewhere, 
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Bzamptol. Multiply by 

Multiplicand* mx* — nx—p 

Multiplier ***+l®rl 

TO®*- nx‘-px* 

+ pmx* — pn®* — p*® 

— TO®* + ?l® + P 

Product - TO®* - (n -pm)x^ - (p + pn + to)®* + ( n-p*)*+p 

Example 6. Multiply Ya®“ + + 3 ‘ 6 c®y* + l' 06 fl*v* 

by 2 i®* + 3 ' 5 TO®y + l‘6nv*. 

/V. B. To find the product of expressions in which both vulgar fractions and 
deeimal fractions occur as coefficients^ it is convenient to reduce all the coefficients to 
fractions of the same kind (either all vulgar or all decimal) and apply the rule of 
multiplication 

In this example, as i\, when reduced to a decimal f raction, will involve a very 
large number of decimal places, we reduce all the coefficients of the multiplicand as 
also of the multiplier to vulgar fractions* 

Multiplicand * Yu®“ + ^b‘x‘y + ioxy* + 

Multiplier — 2 Z® * + Imxy + jny* 

Valx* + ilb*lx*y + Iclx^y* + Jip*te*y* 

+ Hamx*y + If + Hcmx*y* + Wp*»»®V* 

+ i ftan®*v* + ff b*n®*p* + Vcn®p* + tfg*nv* 

Product— Vote® +(i| 6 “J+.l 5 oTO)®*y +( 7 cl+ |f6*TO+f§on)®*v* 

+ (!lo*i+Vc»»+ f f 6* w)®*i/“ + (W p*»» + V cn)®y* + 

BxampleG. Multiply together o*-o6+6*, o*+o6+6* and 

a‘-o*6* + 6*. 

(i) o*-a6+6* 
o* + ob + ii* 
o*-a®6+o“fe* 

+ o®i»-a*6*+o6® 

4 - o«fc«-ofc» + fe* 

o* +0*6* +6* ! 

(ii) o* + o*6* + 6* 
a*-o*6* + 6* 
o* + o®6* + o*6* 

-o®6*-o*6*-o*6* 

+0 *6* + 0*6® + 6 * 

o* +0*6* +6* 

Thus, the required product —o* + o*6* + 6*. 
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Note. When the number of factors in a product is more than two, tha 
product is called the eontinuod jtrodaet of those factors. 

The factors should he arranged in a suitable order so as to lessen the trouble of 
multiplication in such products, 

81. Detached Coefficients. If both the multiplier and the mulU- 
plicand contain powers of the same algebraic quantity or be homogene- 
ous exprossions of the same quantities, the labour of multiplioation 
may be lessened by detaching the coefhcients and placing them in 
proper relative positions. If any power he missing, zero must he inserted 
as its coefficient. 

The following examples will illustrate the process. 

Bi:ampie 1. Multiply ir* - 4a; + 4 by sc - 2. 

a;*-4a;+4 
X -2 

1 -4 +4 
-2+8-8 

. ’ . the product ■= a;® - 6sc* + 12a; - 8. 

Sxample 2. Multiply 3a;® - 2a; + 4 by a; + 5. 

3a;® + 0x*-2a; + 4 
a;+6 

3+" 0 - 2 + 4 

_+15 + 0 -10 + 2 0 

the product = 3a;* + 15a;® - 2a;* - 6a; + 20. 

81A. To find the coefficient of any particular term in the 
product without actual multiplication. 

The process is being explained below with an illustration, 

Bzample. 1 ind the coellicient of a;®, without actual multiplication! 
in the product of (3a;* + 4a;® — 2a;* + 3a; + 2) by (2a;* — Ssc® + 2r* — 4i + 1). 

Multiplicand “ 3a;* + 4a;® — 2a;* + 3a; + 2. 

Multiplier ■■2a;*-5a;® + 2a;*— 4aj + l. 

To find out the coefficient of a;® in the product, we are to find out 
which term of the multiplicand is to be multiplied by a particular term 
of the multiplier so that the power of a; is 5. 


1—8 
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8p we ibonld proceed as follows : 

3®*x(-4aj)--12a;». 

4a!*x2x* “ 8a:*, 

(-2a:*)x(-6a:*)- lOa:*, 

{3a:)x(2a:*)- 6a:*. 

Now the algebraic sum of the coefficients of the prodccts will b* 
Ibe ooefiBcient of z* in the product. 

the required coefficient” —12+ 8 + 10+ 6“12. 

EXERCISE 38 


Multiply : 

1. 266* + 80aJ + 9a* by 3a-56. 2. 2a-3i+4c by 2o + 3ft-4o. 

8. e*-*+2byz*+z+2. 4. a*-2a6+ 6* by a* + 2a6+6*. 

6. e*+x* + l by **—** + !. 6. v®— z*y*+®* by ®* + **p*+l>*» 

7. TO* -«•»»• + »* by TO* + n*. 8. p®ff*+p* + 3* by -fl*+p*. 

9. a® + 6a6* - 6a*b by 66* + o* + 6a6. 

10. «*-8®*+Sa:-lby®* + 3a:+l. 

11. 20 *® + a* + 3a*z* + z* i 2o®z by o* + z* - 2az. 

12. a® + 3o*6+ 6® + 3o6* by 3o6* - 6* + o® - 3a*6. 

18. z*-ll + z*-4z+2z® by 3 + z*-at. 

14. l+2z+z*+2z® + 3z*byl+z*-2z. 

16. b* + a*6* + a®6 + a* + a6® by a*6* — a®6 + 6* — a6" + a*. 

16. x*-xy-XB+y*-yz + z‘ by x + y + z, 

17. o*+6*+c*— 6c— ca—o6 by 0+6+C. 

18. 6q*6 + 46* + 2a® — 3a6* by 2o6* — 3o*6 + o® — 66®. 

19. oz* + 6z-o bypz-q. 20. TOz*-nz-r by nz-r, 

21. oz*— 6z+c by z* — 6z— c. 

22. oz® — 6z* + cz — d by bx* — ox+d, 

28. pz*— (fl — r)z+s by OTZ* — »z— s. 

24. oz* + 26zy + 6y* by /z+ TOP +n. 

25. l*z*+TO*zy+n*y* + 2cr*z+2/^*p+c* by px*+qx+r. 

26. 5z®+fz*y+|zy*+#y® by fz*+|zy+ip*. 

27. fr* + f z*y + fz*y * + ♦zp® + Vv* by ^z* + Ap*. 

28. r6z*+2*az® + r23z*+3 25z*+6 by ■27z®+r39z+9. 

29. ’0670® +r026o*6+ 2 021o6*-+ 2*86® by 7o*+2o6+95* 
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80. 3‘8a5* + 8‘15fl;*y + 117w* + 2*07y* by + mxy -t- ny* * 

81. foa* + + Joa?y * + 2(2v“ by f arc* - #&»y + toy*. 

82. l'6am* - V2bm^n + TScwin* - l’6dn* 

by rSam® + l*26m*n + I'Somn* + l'6(2n*. 

Find the oontinned product of : 

88. 2a+3ft,2a-86and4a*+96», 

84. 5aa; + 6hy, bax — 66y and 25a*®® + 365*y®. 

35. 05® + «®y®+y®, a;*+y®, a;+j/ and ®— y. 

86. ®* + 3a?y + 5y*, ®*“3®y+5y* und ®®y* + 26y®. 

87. a^®®^»+a®6®®®y® + &^®y^®, a®«® + a®6*®*y® + 6®y®, o®+6y and 
M-hy, 

Assuming a^'xa”— to be true for all values of m and fli 
prove that : 

88* [ a^^a^"*a^^‘^*a^i*a J 

89. «^xa5^— a*. 

40. a^xa^xa^—a. [ a^xa^xi^— ]« 

41. o^-Va. 


[ (a^) X X X oi-. 


42. «*-•/*■. 

4S. **-*/«•. 

44. c^xo^xo^^c*. 

45. y*xy^Xy^—y\ 

46. ®~*x [*-»Xflj» 

47. »*x,"i-*. 

48. a**-V5=». [(a"*)*-a“* 

xa”^— o ^ 

49. 

X 

V 

Write down the product of : 

61. —8a?® and 2®^. 

52. and — |y^. 

58. 2®^y^ and Ooj^y^, 

64. “Sfljv^and — 8*^V^. 

55. 4a~®6® and -}a®5“®. 

66. fa^y* and 

57. -4a^6^o^and -3a^6^o^, 

68. -6eV»*and -S bM#"*. 
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59. — ^ and ba^b^c'^, 

60 - and - 

Multiply : 

61. + by a^ + b^, 62. a^ — i^and a^ — 6^, 

63. by 3x^ + 4^^. 64. - a^b^ + 6^ by + 6^, 

65. aj^+a?^V^ + j/^ by 

66. cfi ““ + 1^ by + 

67. 2x^ — bc^y^ — 3i/^ by + 6a:^y^ — 3y^, 

68. + a*b^ + ah^ + at + ah^ + 5* by a^ - 6*. 

69. 7^ “X^ '¥o^y — y^ by a;^+y^, 

70. + c^b + 6^ by — 5^, 

71. a;^ + + 0^ - by a;^ + y^ + 0^, 

72. a*^ - + x^^ by a" + a;’*. 

78. a“® — ia“^b + 4a”^i* — 6" by a'“* — 2cir^b + 6*. 

74. aj"® + 3a; ^y^ + 2y® by a;”^® — 3x“^y^ + 2y®. 

75. 2a'‘® + 3a ^6 ^-56“® by 2a~® + 3a~^6”^ + 66~®. 

Apply the method of detached coefficients to find the product 
01 • 

76. 2®* + 3«+9ana 3®+5. 77. *•- 2* -16 and St -3. 

78. 3a:*+6a;+6 and a:*+3®+2. 79. x‘+px+r by px+g. 

80. iic* + |a;* + 5by fir*+!r+2. 

Without actual multiplication find the coefScient of : 

81. *• in (®*+2it+3X2!t*-3x+l). 

82. X* in(x’‘-3x‘ + 2x+lXx‘ + 2x*-6x-2). 

Sa. X* and *■ in (it*-a**+®*-3»+2X2®* + 3«»-aB*+a8-8). 



CHAPTER X 
HARDER DIVISION 

82. The principal ruloB ior divieion explained in Chapter III, 
may be stated as follows ; 

(i) o-^6«-ax i I 

(ii) ; 

(iii) a-^bxo*axc-^6 ; 

and (iv) a*"-*-a*-a***“^, where m and n are positive integers 
and m > n. 

The rule (iv) is called the Index Rule for division. 

The Law of signs and the rule for division of a monomial or 
a multinomial expression by a monomial have been explained In 
Arts. 60-52. We now propose to consider division of one multinomial 
expression by another. 

83. Division of one multinomial expression by another. 

Let us consider a particular example. 

We have {2a* + Sa6+ 46*Xa+ 

-2a*(a+ 86)+ 3a6(a+ 36)+ 46»(a + 36) 

-2a® + 9a*6+ 18a6» + 126^ 

Hence, (2a® +9a*6+ 13a6* + 126®)-»-(a+ 36) 

-2a» + 8a6+46*. 

Now, let us review this result and see in what way, given the 
dividend and the divisor, we can discover the quotient. The points 
noticed are : 

(!) The dividend and the divisor both stand arranged according to 
descending' powers of a common letter, namely, a. 

(ii) The first term of the quotient, namely, 2a*-2a®-^a, <.e„ -( the 
Isl term of the dividend )h-( the 1st term of the divisor ). 

(iii) If we subtract 2a*(a+36) from the dividend, the remainder la 
8a®6+13a6® + 126®, and the second term of the quotient, namely, 
8a6— 3a®6-^a, i.e., — ( the 1st term of this remainder )-•-( the Ist term of 
the divisor ). 
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(iv) If we Bubfcract 3a6(a+86) from the above remainder, the new 
remainder is 4:a6* + 126®, and the third term of the quotient, namely, 

t.a., *( the Ist term of this remainder )-*-( the 1st term o! 

the divisor ). 

(v) If we subtract 4i)*(a4'36) from the preceding remainder, 
nothing remains and the division is complete. 

The process noted above can be shown as follows ; 

a + 86 \2o* + 9a*6+13a^?* + m* / 2a* + 3a&+46* 

/^• + 6a»h \ 

3a»i[i+13a6* + 126* 

4ab^ + m* 

Hence, we deduce the following rule : 

Arrange both the dividend and the divisor according to the 
descending powers of some common letter and place them in a line as in 
the process of Division in Arithmetic, 

Divide the first term of the dividend by the first term of the divisor 
and write down the result as the first term of the quotient. Multiply the 
divisor by the quantity thus found and subtract the product from the 
dividend, 

Regard the remainder as a new dividend and see if it is arrafi ied 
according to the descending powers of the common letter. Divide its j rst 
term by the first term of the divisor and write down the result as the next 
term of ihe quotient. Multiply the divisor by this term and subtract the 
product from lie new dividend. 

Then go on similarly with the successive remainders until there is 
no remainder. 

Note. That the rule stated above gives us a correct result is evident. Vor% ihe 
different quantities, that are one by one subtracted from the dividend, being the 
partiaX product of the divisor by successive terms of the quotient, their sum is s^l 
lo the product of the divisor by the whole quotient ; and as this sum is clearly equal 
to ths dividend, the dividend is equal to the product of the divisor by the quotient, and 
\kie is whai it ehosdd he. 
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Example !• Divide aj*-4ic* + 12aj-9 by «*-“2»+3. 

Both the dividend and the divisor, as they are, are arranged 
•ooording to descending powers of x. Hence, we may proceed at onoe 
as follows 

\x^ -“4La'® + 12rr-9 / rr® + 2a;-3 

I + \ 

2ir“-7ff-'' + r2x-9 
4ir® +_G .t _ 

6cc-‘9 
-3r“+ 6ir-9 

Thus, the required quotient = a;® + 2a; - 3. 

Note. In the dividend it must be noticed that the term containing 0* is wanting 
and hence the second term which contains x't has been put a little apart from the fUrsd 
as 4/ leaving unoccupied the place of the absent term. This point should be attended 
iOi although not strictly required, for the purpose of having like terms placed ancfer 
•fie another ; for instance, in the above example, if the second term of the dividend 
itood close to the first, would come under -40*, .and 8x* under 13xi and this 
might confuse the beginner or otherwise lessen the neatness of the process, 

EumiAe 2. Divide 16** + 36** + 81 by 4** + 6* + 9. 

4«*+6*+9 \ 16** +^36** +81/4**-6*+9 

j 16** +24** + 36** 

" - ' +81 
— 24** — 36** - 64* 

Sto* + 64* + 81 
36*1+64* +81 

IhuB, the required quotient “4** -6* +9. 

BsamidcS. Divide ** -4**-2** + 3**+8*-12 by **-4. 

N. B. It ts not m„,ntial to arrange the dividend and the divisor aeoording to 
dioeeoniini powers of some Utter common to them ; fhe arremgemente mag m well to 
meeording to aeeonJing powers of that letter. The only thing indispensahU is that 
keth the mxproeeione should be arranged in the eamo order, be it descending or 
auending. For instance, Ut us work out the present eaampU bg arranging tho 
oopreeeione in the aeeonding order of the powers of s. 

S-2*+»* 

8* -2**-4** + a>* 

8a —2** 

-4**+e* 

— 4g* + 8* 

Thus, the required quotient '"S- 2* +e*. 


-4+e*\ -12+8*+3a*-2**-4a*+«* 
) -12 +3** 
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Example 4. Divide + 2aic* - a*c* - i*c* by afc + ao - be. 

The dividend, when arranged according fco descending powers of d. 
becomes (b* — c*)a* + 2bc*.a - b®c*. 

The divisor, when so arranged, becomes (b + c)a — be. 

Thus, the dividend has become a trinomial and the divisor 
a binomial. 

(b4-c)a-be \ (b*«c*)a» + 2bc*.a-bV / (b-c)a + bo 
/(b*-c*)a*-(b“c-bc*)a \ 

(b*c + bc»)a-b*c* 

(b*e + hc^a - b*c* 

Thus, the required quotient *ab~ac + be. 

Example 5. Divide a® + b® - e® + 3abe by a + b - o. 

The dividend and the divisor, arranged according to descending 
powers of a, become respectively a® + 3be.a + (b*“'C®) and a+lb — c). 

Thus the dividend has become a trinomial and the divisor 
a binomial. 

o + (b-c)\a* +3be.a*f {b®-c®) / o* -"(b~c)a+(b* + bo+e*) 

)_ai_+(b-c)a* \ 

- (b - c)a® + 3bc.a + (b® - c®) 

-(b -c)a ®-(b-c)® .o 

(b* + bc + c*)a+(b® -c®) 

(b® -h be + c®)a (b® ~ e® J 

Thus, the required quotient “ a* + b* + e*-ab + ac+ be. 

Example 6. Divide (b ~ c)a® + (c - a)b® + (a - b)c® by a* - ab - ao + be. 

Let us arrange the dividend and the divisor according to descend- 
ing powers of a. 

The dividend * (b - c)a® - b® a + c®a + b®c - be® 

* (b - c)a® - (b® - c® )a + 'bc{b* - c*). 

The divisor “a*~(b+c)a + bc. 

Thus, the dividend has become a trinomial and the divisor also 
a trinomial. 

. o*-(i+c)o+6c \ {6-c)a*-(6»-c*)a +M6*-c*) ( {6-c)a+(6*-d*) 

{b* - c*)a* -(b‘ + - 6c* - ^ +6c(6* - 

- -c*to+6c(6»-e»l 

Thns, the required qnotient“o6— oc+6*-o*. 

Note. Il must be noted that the expressions which are enclosed within bracMe 
0$ coefficients of different powers of a are all arranged according to descending powers 
p/t. Such arrangements add to the neatness of (he process and lessen the chance of 
eonfisHan. 
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EXERCISE 8ft 

Divide ; 

L x^-dx + Uhy x-7. 2. 3a;* - 17a: + 10 by 3ar - 2. 

3. 12a:* -8a; "32 by 4a; -8. 4. 55a:* - 67a: - 14 by ILc + 2. 

6. 2a*-7a5 + 66* by a-26. 6. a:* + a:*y* + y^ by a:* + a5y + |f*» 

7. 4a:*-9a* by 2T+3a. 8. a:® + a® by a: + a. 

9. a® - a*5 - 7at* + 36® by a - 36. 

10. ia:® + f Ja:* + Va; + 18 by 4a:* + |a: + 6. 

11. fa:®- + A by fa:*- + iV 

12. ia»y» - by J*i/« - + 

18. }a®»n® + Wa*7n*n + ^^amw* + 126n® by Ja*m* + Vfltw»n + 42n*. 

14. 4ir* -»*!/» + larv* - ¥l/* by |x* - + 4y». 

15. by Ay*-4»y+A»** 

16. ffmn® + 4w*w* + ^ " Aw®n + 4n* by iwn + Jwi* + 

17. |a®2/‘* + iy® + 5 l2 “ ““ *' 

18. If a: + y + 2: * - 3a, find the quotient when 

{2a; -* y - zX^y ” « " x){!lz - a: - y) is divided by a* + a(a; + y) + 
Divide : 

19. 4[(a: - y)" + (y - z)^ + (^ - a:)®] by (a: - y)(y - z\ 

20. a:®-2a®a:® + a® by a:*-2aa: + a*. 

21. 2a:®y® + y® + a:® by 2a:y + a:* + y *. 

22. a:® + (a + 6+c)a:* + (a6+ac+6c)a: + a6c by a: + c. 

28. a:® + (6-c-a)a:* + (ca-a6-6c)a: + a6c by a:* + (6-a)a:-a6. 

24. a® + a*6 + a^c - a6c - 6*c - 6c* by a* - 6c. 

25. o*(6 + c) — 6*(c + a) + c*(a 4- 6) + ahc by a — 6 + c. 

26. a*(6+c) + 6*(a-c) + c*(a-6) + a6c by a + 6 + c. 

27. ' a:®-2aa:* + (a*-a6-6*)a:+a*6 + a6* by a:-a-6. 

28. a® + 6® + c® - 3a6c by a+6 + o. 

29. a:®+y® -l + 3a:y by a:+y-L 

80. • a:® - 8y® - 272?® - 18a:y2? by a: - 2y - 82;. 

81. a?®-y * + 5® + 3a:y2i by a:-y + «. 

82. 8a:® - 27y® - 2:® - 18a:y2? by 4a:* + 9y * + 2;* + 6a:y + 2a;« - 
88. o*(6 - c) + 6*(c - a) + c*(a - 6) by a - 6. 
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S4. W* -Kr-t . ^ "(a' + a) + (a:-6 + c)a:* by (ir4-aX®~fe). 

8f>. c(c^'/-3•'l-^ ta-~i l'r-c)T + x{x‘ — ah) by [x~bXx — c). 

V a'^'h ' ci+i'(i - i — by ah+iK—ac — h*. 

"C ;; ii .'/’(c" • a^) + c“((j''‘- l.y a^b-bc^-ac’^ + a^o. 

Zi * 4 *■ ? - xy ■» zvs^ -a^y-L’.', + x ®2 - xz* by v + * “ *. 

39. 6(x‘‘4a'')4 .i’‘-cS + a'‘(ff + a;hy{a + iX<i! + a). 

40. U-i)c«-(c*-o®)//-! fc~a)h'^ by (a-6)c“-((j-o)6*. 

[ ArrAngc the given ozproBsione ftocordinj i,o dosrending powers of C. ] 

41. {ax + by)'‘ + {ax- bvY - (ay -l>x)'' + {ay + 6x)* 

by (a + 5)*x* — 3ab{x* — y *). 

[ 0. U. Bntr., 1888) 

tbo dividend and the divisor and then arrange the two expresslotui 
ftoooralng to desoending powers of », ] ^ 

42. e(l + y *Xl + «*) + y(l + 2 *Xl + x») + 2(1 + x*Xl + V*) + 4»y» 

by l+xy + yi+g*. 
[0. U. Entr., 1878] 

[ Arrange the expressions according to desoending powers of ss. ] 

48. (4a;" - 8a "x)* + (4y* - 3a "y)* - a* by x* + y* - a*. 

[ B. U. Entr., 1884 ] 

ABBuming the formula a^+a^-a"-^ to be true for all valuea of 
HI ana % show that : 

44 . o®-l. [a^-a^-^-a^+a”*-!. ] 

46. [ a-"-a‘»“"-a®4-a"-l+a". ] 

4«. x*+x*-x. 47. x~*4-x'*-x. 

Divide : 

48. 0*6^ by a~^b~^. 49. a~*6^c* by o~"6^c*. 

60. 16xy2 by -5xV**. 61. 9x^-16y* by 8x*+4y* 

62. o+6byo*+6*. 68. a"+oM+6" by a^+aM+if 

64. 4fl!*-37xM+9y* by 2x^+6x^y^-3y^. 66. o-6*byo^-6^. 

66. 4o“‘®+12a ^b ^+9a~*6“"-266~" by 2a“* + 3o‘^6“^-66“*, 

67. 9x'^-26x“*y“^+70ix'^y“*-49y“^ by 8x~^+6*“*y“^-7y“t. 

68. o*-6*bya*-6* 69. «+y+*-8xV** by e*+y*+A 
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84. Inexact Division. It may so happen that the dividend is 
not exactly divisible by the divisor. For instan. j, a in example 2. 
Art. 83, the dividend were 16a:* + 86a;* + 6® + 86, the second remainder 
would be 86a5*+60a: + 86, and hence the final remainder 6a! +6. As 6a: + 5 
cannot be divided by 4a:“ + to + 9, the division in this case would be 
Incomplete and the result might be expressed as in Arithmetic, thus : 


16a!* + 36a:» + 6 a:+86 
4a;*+6a:+9 


4a:*-6a:+9+ 


6a: + 5 

4a:»+6a!+9' 


The right-lmnd side is called the complete quotient. The portion of 
the dividend which is thus left as a residue not divisible by the ui^'isor is 
spoken of as the remainder in division. Hence, if D denote the dividend, 
d the divisor, Q the quotient, and B the remainder, we have the follow- 
ing invariable relation between these symbols D^d^ Q+S. 

Detached Coefficients. If both the dividend and the divisor 
contain powers of the same algebraic quantity or be homoqeneoue 
expressions of the same algebraic quantities, the labour of long division 
can be much saved by detaching the coefficients and placing them in 
proper relative positions. 


The process is illustrated by the following examples ; 


Bzamidc 1. Divide 6®* + 13®* + 89®* + 37® + 45 by 3®* + 2* + 9. 
8+2+9 \ 6+13 + 39 + 87 + 46 I 2+3+6 

1 6+ 4+18 \ 

+ 9+21 + 37 
+ 9+ 6+27 

16 + 10+46 
1 6 + 10+46 


.■ . the required quotient is 2®* + 8® + 6. 

By the ordinary Method : 

8»*+2a!+9 \ 6®* +13®* + 39®* + 37® +46 / 2®* + 3®+6 

I 6 ®*+ 4 ®* + 1 8®* \ 

9®* +21®* +37® 

9®*+ 6®* +27® 

16®* + 10*+ 46 
15®* + 10® +46 

.' . the required quotient is 2®* + 3® + 5. 

Example 2. Divide e*-27 by ®* + 8®+9. 

AT. B. If anti povur of e either in the dividend or in <h« dieitor to otoont, the 
(wm, inmioinp that power it to be tttpplied with a aero eoeffleient, 

1+3+911+0+0-27/1-8 

J 1+8+ 9 \ 

-3-9-27 

rS--^.27 

the required quotient is® -8. 
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EXERCISE 40 

Apply the method of detached ooeilioients to find the quotient of 
the following : 

1. — 9j»*n + lOwtw* — 6w* by 2w» — 3«. 

2. o‘ - 3a*ft + 3a6“ - i* by a* - ft*. 

8. 2x* - Sx‘i/ - 3xv‘ -2v* hy x‘ + v*. 

4. 2a* - 36o*®* - 16ax* by 2a* + Boa:. 

6. 8+2a!+4a!* + 5a:*“4a:* + 2a:‘ by l + 2a:*, 

#• x* — ix* + 12x—9hyx* + 2x — d. 

7. 4a* - 9a*6* + 24a6* - 166* by 2a* - 3a6 + 46*. 

8 . a* + 4a*®* + 16®* by a* + 2a® + 4®*. 

9. a* + 46* by a* + 2a6+ 26*. 

10. 2®'‘-7®*-2®* + 18®*-3®-8 by ®*-2®“ + l. 

11. «*-81by*-3. 12. o*-32byo-2. 

18. 3-9®+2®* + 6®*-7®* + 2®“ by 1-3®+®*. 

14. 82®* + 40 - 45®* + 18®* -67® by 6®* +8 -7®. 

IB. 64-®* by 2-®. 16. 1+®* -2®* by «* + l-2*. 

17. 13a6* + 2a*6* + 6a* — a®6 + 46* by 4a6 + 6* + 3o*. 

18. 0*6 - 156* - 8o*6* + o* + 19a6* by o* + 36* - 2o6. 

19. ®*— o* by ®* — 2®*a+2®a*— a*. 

20. 8o*6“ + 36* + o* - 9a»6* - 2a6* - a*6 by 2a6 - 36* + a*. 

21. V* + sc* — 2®*y* by ®* + y * — 2®y. 

Find the complete quotient of : 

22. 23. 

x +0 x-iy 

24. Find fche remainder when x^’hpx^ + QX + r Is divided by 

26. Divide l + 2x + 4a;* by 3 — a;, retaining four terms in the quotient. 

86. A few important results. 

The student already knows that 
a;* - a* - (a; - a)(x + a), 
and a?*-a*-(a;-aXa;* + a;a+a*). , 

Henoe, a?^-a^ [ which— a;®(a;-a) + a(a;® -a®) ] 

—(a; - a)la;® + a(a;* + a;a + 

*(a; - aXa;® + a?*a + «a* + a®). 
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Hence, «■ - a* [ which - x*‘{x - a) + oC® ^ - a*) ] 

- (® - a)i®* + a(«* + ®*a + ®a* + a*)i 

- (® - aXx^ + ®*a + ® *a® + • + a*). 

Similarly, it may be shown that ®-a is a factor of of 

of a®-a® ; and so on ; hence, generally, ®-a is a factor of 
0pn_^» where n is any whole number. 

We conclude, therefore, that for all positive integral values of fi, 
jg divisible by ®“a. 

Again, since, + — a’‘) + 2a^, of which ®" — a” is divisible by 

®-a and 20*^ is not, + a” is no^ divisible by ®- a. 

Thus, when n is a positive integer, 

® - a divides - a**, 1 /.v 

but never divides ®" + a". J * 


Cor. /. ® + a divides — a“ onZy when n is an even integer. 

For, when n is even, (-a)"* t and \ 

when n is odd, (-0^=* -a", t and ; J 

also, ® + o»®-(-fl). 

Now, from (A), we know that ®-“(-a) divides but not 

Hence, ®+a divides ®” — a” when n is even, but not *t7hen 
n is odd, ft.e., ®+a divides onZy when n is an even integer. 

Cor. 2. ®+a divides ®”+a” onZy when n is an odd integer. 

For, when n is odd, -a^ and 1 

when n is even, (-a)”- and ; / 

also, ®+a»®-(-a). 

Now, from (A), we know that ®-(-a) divides ®”-(-ari but not 
Hence, ® + a divides ®’*+ a” when n is odd, but not when 
n is even, i.e., ®+fl divides ®” + a” onZy when n is an orfcZ integer. 

Thus, we have obtained the following results t : 
x-a divides x^ - always^ 1 
never. J 

x + a divides ®’* — a** only when n is even, 1 
aj^+a** onZy when n is odd. J 


t This follows from repeated applioations of the laws of signs In multlplloation { 
thus, (-a)* -a*; hence, (-a)*-(-a)x(~a)’ -(~o)xa’- -a* ; hence, (-a) 

; hence, (-a)»»(-a)(-a)^-(-a)xa^-i -a‘ ; 
and BO on. That Is, any power of *-0 Is positive or negative according as the index 
Of that power is an even or an odd integer. 

t These results have been formally proved in Chapter XXIII. 
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EXERCISE 41 

Verify by actual division that the follcwing ezpressioBB are 
diviBifjie by a: + a : 


1 . ** + 0 *. 

2. 

3. aj*+o*. 

4. a:* -a*. 

6. a:’ + o*. 

6. it*-o*. 

Verify by Bf‘*ual 
divisible by ®+a : 

division that the following expresBions are net 

7. x‘~a‘. 

8. X* + a*. 

9. »*-a*. 

10. ir» + a*. 

11. a!’-o». 

12. fl!* + a*. 

Write down the quotient o! : 


18. fl:*-lby«!-l. 

14. x^-y^’byx+y. 

15. (B*-Iby®-1. 

16. + by 17. a;®-l by »-l. 

18. e*-v*by»+|f. 

19. fl;’-lby»-l. 

20. x^^y^hyx+y. 



CHAPTER XI 

FORMULA AND THEIR GRAPHICAL REPRESENTATION 

87. The different fonnule established in Chapter IV are stated 
belovr to facilitate any reference to them. A complete knowledge ol 
these special products is essential for performing many algebraloal 
operations with neatness and accuracy. It is, therefore, desired that 
the student should commit them to memory so that the necessity even 
for occasional references may be altogether done away with. 

(!) (o+b)“”o"+2a6+d*. 

(ii) (a-b)*-o*-2ab+i«. 

(iii) (o+bXa“i>)*a*-6*. 

(iv) (o + 6)* “ a“ + 3a*6 + 3a6* + b* ■■ o“ + 6* + 3a2i(a + b), 

(y) (o-i)*-fl»-8a*i+3ad*-b*-a«-6»-3oi(a-6). 

(vi) o* + 6* -(o + b)(a‘-db+ b*)-(o+ ft)* - 3aft(a+ ft). 

(vli) o* - ft* - (a - ftXo* + oft + ft*) -(o - ft)* + 3aft(a - ft). 

(yiii) (a5+oX»+ft)“**+(a+ft)»+oft. 

(Ix) (a!-oX*+ft)'"«*+(ft-o)cB-oft. 

(x) (*-aX*“ft)»ss*-(a+ft)«+aft. 
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88. Application of Formulie. 

Sxample 1. Find the product of (i) 999 ^ 999 and (i') 9988 ’*> 1(’012, 

(i) We have 999 x 999-999* 

“(1000- 1)» 

-1000*-2xl000xl + l« [ Formula (il) ] 
-1000000 - 2000+1 
-998001. 

(ii) 9988 X 10012-10012 x 9988 

-(10000+12X10000-12) 

- 10000* - 12* [ Formula (iii) ] 

-100000000-144 

-99999866. 

Example 2. Find the value of 2931* + 1069* + 12000 x 2931 x 1009. 
Putting a for 2931 and b for 1069, 
the given expression -a* + 6* + 12000a6 
-o» + 6» + 3oMa+6) 

[ since, a+ 6-2931 + 1069-4000 ] 

— (a + 6)* [ Formula (Iv) ] 

-(4000)* 

-4000x4000x4000 

-64000000000. 

Note. The student is referred to the examples worked oitt ifl Chapter TV for 
further illustraiions, 

89. Algebraic quantities expressed as the difference of two 
squares. 

We have o*+2ai?+6*»(a + 6)*, 
and a* - 2ab + 6* * (a - 6)*. 

Subtracting, iab - (a + 6)* - (a - 6)*, 

or. o6-i(a+ 6)* - i(a - 6)* - (^-^)* - 

Hence, the product of any two factors 

■•square of ( J x the sum of the factors ) 

- square of t i the difference of the factors). 
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Example 1. Express as the differenoe ol two 

sqaares. 

» |2rc + 2 y-l-2g j* _ f y + 2z -g-y j* 

-(a; + y + «)*-«*. 

Szample 2. Express (a; + lX2rr + 3XaJ + 5) as the difference ol two 
squares. 

The given expression 

« fix + lX2a; + 3)\{x + 5) » (2a;* + 5® + 3Xx + 6) 


M |(2a;* + 5a;^ - 3) + (a; -f 5)|* _ |(2a;* + 5 a; + 3) — ( a; + 5) 
* (a;* + 3a; + 4)* - (a;* + 2a; - 1)*, 


r 


RKample 8. Express (a; + aX®+2aXflJ + 3aXa; + 4a) as the differenoe 
of two squares. 

The given expression 

K® + ci)ix + 4a)f K® + 2a)[x + 3a)J 
»(a;* + 5aa; + 4a*Xa5* + 5ax + 6a*) 

^ | (a;* 4- 5aa; + 4a*) + (a;* + 5ax + 6a *)|* 


-f 


-f box + 6a*) - (a;* + Sag + 4o*) j * 


■* (a:* + box + 5a*)* - (a*)*. 

Example 4. Express (* + 2aXa: + 4a)(a; + 6aXx + 8a) + 7a‘ 

difference of two squares. 

The given expression 

K* + 2a)la; + 8a)[ 1(® + 4aXa! + 6o)f + 7a* 

- (®* + lOa® + 16a»X® * + lOa* + 24a*) + 7a* 

» |(g* + 10aa!+ 16a*)+(a!*+ 10aa! + 24a*) j* 

l Oaa; + 24a*) — (g* + lOag + 16a* 
2 


the 




T 


+ 7o* 


- (x* + 10a® + 20a*)* - (4a*)* + 7a* 

- (®* + lOo® + 20a*)* - 16a* + 7a* 
•■(** + 10a«+20a*)* -(3a*)*. 



SI. ] QBAPHIOAL BBPBBSBNTATION 07 FOBMUXiS 1S9 

EXERCISE 42 

( The /allowing examples are to be worked out with the help 
of the formulce of Art, S7 ] 

Find the squares of the following : 

1. 6x + 9v. 2. lGa~13b. 3. *+100. 4. 7+600. 

5. 0 + 999. 6. 7 +10001. 7. 988. 8. 1012. 

9. lOO'S. 10. 99’6. 

Find the cubes of the following : 

11. 2* + 5. 12. 105. 13. 99 5. 14. 800'8. 

15. Show that (o + 5)* + (o - 5)* * 2(a* + 6“). 

Hence, find the value of o* + b*, when 
(i) o » 5004, b - 4996 ; (ii) o =■ 1012, 6 = 988. 

16. Show that (a + 5)* — (a — 6)* “ 4a6. 

Hence, express the following as the difference of two squares : 
ti) 4(* + 27X2* + 7) ; (ii) (6® + IO7X4* + 67) : (iii) (* + 98X* + 102/ ; 
(iv) 505 X 495 ; (v) (2* + 100'4X2* + 99'6). 

Find the following products : 

17. (o + !rXa-!r)(o* + !r*). 18. (2o + 3X2o-3X4o* + 9). 

19. (a* - 06+ i>®Xa* + a5+ 5*)(o* - o*i>* + b*). 

20. 98x102x10004. 21. 96x104x10016. 

22. (2a + *X4a* + 4a* + **). 

23. (o — 2Xo + 2)(a* + 4a + 4Xo*— 4o + 4). 

24. (* + 4X®*-4*+16). 26. (27 -3X47* + 67 + 9). 

26. (* + 2)(** + 2* + 4Xa:— 2X!r®-2* + 4). 

27. (2*+ 105X2*+ 16). 28. (6* -26X6* +43). 29. (6* -26X6*- 43) 
Simplify the following : 

30. (2a+*+7)*+2(2a+*+7X8o-*-7)+(8a-*-7)*. 

31. (17a + 20* + 197)* - 2(19* + 187 + 17aX20* + 197 + 17o) 

+ (19* +187 + 17a)* 

32. (16a + * + 7)* + (4a - * - 7)* + 3(16a + * + 7)“(4a - * - 7) 

+ 3(l6a + * + 7X4a - * - 7)*. 

33. (121a + * + 7)* ~ (116a + * + 7)* - 15a(121a + * + 7Xll6a + e + 7). 

34. (6a-8*)*+(6a+8*)* + 33o(6a-8*X6a+8*). 

36. (2*+S7 — 16«)* + 3(3*— 37 + 16jr)*(2*+87 — 16*) 

+ (3* - 37 + 16*)* + 3(3*- 37 + 16*X2« + 87 - 16*)* - 190**. 


1—9 
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Besolve into factors : 

86. (5a + 86 +2)* -(4a + 6)*. 37. 8a?® + 125i/®, 

38. (8a + 13ir)®-64. 39. (15a + 36)* -4, 

Find the value of : 

40. (16a + 26)* - 2(13a + 26Xl6a + 26) + (ISa + 26)*, 

when a=6 and 6 * 7891. 

41. (9Lr + 5y)*-3(91iC+6y)*(87a;+5y) 

+ 3(91a? + 6yX87a5 + 5y)* - (87® + 5y)® , when ® — 2 and - 83 

42. (589963)* - 2 x 589963 x 589863 + (689863)*. 

48. 90*002 x 89'998. 44. 9238* -9233*. 

45. 49856 x 49856 x 49856 - 3 x 49856 x 49855 - 49655 x 49855 x 49856. 

46. Factorize (®+2X2a;+lX5® + 2)-3®^ by expressing it as the 
difference of two squares. 

47. Show that (a® + 6X6® + a)Ja6®* - (a* + 6*)® + ah\ can be expressed 
as the difference of two squares. 

48. Express (5® + lX2® + 5X3®+5X4® + 3) as the difference of two 
•qaares. 

49. Express (7®+3aX7® + 5aX7®+9aX7® + lla)+61a® as the sum of 
two squares. 

60. Show that (3® + 2y)*-(2® + 3y)®-3(3®+2^X2® + 3i(r)(®-y) is a 
perfect cube. [G. U. 1950 ] 

90. Graphical Representation of Algebraic Formulse. Soms 
of the formulas are illustrated below by their geometrical representa- 
tions on squared paper. 

(1) To demonstrate graphically, the identity 

(a •+ 0 + r + rf-+ * flit + •+ -f flfit + eAf. 

Let OX and OY be the co-ordinate axes, 0 being the origin. 



Let A, JB, 0, A £7 be the points on OX, such that OA*a. AR-6, 
BO*0i 0D*d and PX*a. Also, let P be a point on OF, such that 
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rectangle OPCTB. Through A, B, C, D draw 
A(J, BB, C8, DT parallels to OP so as to meet PU in Q. B. S. T 
rospeotively, so that the figures OPQA, AQBB, BBSC, OSTD, DTUB 
are each a rectangle. 


Now, reot, PB-rect, P^ + rect. QB+recb. BC +reot. 8D 

+reot. TB. (1) 

But reot. PE“OE.OP^{OA+AB+BC+CD+DE).OP 
“{a+6+c+d+s).Jt : 
and reot. PA*OA.OP 
•‘ak ; 

reot. QB^AB.AQ-AB.OP 
~bk-, 

reot. BC^BO.BB^BC.OP 
^ck ; 

reot. SB-CP.CS-CD.OP 
~dk-. 


root. TE’^DE.DT^DE.OP 
"eft : 

from (1), (a+b+e+d+e)k^ak+bk+ck+dk+ek, 

(2) To demonstrate graphically, the identity 
(o+h)*-a*+2a6+6«. 

Let OX and OY be the oo-ordinate axes, and 0 be the origin, 

Let A and B be two points taken on OX, suoh that Od"a and 
AB^b ; also let L and P be two points on OF, suoh that OL^a and 
BP^b. Then, OB^OP^a+b. Oomplete the square OPBB. Let AQ 
be drawn through A parallel to OF to meet PB in Q ; also let LMN be 
drawn through L parallel to OX to meet AQ in M and BB in N, 

Then, fig. OB -fig. OJlf+fig. AN+6e. LQ+fig. MB. — (1) 

Now, fig. OB*OB.OP 

~OB.OB [•.• OP-OB] 

-OB*-(a+6)» ; 
fig. OM'^OA.OL—OA.OA 
"o* : 

fig. AN-AM.AB~OL.AB 
—oft : 
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fig. LQ^LM-LP 

~PQ.LP~ab : 
fig MB = MN.MQ‘‘QB.LP 



from (1), (o+6)**a* + o6+aZ> + 6* 

-o* + 2afc+i*. 


(S) To demonstrate graphically, the identity 
(a-W»-a»-2c&+6*. 

Let OX and OY be the co-ordinate axes, and 0, the origin. 


Take two points A ana B on OX, such that 0.4 -a and OB”J* 
Complete the square OPQA, on OA. Through^ draw BB pralld to 
OY to meet PQ in B : cut off a length PL from PO, equal to fi. Through 
L, draw LMN parallel to OX to meet BBapA AQ lu M and N «sp^ 
lively. Produce PQ to T, making QT^PBi^b). Complete the square 
QTSN, on or. 
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Bboe, 

Also, since, 
and 


OA^a and OB^b, 
BA’-a-b. 
OP-OA-o, 
PL’^b, 

OL“a-b : 
AB-OL. 



Now. fig. BN- fig. OQ + fig. NT- fig. OS - fig. BS. 
Bnt. fig. BN~BA.BM~BA.OL 
-BA.BA-BA* 

-(a-6)* : 

fig. OQ-OA.OP-OA.OA 
-OA**a* ; 
fig. NT-sq. on QT 
— sq. on PS 

-f: 
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fig. OB^OP.OB^OA.OB 
^ab ; 

fig. BiS-fig. E27+fig. QS 
-fig. BW'+fig. PM 

-fig. PN [ ••• fig. os-fig, PM. eaoh 
^PQ.PL being equal to fc“. ] 

^ah, 

from (1), t.c., -a* + 6*-aa6 

(4) To demonstrate graphicallj, the identity 

Let OX and OY be the co-ordinate axes, and 0. the origin. 



Take two points, A and B on OX. such that OA^a and 0£— b; 
also, take two points, P and L on OY. such that OP •a and OL— ft. 

Complete the squares OPQA and OLMB. Produce BM to meet 
PQ in B and LM to meet AQ in N ; also produce MN to T, making 
NT""NA (—6) ,* and complete the rectangle NTSQ. 

Thus, rect. JSJ^^-rect. QT. 
also PL^OP-OL^a’-h. 

and ilJB-Oil-OS— a-6. 

PL^AB. 
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Now. fig. P4 -fig. BL-fig. PN+&g. BN 
-fig. PN+&g. QT 
-fig.Pr. ••• - (1) 

But, fig. PA =sq. on OA 

^ . 

u 

fig. £L“Bq. on OB 

fig. PT^PS.PL 

«(P04-gs) PL 
^(PQ’^NT}.! ' 

^ia’^bXa-h). 

from (l), a* — + W. 

(5) To demonstrate graphically, the identity 
(a-f 

Let OX and OT be the co-ordinate axes, and 0, the origin. 



On OXt take two points, A and B, making OA^^a andiiP-fc; 
also, on OY take two points, P and L, making OL^c and LP^d, 

Complete the rectangles OPBB and OLNB. 

Through A, draw AMQ parallel to OY to meet LN in M and 

PB in 0. 
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Now, fig. OB-fig. 03f+fig. il27’+fig. LQ+fig. JlfB. - (1) 

Bn*. fig. OB-OB.OP 

-(OJ+ .45X02/ + 2/P) 

— (a + 6Xc + 4) ; 
fig. OM^OA.OL’‘ac ; 
fig. AN~AB.AM 

^AB.OL^bc ; 
fig. LQ~PQ.PL 

~OA.PL~ad 

6g.3IB-QB.QM 

-AB.PL-bd; 

from (1), (a + fcXc+ 4)— OC + be + od + i)4. 

(6) To demonstrate graphicaBy, the identity 

(a+ 6 +c)”-a“+ 6 *+c*+ 2 a 6 + 26 c+ 2 ac. 

Le* OX and OT be two perpendionlar straight lines, through 0. 



Take three points, A, B and 0 on OX, snob that OA—o, AB—b, 
BO-e. 

Complete the square OCBL on 00, so that 

OL-OO-OA + AS+BO-a+b+0, 


XI, ] GBAPHIOAL BBPRESENTATION OP POBMULJB 187 

Let D and E be points on OL, such that 

OD^a and DE^h, whence EL^c, 

Through A and B. draw AP and BQ parallel to OY to meet LR 
in P and Q respectively ; also, through D and E draw DTSB and 
EMNF parallel to OX to meet AP, BQ, CB in points, T, S, H and 
M, N, F respectively. 

Then, fig. OP = fig. 0T+ fig. TJ^+fig. J7B + fig. Diif+fig. AS 
+ fig. PJSr+fig. BP + fig. BE - (1) 

Now. fig. DM^DT,DE^OA.AB^ab, 
and fig. AS^ATAB^OD.AB^aK 

Similarly, fig. NP = fig. NH—hc, 
and fig. BP = fig. BH—ac. 

Also, fig. OB=sq. on 00 = 0C* 

-=(0.4 + + B0)“ =(a + 5 + c)*, 

fig. 0T-=0.4.0D = 0^.0.4*0i4*-=a*. 
fig. TN^TM.TS-^AB.DE^AB^-b^, 
fig. NR=^NQ,NF~EL,BQ--BC^^c^\ 

.*. from (1). 

(a + + c)® ■\‘b^ + ab'^ ab'^bc'^'bc-^’ aC'^ ac, 

t.fi., -=a® + Z?* + c* + 2afe+25c + 2ac. 


EXERCISE 43 

Find, graphically, the value of : 

1. (i)(5 + 6)xll; (ii)7»; (iii) (*-«•. 

2. Verify graphically : 

(i) 9»-7*-=32 ; (ii) (7 + 3)*-100 ; 

(Hi) (3 + 5 )x2-3x2 + 5x2 ; 

(iv) (® + aX® + 6)“=a;* + (a + 6)a?+a& : 

(v) (aj-a)(aj-6)*jc*-(a + h)® + a2) ; 

(vi) (aj-aX« + ^>)*a;“-a(r + 6fl;-afe. 

3. Calculate, graphically, the area of a square described oo 
a straight line whose length is equal to twelve centimetres. 



138 ALGEBBA MADE EAST [ CHAP. 

4. Find, graphically, the area of a room, 5 metres long and 3 metres 
broad. 

5. A rectangular garden of length 9 metres and breadth 3 metres 
has got a path of uniform breadth surrounding it. If the breadth of the 
path be one metre, find, graphically, the total area of the garden and the 
path together. 

6. In a square plot of land of side 10 metres, a square pond of 
length four metres is dug. Find, graphically, the area of the remaining 
portion of the land. 

7. Find, graphically, the area of a rectangular plot of land whose 
length is 50 metres, and is five times its breadth. 

8. A rectangular court-yard of length 10 metres and breadth 
5 metres is to be paved^ with square stones. If the side of the stone be 
one metre, find, graphically, the number of stones necessary for the 
purpose. 


9. A square garden of side 20 metres has within it a walk of 
uniform breadth equal to one metre running round it. Find, graphically, 
t :e area of the patL 

10. A rectangular court of length 20 metres and breadth 10 metres 
has two paths, each of breadth one metre joining the middle points of the 
opposite sides, and symmetrically situated about the lines joining those 
middle^ points ; find, graphically, the area of that portion of the court 
which is not covered by the path. 


CHAPTBB XII 
SIMPLE FACTORS 

91. Definitions. When an expression is the product of two 
or more others, each of these latter is called a factor of the former. 

An expression is said to be resolved into factors when those expres 
sions of which it is the product are found. 

[ A few simple cases of resolution into factors have already been Inoldentallr 
treated in the cbapter on Simple Fotmulce and their Application* These cases, 
however, will not be altogether passed over in the following articles as the present 
chapter is Intended for a more systematic treatment of the subject. ] 

Note. In this chapter we shall confine our attention to rational SKpressiona 
only (i,$„ expressions free from radical signs), and by the factors of an esspression 
will be meant the rational expressiona of which U is the product. 
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92. Simple Case*. Any ezpreBsion, all the tenm of which have 
got a common factor may. on inspection, be at once resolved into two 
factors, one of which is a simple expression and the other compound ; 
thus, 

(1) oV+oe^^oo^o+a;). (2) 2a*i)*-3a*i)**o*t*(2o-86) 

(8) 24flr*a* - 40!t*o* + 56!E*a‘ ■'8a:*o*(3a:* - 5a:o + 7o*). 

EXERCISE 44 

Resolve into factors : 

1. of>+ ac. 2, a'b’ + a‘b'. 3. a:V-2!eV. 

4. 9»*y« + 4flv**~6!cy**. 5. 4a*fc-6o*6*— 8a*i)*. 

®. o«*y~6o*a;*v* + 3a!r*. 7. 3a:*y*r* - 12!r*v*«* + 21x*y*f *. 

8. 28o*6‘-42o‘i*. 9. 72a;* V + lOScE V®. 

10. S9o*6’c*-66f)*oV-91c‘o*6’. 

98. Expressions of the form o‘ *- b’. 

The method of resolving into factors an expression of this form has 
already been treated in Art. 56, Note. A few more examples are added 
here for the exercise of the student. 

EXERCISE 45 

Resolve into factors : 


1. 

9o*-165*. 

2. 

4a* - 26o®*. 

3. 

36®* -1. 

4. 

16®* -1. 

5. 

16®* -9®. 

6 . 

16®* -81®. 

7. 

l-16o*. 

8. 

®*-81®*. 

9. 

86-5- 

10. 

64o*-49®*. 

11. 

121-»»*. 

12. 

49®*a*®-81. 

IS. 

oV-26c*d*. 

14. 

81®** -64a*®. 

15. 

p*9*-100p*. 

18. 

144®» -26®*o*. 

17. 

192a* -243a*®*. 

18. 

98a*®* - 128a*. 


19. 824«*V-484a!*o*. 20. 245in”n**-606»n*»n*. 

21. {o+36)*-26c*. 22. o*-(35-5c)*. 28. (!t+v)*-(x-»)*. 

24. (So +2®)*- (2a +®)*. 25. 4(a-5)*-9(c-d)*. 

20. 48**-(6y-3s)*. 27. (8® +5)* -(2® -7)*. 

28. (o+J>-o)*-(a-i+c)*. 29. (2o-36+4c)*-(o + 46-6c)*. 

80. 64(o+8«-4y)*-9(2o-®+3y)*. 

81. (4«*-6o»)*-(6®*-4o*)*. 82. (5o*-8a + 7)*-(6o*-So-7)». 
88 . («+w)*(a+6)-(*+yXo+6)*. 
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94. Expressions which by mere inspection can be put into the 
form a® - ft®. The following examples are intended for Illustration. 

Example 1. Resolve into factors a* + + 6*. 

a* + a*ft* + - (a* + 2a®5® + M) - a*t* 

- (a* + i»)® (aft)® - Ka® + ft®) + aftH(a* + ft® ) - 
• (a® + aft + ft®Xo* ~ aft + ft®). 

Example 2. Resolve into factors + 4. 

«® + 4-(aj^ + 4it® + 4)-4«» 

-(»® + 2)®-(2a:)® 

- K«* + 2) + 2fl;H(®* + 2) - 2®} 

•(a:* + 2» + 2X»® - 2a; + 2). 

Example 8. Resolve into factors a;* —6a;® + 1. 

- 6a;® + 1 » (a;^ - 2a;® + 1) - 4a;® 

«(a;*-l)®-(2a;)® 

- K®® - 1) + 2a;H(®* - 1) - 2a;{ 

*(a;® + 2a;-lX®*-2a;-l). 

Example 4. Resolve into factors a® - ft® 4- 2ftc - c®. 
a® - ft® + 2ftc - c® « a® - (ft® - 2ftc + c®) 

«a®-(ft-c)®»la+(ft-c)[fa-(ft-c)f 
*(a + ft-cXa-ft+c). 

Example 5. Resolve into factors 2(afe + cd) - o® - 6® + c® + d® . 

The given expression « (c® + 2cd + d®) - (a® - 2aft + ft®) 
-(c+d)®-(a-ft)® 

“Kc + d)+(a-ft)H(c + d)-(a-ft)f 
*(c + d + a — ftXc + d — a + ft). 

EXERCISE 46 

Resolve into factors : 

1. »*+a;» + l. 2. x^ + x^ + 1. 8. a*+a®«®+«®. 

4. a® + a^a5* + a;®. [ C. U. Entrance, 1887 ] 

6. a;* + 64. 6. 4a;^+81. 7. 9a?^ + 36. 

8. o* + 2a®+9. 9. a;*-7a;®+9. 10. 4a;*+8«®+9. 

11. 4a;^-16a;®+9. 12. 4a;* + 3a;®+9 

18. 4a*-S7a® + 9 14. 4a* + 626. 
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16. 9a*-25o* + 16. 

18. 9a.* -a* + 16. 

20. 9a*-19a»®*+26a:*. 

22. o*-36a»6* + 266*. 

24. 49»»* + 16n*-60TO*n*. 

26. 4a:- + (7tt)*. 

28. 4a*-t*-9c* + 66c. 

30. a*-4i*-25c* + 20ic. 

32. o* + 46»-9c*-4d*-4o6+12cd. 
34. 4a:*-l + 9a*-25i>* + 12!Ea-106. 
35. 9** -4 f*- 492* -30a: + 281/2 + 25. 

86. 16o*-16c*-95*-24a + 245c+9. 

37. 49i/* + 202 + ®*-14a:i/-262*-4. 

38. 16a:* + 425i/-9i/® + 40a:a-495® + 25a*. 

39. 49a:®-l + 16i/®-642® + 162 - 66a-i/. 

40. o®-5®-c® + d*-2(ad-i»c). 

96. Expressions of the form a® +6* or c* -ft®. 

The resolution of such expressions into factors has already been 
considered in Articles 59 and 60, Notes. A few cases, however, of a little 
more complicated character may, with advantage, be added here. 

Example 1. Resolve into factors a® + a;®. 

Since, a’ + b*’‘{a + b)(a* — ab+b*), 

we have a® + a:® “ (a®)* + (a:®)® 

- (a® + x®)Ka®)® - (a®)(x®) + {x®)®t 

-(a® + x®Xa®-a*a:® + a:®) 

•* (a + xXo® - ox + x®Xo® - o®x® + X®). 

Example 2. Resolve into factors o® -x®. 

Sinoe, o®— ft““{o-i)Xo* + oft+ft®), 

we have o® — x®“(o®)®— (x®)® 

-{a®-x®)Uo®)® + (o®Xx®) + {x®)®l 
«(0®-!C®X0®+0®X®+X®) 

-(o - xXo® + ox + x®Xo® + o®x® + X*). 


16. 9x* + 23x®+16. 

17. 9x*-33x® + 16. 

19. 16x*+4x®o® + 25o*. 

21. x‘+8x®+144. 

?A. 36o*-16o®6® + ft*. 

26. 64o*+81x*. 

27. x®-i/® + 21/2-2®. 

29. 9x®-4y® + 121/2-92®. 
31. 30x2 + 16i/®-9x*- 252®. 
33. (x®-2xi/)-(2®-2i/2). 
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Bumple B. Besolve into factors 64a;^ -xa*. 

64a;’ -ara* *aK64a;* -a*) 

*a<8a;» + a®)(8a;®“a*) 

-a;i(ai;)* + a»H(2a;)»-a“J 

- a;K2a; + aX4a;* - 2a?a + a*)| l(2a; - aX4fl;* + 2a;a + a*X 

- ic(2a; + a)(2x - aX4a;* - 2a;a + a“X4a;* + Qxa + a*). 

Otherwise : 

64a;’ - a;a* * a{64a?* - a®) 

-a;«4a;»)»-(a»)-t 

- a<4a;* - a*Xl6a;® + 4a;*a* + a®) 

* ai2x + aX2a; - a)Kl6a;* + 8a;*a* + a®) - 4a;*a*i 
^oc{2x + aX2a; - a)K4a;* + a*)* - (2a;a)*l 

* x(2x + aXSa; - aX4a?* + a* + 2xa){ix^ + a* -- 2ra) 

- x(2x + aX2a; - aX4a;* 4- 2a;a + a*X4a;* - 2a»i + a*). 

Note. Although the resolution can be effected in either of the two ways shotofi 
above^ it is generally found convenient to adopt the first method. 


Example 4. 


Besolve into factors 




6 ^ 

V*’ 




EXERCISE 47 


Besolve into factors : 

1. a‘-86*. 2. 

4. o*-5126». 6. 

7. 843»* + 612p*. [0. 

8 . 64 ®^* - 1 . 

10. 126!t*-216a*. 

12. 729ir*V-64ir*p*“. 
14. (2fl!»-V)'*+P*. 

10. a*+^' 17. 


o*-27ox*. 8. 612** +1. 

27a* + 126®* . 6. i»* - «*. 

U. Entrance, 1882 ] 

9. o*-64«‘». 

11. J4a“6+843a6**. 


18. (a*+6*)*+8a*6*. 
15. (2o*-6*)*-6*. 


o* 




18. 


8 ®* 
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96. Expressions ot the form resolved into factors 

by inspection. 

From the relation a5* + (a+6)aj+a6*(a; + aXa + fe), it is clear that 
to resolve an expression of the form a?* + p® + g into two factors we have 
to find two quantities a and 5 such that a + &*p and This can 

be done by inspection whenever a and h are rational and integral. The 
student can very well refer himself to the examples worked out after 
Art. 61, for a clearer comprehension of such cases. 

Example 1. Besolve into factors + llx + 30. 

We have to find two numbers whose sum = 17, and product *30. 

The pairs of numbers whose product is 30 are : (i) 1 and 30, (ii) 2 
and 16, (iii) 3 and 10, (iv) 5 and 6. Out of these 4 pairs we must pick out 
that of which the sum is 17 ; the second pair, therefore, is the one 
Bought. 

Thus, 2 and 15 are the numbers required. 

Hence, a* + 17a; + 30 * «* + (2 + 15)a; + 30 » a;* + 2a; + 15a; + 30 
= aXa; + 2) + 15(a; + 2) = (a; + 2X» + 15). 

Example 2. Besolve into factors a;* — 11a; + 24, 

We must find two numbers whose product* +24, and sum* -11, 
Clearly then the two numbers must be both negative. 

The pairs of negative numbers whose product is 24 are : (i) — 1 
and — 24, (ii) — 2 and - 12, (iii) - 3 and - 8, (iv) — 4 and - 6. Out of 
thMe 4 pairs we must pick out that of which the sum is — 11 ; the 
third pair, therefore, is the one sought. 

Thus, the required numbers are - 3 and - 8. 

Hence, a;* - 11a; + 24 * a;* - (3 + 8)a; + 24 — a;* - 3a; - 8a; + 24 
* aXa; - 3) - 8(a; - 3) * (a; - 3X® - 8). 

Example 3. Besolve into factors a;* + 6a; - 40. 

We must find two numbers whose product* -40, and sum* +6. 

The pairs of numbers whose product is — 40 are : (i) 1 and - 40, 
(ii) -1 and (iii) 2 and -20, (iv) -2 and 20, (v) 4 and -10, (vi) -4 
and 10, (vii) 6 and -8, (viii) -5 and 8. Out of these 8 pairs we must 
pick out that of which the sum is +6 ; the sixth pair, therefore, is the 
one sought. 

Thus, the required numbers are — 4 and 10. 

Hence, a;* + 6a;-40*a;*+(10-4)a;-40»sB* + 10a;-4a;-40 
«a<a; + 10) - 4(a; + 10)-(a; + lOXa; - 4). 

Note. From the fact that the eum of the ttuo numbers is positive it clear that 
the positive number must be nnmaricaUy greater than the negative. Hence, we might 
at once reject the first, third, fifth and seventh of the above pairs, 
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Example 4, Resolve into factors ar* - 5a? - 36. 

We have to find two pumbers whose product* —36, and sum* —6. 
Clearly, then the number§ must have different signs and the negative 
number must be numerically greater than the positive one. 

Hence, the only admissible pairs of numbers whose product is - 36 
are : (i) 1 and —36, (ii) 2 and -18, (iii) 3 and -12, (iv) 4 and —9. Out 
of these 4 pairs we must pick out that of which the sum is -6 ; the last 
pair, tlierefore, is the one sought. 

Thus, the required numbers are 4 and -9. 

Hence, a?*-5a?-36 = a;* -(9-4)a?-36 = a?“ -9a? + 4a;-36 

= t(t - 9) + 4(a? -- 9) = (a; - dXx + 4) . 

bixample 5. Resolve into factors a* + 7a6+125*. 

The factors will evidently be a-^pb and a + ght where p and q are 
such that p-^q^lb^ and pq^lib^. 

Arguing as before it is easy to see that 3Z> and 45 are the numbers 
whose sura is 75, and product 125*. 

Hence, a* + 7a5+ 125* + (35+ 45)a + 125* =a* + 3a5 + 4a5+ 125* 

* a{a + 35) + 45(a + 35) * (a + 35)(o + 45). 

Example 6. Resolve into factors 3rw*-36w7i + 60n*, 

3??i* - 36mn + 60n* = 3(7»* - V2mn + 20n*). 

Wehave to find two numbers whose sum* - 12n, and product *20n“ 

Arguing in the usual way we find that -lOw and -2n are the 
required numbers. 

Hence, 3m* - 36mn + 60n* * 3(m® - 12mn + 20n*) 

= 3)m* - (lOn + 2w)m + 20n*( * 3|m* - lOnm - 2nm + 20n*l 
= 3im(m - lOn) - 2w(m - 10n)l * 3(m - 10w)(m - 2n). 

Example 7. Resolve into factors a* - a* - 12. 

Putting X (or a*, the given expression becomes a?* — a? -12, and it is 
easy to see that x* -x- 12*(a?-4Xx + 3). 

Hence, a*-a*-12 = (a* - 4X^* + 3) * (a + 2)(a - 2Xa* + 3). 

Example 8. Resolve into factors (x* + 2x)* - 3(x* + 2x) - 18. 

Putting a for x* + 2x, the given expression becomes a* - 3a - 18. 
and it is easy to see that 

a*-3a- 18*(a-6Xct + 3). 

Hence, the given expres8ion*K®* + 2x) — 6H(x* + 2x)+3l 

— (x* + 2x - 6X«* + 2x + 8). 
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Example 9. Bosolve into factors 

{5a + 6)* + (5a + 6Xa + 2&) - 20(a + 26)*. 

Putting X for 6a + 5 and v for a + 25, the given expression becomes 

Now it can be easily seen that 

x^ + xt/- 20i/® =(x + byXx - 4i/). 

Hence, the given expression 

« 1(5a + 5) + 6(a + 25)H(5a + 5) ~ 4(a + 25)1 
*(10a + 115XaT75). 

96A. Expressions of the form pje® + ^A:+r resolved into 
factors by inspection. 

Suppose, the two factors of the expression px^ + + r are [ax + 5) 

and (caj + d). 

From multiplication we know 

[ax + 5)(ca; + if) *= acx^ +'5ca; + adx acx* + (5c + ad)x + 5<2 ; 
pa® + ga; + r*aca;* + (5c + a(i)a?+5d ; 
p^aCt q — bc + ad and r^bd ; 

. ‘ . pr = (ac) X (6c?) = (5c) x [ad). 

It is evident from the above relation between a, 5, c and d that the 
algebraic sum of the two factors of pr is equal to g. 

Therefore the product of the coefficient of a* and the term indepen- 
dent of X is to be resolved into two factors, the algebraic sum of which 
is equal to the coeihcient of a. 

The process is being explained in the first method of the following 
illustrations : 

Example 10. Resolve into factors 8a® + 2a - 3. 

First Method : Find the product of the coefficient of a* and 
the term independent of a. 

In the present case, the product x ( - 3) » - 24. 

Now, resolve —24 into two factors whose -algebraic swm“the 
coefficient of a, t.c., 2. 

By trial, the factors are 8 and — 4. 

Thus, the given expression » 8a* + 6a -la -8 

- 2a(4a + S) - (4a + 3) - (4a + 8X2a - 1). 


I— 10 
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Second Method ; Tbe ^iven expres lion —Sx* + 2x - 3 

-i(8><8x* + 2x8x-S)«8) 

•“ i(o" + 2a — 24). [ Putting for 8x ] 

Now it can le easily seen that a*+2a-24“(o+6Xa-4). 

Henoe, the given expression = i(a + 6)(o - 4) ” KSx + GXSa; - 4) 

- il2{4x + 3) X 4{2x - 1){ = (4x + 8X2.5 - 1). 

Example 11. Besolve into factors 12x*+7x- 13. 

First Method : Find the product of the coefficient f x* and the 
term indegendent of x ; resolve the product into two factors > 7 ho 8 e 
aloebraie sum is equal to the coefficient of x. 

In the present case, the product * 12 x ( - 10) ~ 120. 

By trial, the factors of ( — 120), whose algehraio sum “the oo* 
effiolent uf x, i.e., +7, are +15 and -8. 

Thus, the given expression “12x* + 15x-8x— 10 

— 3x{4x + f ) - 2(4x + 6) “ (4x + 6X3x - 2), 

Second Method : The given expression =• 12x* + 7x — 10 

“ A(12 X 12x* + 7 X 12x - 10 X 12) 

“ A(o* + 7o — 120). [ Putting a ter 12x ] 
Now it can be easily seen that a* + 7a-120“(o + 15Xo-8). 

Henoe, the given expression “ Ar(l2x + 15Xl2x - 8) 

-3Ari3(4x + 6) X 4(3x - 2)H (4x + 5X3x - 3). 

Example 12. Besolve into factors 26x* - 40ax* + 14a*x. 

26x* - 40ax* + 14o*x - 2x(13x* - 20ax + 7o*). 

First Method : Find the product of the coefficient of x* and fits 
term, independent of x. In the present case, the product - 13 x 7o* -gia*. 
Now, resolve 91a* into two factors whose algebraic sttm-the ooeffioient 
of X, t.s., - 20a. 

By trial, the factors are -7a and -13a. 

Thus, the given expression 

“^ISx* - ISox - 7ax+ 7a*) 

- 9dl8a<x - a) - 7a(x - a)i - 2x(x - aXlSx - 7a). 
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Second Method : The given expression 
-2!til3s*-20as+7o*f 

- 2 iri*{l 3 X 13 «* - 90 a X IS * + 13 x 7 a*rt 

“ 2*1 A(y“ — 20 aif + 91 a*)i [ Putting y lor 18*1 

- 2*i “ 13ay - 7av + 91a*)i 

•“ 2®lAi {y - 13o) - Iciv - 13a)n 
“2®[A(F-13oXy-7a)] : 

the expression “2*[A{13*~13aXl3*-7o)] 

■■ 2*[A X 13(® - aXl3* - 7a)] 



- 

^X' 

-aXl3a-7a). 





EXERCISE 48 



Resolve into factors : 





1. 

** + 3* + 2. 

2. 

®*+6flj+6. 

8. 

a* + 4o+8. 

4. 

*•-6*+ 4. 

5. 

aj* + 7®+10. 

6. 

*■-7*+ 19. 

7. 

»»+8* + 15. 

8. 

aj®-2a;-16. 

9. 

*•-13*+ 86. 

10. 

»*-5*-36. 

11. 

a;»-14aj+24. 

12. 

**-22®+40. 

18. 

** + 7*-30. 

14. 

®* + 2aj-48. 

16. 

*• + 16*- 36. 

16. 

**+9*-36. 

n. 

a* + 11a? -42. 

18. 

*• + 14* -72. 

19. 

**-3*-40. 

20. 

a?*-lla?-80. 

21. 

*^-29*-96. 

22. 

e»-10*-56. 

28. 

a:*-a?-42. 

24. 

*•-*-72. 

25. 

®* + 22s + 120. 

26. 

a?* + 16®-80. 

27. 

*^-21*-72. 

28. 

»*+6*-84. 

29. 

a?*-20a?+96. 

SO. 

*^+23*-78. 

81. 

e*-6*-72. 

82. 

aj*-26aj+84. 

83. 

*^-26a+88. 

84. 

*■ + 7* -120. 

36. 

a?*"2a?-80. 

86. 

®*+8*-84. 

87. 

o*-a-56. 

38. 

wi*-9wi-90. 

89. 

*• + 170 - 60. 

40. 

a* -15a +64. 

41. 

p*-22p-48. 


^•+»n-72. 

43. 

to*+27«-90. 

44. 

a*-29a+120. 

46. 

*• + 7* -78. 

46. 

o*- 49a -102. 

47. 

a*-19a+60. 

48. 

*• + 12®— 64. 

40. 

o*-26a-120. 

60. 

a?*+8a?-105. 

61. 

x*-xy-i3iy*. 

52. 

o«-12o6+825*. 

68. 

w* + mn-30n*. 

64. 

a^+o6-126*. 

65. 

a*-2a6-156*. 

56. 

a?*-7a?y-8v*. 

67. 

*^+3*V”40y*. 

68. 

lJ*-14i»a + 489*. 

69. 


60. 

3«^+60!W-288g^‘ 

61. 

a*+4a*-6. 

62. 

a?* + 2a?»-16. 

68. 

2®*+6®^-66. 

64. 

»«+2«*-S. 

65. 

a«-10a* + 16. 

66. 

*«+26®^-27. 

67. 

a*+7a*-8. 

68. 

a?*-20a?*+64e 

60. 

a»-iia*-80. 
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70. 


71. 

(o*+2a)*-(o*+2a)-2. 

72. 

(»» + 3a:)“ + 3(a;* + 3iE)+2. 

73. 

(®* - 2®)* - 9(®* - 2®) - 3. 

74. 

(a* - 3o)* - 8(a* - 3a) - 4. 

75. 

{®* - 4®)* - 4(®* - 4®) - 6. 

76. 

(a:»,-fl:)*-8(®*-!e) + 12. 

77. 

(®*-5®)* + 10(®*-6*)+24. 

78. 

(o* + 7a)* - 8(a* + 7a) - 180. 



79. 

(a* + 6a)* - 32(a* + 6a) - 320. 

80. 

(®* - 8®)* - 29(®* - 8®) + 180. 

81. 

2®*+*- 15. 

82. 

6a* -a- 15. 

88. 

8?»*-6wi-9. 

84. 

18®* + 21®®v 72®v*. 

85. 

10o*-41a5+216*. 

86. 

12m® — mn — 20n*. 

87. 

12®* + 28®v — 5i/*. 

88. 

20a® + ai-306*. 

89. 

18®*-51®v+35i/*. 

90. 

60®*!/ + 115®*!/* - 120®!/*. 


97. Quantities of the form x^^px+Q resolved into factors 
by expressing them as the difference of two squares. 

The method will be best illustrated by the solution of a few typical 
MBes. 

Example 1. Kesolve into factors - 7a;+ 12. 

e*-7a;+12«ir*-7aj + (})*-(5)* + 12 ^ 

[ adding and subtracting (}]* ] 

5) + iHC® - J) - = (a; - 3)(a; - 4). 

Note. It must be noticed that we have added to cc* -Tx the square of half of 
f the square of the half the coefficient of x) to get a perfect siuare. Generally 
speaking, x' + 2ax (ort x* —2ax) b* comes a complete square when a* is added to it. 

97 A. Expressions of the form px^ + qx-^r can be resolved into 
factors by expressing them as the diilerence of two squares in the 
following method : 

j»®* + 8a:+r*=p|a:®+ ® *+ 
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Example 2. Besolve into factors Sx* + llx — 4. 

to* + 11* - 4 - 3(** + V* - 4)- 3J** + V ® + W - (¥)• - 41 
-SK*+V)»-(W+4)l-3i(*+V)*-Wl 
-3K®+¥)+VH{®+V)-VK [ ••• -W-(V)*1 

■= 3(* + 4X* - 4) = (* + 4X3* - 1). 

Example 3. Besolve into factors 8** — 10* +3. 

8®* - 10* + 3 - 81®* - ¥* + « f “ 81** - 4* + («)• - («f - 8)1 
-8K*-8)*-AH8K®-8)+4H(®-t)-4f 
-8(*-4X*-8)-l2(*-i)M4(*-i)f 
-(2* -1X4* -3). 


Example 4. Besolve into factors 2a‘ + 5ab — 12b*, 
ao* + 6a6 - 126* “ 2(a* + |a6 - 66*) 

-2)(a+46)*-W6*r 
-2Ka+86)+¥6H(a+i6)-¥M 
- 2(a + 46Xa " #« “ (a + 46X2a - 36). 


Examples. Besolve into factors a**+(a*+l)*+a. 
o«* + (a* + 1)* + a “ o|** + + 1 J 




+2o*-H 


-»(.+a)(.+ 1) 


■(*+oXaaj+l). 


Similarly, it may be shovm that 

o** - (o* + 1)* + a * (* - aXor - 1). 
o** + (a* - 1)* - a (® + a)(a« - 1), 
a«* - (a* - 1}* - o “ (* - aXo* + 1). 
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Note. It is useful to remember these results as we are <Jwm efiablad to write 
iown at once the factors of any expression which agrees im form with any of (hose 
oonsidored above. For instance, we can, at once say that : 

8a* - 10a; + 8 - (x - 8X8® - 1). 

4a* — 15a — 4 ** (a ~ 4)(4a + 1). 

6a* + 24a - 5 - (a + 6)(6a - 1) ; and so on, 

Bsample 6. Resolve into factors 

4(a:* + 2* + 5)* + 17{x‘ + 2® + 5X®* + 6®) + 4(®* + 6®)*. 

Putting a tor ®* + 2®+6 and b for ®* + 6®, the given expression 
becomes ia,^ + 17ab+ib‘, and it is easy to see that 
4a* + l7oi + 46* - (a + 46X4o + b). 

Hence, the given expression 

■■ K®* + 2® + 6) + 4(®* + 6®)H4(®* + 2® + 6) + (®* + 6e)i 
-(6®* + 26® + 6X6®* + 14® + 20) 

- (® + 5X6® + 1X6®* + 14® + 20). 

EXERCISE 49 

Besolve the following expressions into factors applying the method 
of this article ; 

1. ®* + 4®+3. 2. ®*+6®+5. 8. ®*+8®+16, 

4. e*-10®+21. 6. ®*-2®— 48, 6. ®*-4®-46. 

7. ®*-12®+32. 8. ®*-6®-55. 9. S®*-6®*-J06», 

10. 2®*-8®-3. 11. S®*-6®-2. 12. 8®* + 14®+6 

18. 4®*+7®-2. 14. 6®*+®-2. 16. 6®*-6®-4. 

16. 6®* + 7®-3. 17. 8®* + 2®-16. 18. 4**+4®-S6. 

19. 6®*-®-12. 20. 3®*-16®-12. 21. 2®*-9®-36. 

22. 2®* + 5®-42. 28. 8®*+13®-30. 24. 12®*+«-6. 

25. 2a* + 7a&-166*. 26. 6®*-18®p+6y*. 

27. 6»»*-llmn-10w*. 28. Sp* + 5pg-lSg*. 

20. 8a*-14o5-156*, 80. 10m* + limn -6n*. 

81. 12®* + lS®p-4y*. 82. 16o*-llo6-126*. 

88. 2o*-5o6+26*. 84. 8a*-8a&-36*. 

85. 8®*+8®i/-3y*. 86. 4a* + 16a-4. 

87. 4a*-17a6+46*. 88. 6®* -24® -6. 

89. 6®*-26®p+6p*. 40. 6®* + S7*+6. 

41. 6o* + 85o6-66* 42. 6a*-S6a6-66*. 
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43. 

7o*-60a6+76*. 

44. 

7o*4 48afc-7c>». 

45. 

7a*-48a6-76“ 

46. 

8®* 4 6Sa!y-&^*. 

47. 

9x*-82Ty + 9v‘. 

48. 

10a;* + 99w-10v* 


49. 2(a + 2;)« + 3(a + 6)-2. 

50. 2(a;* + y *)* - ^xy[x^ + y *) - 2a;“y*. 

61. 2(a* + 6*)* + 5a6(a* + &*) + 2a®6®. 

. 62. 4(aj* - 4fljy + y *)* + lbxy{T^ - 4rri/ + y *) - 45?*y *. 

58. 2a;*“5fl?*-12. 54. 8a^ -74a^6*-9^)\ 55. 9a^ + 2a»6*-326^ 
66. 8a:® -65a;® + 8. 67. 4a®-17a‘5* + 45®. 


CHAPTER XIII 
EASY IDENTITIES 

98. We have er.plained the significance of ‘Identity’ in Art. 82. 
In fact, an Identity is a statement that two expressions are eq[ual tor ail 
▼aiues of the letters involved. Each of the two expressions constituting 
an identity is called a side or a member of the identity. 

Thus, 5a;*=2a:+ So; is an identity, since the expressions 5a: and 2tB + 3a 
are equal for all values of a;. The sides of this identity are 6a and 
2a + So;, 5a: being the left-hand side and 2a + 3a, the right-hand side. 

Similarly (a + 5)**a* + 2a5+5* is an identity, since the equality 
of both sides holds for all valuer of a and b. As a matter of fact, every 
formula established in Chapter lY is an identity. 

99. An identity is proved when its two sides are shown to be 
equal. 

To establish the equality of the two sides of an identity, reduce 
each side to its simplest form. Identity is proved if these forms are 
found to be equal. A better method, however, is to reduce one of the 
sides of the identity to the form of the other by simplification and 
transformation with the aid of the formulas enumerated in Chapter XI. 

Sometimes the sides of an identity may be conveniently expressed 
in simpler forms by substituting letters for groups of termt in the 
identity. Such substitutions must be effected wherever necessary. 

Che following examples will illustrate the process : 
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Buunplel. Prove that (a + 36)* + (a-36)**2o* + 186*. 

The left-hand 8ide-(a* + 6o6-l-9i*)+(o*-6afc+96*) [ Arts. 54, 56 ] 

“2a* + 186*. 

Example 2. Prove that 

a* + 6* + c* — at — 6c — ca “■ 4[(6 — c)® + (c — a)* + (o — 6)*] . 

The left-hand side •= ir2a® + 26* + 2c* - 2o6 - 26c - 2ca] 

“i[(A®+ 6*)+(6* + c*)+(c* + a*)— 2a6— 26c— 2oa] 

“ i [(6* — 2Z>c + c*) + (c® — 2co + 0*0 + (o* — 2a6 + 6*)] 

* J[(6 — c)* + (c — a)® + (a ■- 6)*]. [ Art, 55 ] 

Bxciitple 3. Prove that 

{x+5v~ 3c)* + (tc — 5v + 3c)* + 6x{x + 5y — 3cXa; —5y + 3c) ■" 8x * . 
Sabstituting a or x + 5y-3c and 6 for *-5y + 3c, we have 
the left-hand side “o* + 6® + 6a:.a6 

■'o* + 6“ + Sa6(a+6) [since, o+6=*(a+5y-3c) 

+ (*-6p+3c)-2!el 

-(a+6)® [Art. 57] 

“(2®)* “8®=. 

Example 4. Prove that 

(6-*- cX6 - c) + (c+ aXc -o)+(a + 6Xa - 6)*0, 

The left-hand 8ide“(6*-c*)+(c*-a*)+(a*-6*) [ Art. 66 ] 

“6*-c* + c*-a* + o*-6*-0. 

Example 5. If *=“a+6 + c, prove that 

[as + be){bs + eaXes + a6) *(a + 6)*(6 + (5)*(c + a)*. [ 0. U. 1902 ] 

a«+6c*a(a + 6 + c) + tc 

■■a* + a(6 + c) + &c + a6+ flkJ + 6o 

“a(a + 6) + c{a + 6)*(a + 6X<^+c), [Art. 61] 

Bitnilarly, &« + ca*6(a + 6+c)+ca«6* + 6(a+c)+(W 

■*6“ + a6+6c+ac*(6+cX6+a) ; 

^nd c« + a6*c{a+6+c)+a6— c* + c(a+6) + a6 

c* + ca + c6 + a6 * (c + flX^ 

/. the left-hand side 

» (a + 6Xa + oXb + cXb + aXc + aXo + 6) 

• (a + W*(6+ + a)*. 
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Example 6. Prove that 4a*5* - (a* + 6* - c*)* 

« s(s - 2aX3 ~ 26Xs - 2c), where 8* a + 6 + o. 

The left-hand side * (2a5)* - (a* + 6* - c*)* 

- ^2ah + (a* + h* - c*)l I2a6 - (a* +. - c*)l 

- Ka* + 2a6 + 6*) - c*Hc* - (a* + - 2a6H 

- " (a « 

■= (a + 6 + cXtt + ft "" cXc + a — ft)(c — a — ft) 
*(a+ft+c)(a + ft-cXc + a-ftXc-a+ft) 

* (a + ft + cXa + ft + c “ 2cXc + a + ft “ 2ftKft + c + ci “• 2o ) 
*= s(s - 2c)(s - 2ftXs “ 2a) 

* s(s - 2aX5 - 2ftXs - 2c). 

Example 7. If 2s * a + ft + c, prove that 

(s - a)* + (s - ft)* + 3(s - aXs ft)c *c“. 

We have, c*2s-(a + ft)*(s~a)+(s-ft) 

Henoe, (« - o)* + (s - ft)* + 3{s - aX« b)e 

*(s-a)* + (8-ft)* + 3(8-oX«~ft)K«“'o)+(s~ft)f 
«Ks-a)+(s-ft)f*-c*. 

Example S. Prove that (x - y)* + (y - e)* + (e - «)• 

« 2(aj - y XaJ - 2 ) + 2(y - xXy - ®) + 2(« ^ »Xx - y ). 

Putting a for T-y ^ 

ftfory-« r we have a + ft + c*0. 

0 for »-« J 

Henoe, 

{(« • y)* + (y • 2 )* + (« ~ »)*i - i2(a; - yX» *“ 2 ) + 2(y - xXv "" ®) + 2(« * aX« “ y)^ 
■«(a■ + ft* + c■)-^2a(-c)+2ft(-a) + 2c(""ft)^ 

■■tt* + ft*+c* + 2ac+2aft+2ftc*(a+ft+c)*"*0 ; 

/. (®-y)*+(y- 2 )*+( 2 -x)* 

- 2(» - yX» - 2 ) + 2(y - 2 Xy - ») + 2(« - »X 2 - y). 

Example 9. If 2s*a+ft+c, show that 

2(8-aX2-ft) + 2(s-ftX«-c)+2(8-cXs-a)-2s«-a*-6*-o*- 
Since, 2a;+2y + 2 «*(a?+y)-»-{y+ 2)+(2 + »), 
we must have, 2(s-aX«‘*ft)+2(s-ftX«'~c) + 2(s-cX8“a) 

• 1(3 aX3 - ft) + (s - ftXs - c)\ + Ks - ftXs - 0 ) 
+(3-oX3-a)l + Ks-c)(s-a)+(8-aX3-ft)K 
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Now, (s-c)f 

*=(s - - a - cH(fi "" h)h. 

Similarly, (« - tXs - c) + (« - cXs - a) * (s - c)c, 
and {s - cXs - a) + (s - aXs ~ 6) * (s - a)a. 

Hence, the given expression *=(s- 5)5 + (s-c)c + (s-a)a 

*= fi(5 + c + a) — 5* “ c* — a* 


Example 10. If a + 5 + c * 0, prove that a® + 5® + c* * 3a5c. 

Since. a + 5+c»=0, c* -(a + 5), 

the left-hand side ^ a® + 5® + 1 - (a + 5)1 ® 

■*a® + 5® “ia® + 5® + aa5(a + 5)} [ Art. 57 ] 

■= -3a5(a + 5)»=3a5J-(c+5)l*3a5c. 

Note. Evidently the idetUity a* + b* + c* -sSabc is true onVy if a+b+c*0. 
SuGh identities which are true only for some particular value of the symbols involved 
i eaUed Conditional Identitiee. 


Example 11. If a + 5 + c=*0, prove that 

a* + a5 + 5* * 5® + 5c + c® = c* + ca + a®, [ Alliwhabad, 1923 ] 


Since, o + 5 + c»=0, we have by transposition, 
a*-(5 + c), 5=-(c + a), c=-(a + 5); 
a® + a54*5®*i — (54-c)f* + { — (5 + c)l5+5® 


= (5 + c)®-(5 + c)5+5® 
-5®-l“25c + c®-5®-5c + 5* 
= 5* + 5c4-c®. 


[ since, a — -(5 + c) ] 


Also, a* + a5 + 5* *= a® +• a{ - (c + a)l + i - (c + a)}® 

[ since, 5*' -(c + c.)] 

“a®-a(c + a) + (c + a)® 

■=a® - ca -a® + c® -I- 2ca+ a® “C® + ca + a®. 


Hence, a® + a5+5® •^5® + 5c4*c® *c® + ca + a®. 


Alternative Method : 

«®+a54'5®*a(a+5)+5* 

“i -(5 +c)K”c) + 5® *(5+c)c+5® 
-5o+c® + 5®*5® + 5c+c®. 
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Also, 6* + ic + c* 6(6 + c) + c* 

■*l-(c + G)K“a)+c* 

(t. + a)a + c* * ca + a* + c* » c* + ca + a*. 

Renoe, o* + a6+6**=6* + 6c+c*“c* + ca+a*, 

Bzample 12. If a*6“C+a, v*c-a + 6. »*a-6+c, prove that 
(6-a)®+(c-6)y+(a-c)2;*=0. 

We have 

{6-a)»*(6“aX6-c4-a)=(6~a)K2>+a)~cl 

■“(6-aX6+a)-(6-a)c*6*“a*-6c + ac ; [Art. 66] 

(c-6)y*=(c-6Xc-a+6)=(c-6)Kc+6)-al 

*(c-6Xc + 6)-(c-6)a=c*-6*-ca+a6 ; 

(a - c)^ *=(a - cXa - 6+ c)*(a - c)Ka + c) - 6f 

■=(a-cXa + c) — (a-c)6«=a*-c*-o6 + 6c ; 
(6“a)ir+(c-‘6)T/+(a-c)« 

«6®-'a® + c*-6® + a*-c*“6c+ac-ca + a6-a6+65'®0. 

Example 18. If »*6+c, i/*=c + a, 0*£i + 6, prove that 
+ y * + jB® “ - £105 - ary * a* + 6® + c* - 6c - ca - a6. 

The left-hand Bide»=i[2a;® + 2y® + 2£j®-2y£;-2£fcc-2jcy] 

■“ iH®® - 2a?y + y ®) + (y ® - 2y0 + £?®) 

-I- (£?* - 2£fa: + «*)] [ re-arranging terms ] 
■i[(«-y)* + (!/-«?)* + (« -a;)*] [ Art. 65 ] 

« in(6 + c) - (c 4- a)[® + i(c -I- a) - (a 6)f * 

+ i(a + 6)-(6+c)l®] [ substituting for a, y, * ] 

“i[(6-a)® + (c-6)®+(a-c)»] 

* i[(6® - 26a + a®) + (c® - 2c6 + 6®) -I- (a® - 2ac + c®)] [Art. 66] 

* i[(2a® -I- 26® + 2c® - 26c - 2ca - 2a6) [ collecting terms ] 

■■ a® + 6® + c* - 6c - ca - a6. 


Example 14. If 2s * a + 6 + c, prove that 

(s - a)® + (s - 6)® + (s - c)® + s» - a® + 6® -H c®. [ Allahabad. 1926 ] 
The left-hand side 

«■ (s® - 2as + a® ) + (s® - 26s -f 6®) + (s® - 2os + c®) + s® 
-4s®-2s(a + 6+c)-l-a®-»-6® + c® 

* 4s® — 2s X 2s a® + 6® + c® 

■■ 4s* - 4s® + a® + 6® 4- c® » a® + 6® + c®* 
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EXERCISE 50 

Show that : 

1. (a*+aar-®*Xo“-oa:+a!*)*o* - a*x* + 20 ® * - 

2. (o* - o® + ®*)(o® - o* + ®*) *®* - o“®* + 2a*® - o*. 

3. {o + 6+cXa-6-c)+(6+c-oXa-6+c)“26(a“6~c). 

4. 2(®*-®)+3®(®+l)-®(®+lX2® + l). 

5. ®*+®+®{®+lX2®+l)-2®(®4 1)*®*(®+1)*. 

6 . (a* + 6*Xc* + d») -(oc - M )* + {ad + be)*. 

7. (o + b)* — {e+d)*+{a+e)* — {b+ d)* *2(a + 6 + c + dXo — d). 

8. (a + 6+c— dXd — o — 6+c)*c*~(o+6— d)*. 

9. The product of (b + c)* - o* and o* - 6* - c* + 26c is 2o*6* + 2o*c* 
+ 26*c*-o*-6*-c‘. 

10. (a + 6+o)*-(a + 6-c)*+(a+c-6)*-{6+c-a)*“8oc. 

Prove that : 

11. {o* + 6* + c*)* - (6* + c* - o*)* - (o* - 6* + c*)* 

+(o* + 6*-o*)*-8a*6«. 

12. (6~c+d + aXd + o — 6+c)+(o~d+o+6X6+c+d— o)“4(o«l+ 6b). 

13. (6+c+a-dX6+c-a+d)“2(ad+6c)-(a*-6*-o*+d*). 

14. 4(ad+6c)*-{a*-6*-c*+d*)* 

■= (o + d + 6 ~ eXo + d — 6 + cX6 + c + o “ dX6 + e — o + d), 

16. (*-» + *)*+(tf-*+®)*+(*-®+y)* + 2(®-y+«Xy“*+*) 

+ 2(y-«+®X*“ *+v)+2(«-®+ vX*~V+ «)“(*+» + »)*■ 

16 . (o* + 6* + c*X®* + V* + *•) ~ (fl® + + c*)* 

» (oy - 6®)* + (c» - az)* + {6* - oy)*. 

17 . (o + c)* - (6+ c)* - 3(a + cX6+ eXo - 6) -(a - 6)*. 

18. (*-oy+6«)* + (®+ay-6c)*+6®(®-ay+6*X»+oy“6*)“8x*. 

19. 4(a+6+c)*“(o+6)* + (6+c)*+(c+o)* 

+ 2(o + 6X6 + c) + 2(6 + oXo + o) + 9(o + aXa + bl 

20. 8(o+6+c)*-‘(a+6)*+(6+2c+o)*+6(o+6X6+ac+oXa+6+o). 

21 . 27{o+6+c)*-(fl+36+2c)*+(2o+c)* 

+ 9(o + 36 + 2cX2o + eXo + 6 + c). 

22. If «*a + 6 + c, show that 

(* - 3o)* + (« - 36)* + (» - 3c)* - 3Xa - 6)* + (6 - c)* + {« - aj*l . 

28. It a6 4 6c + CO >>0, prove that 

(i) o*46*4e*-(o464o)*; 

(ii) o*6*46*e*4c*o*--2o6o(o464e). 
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24. It 2«»aj + y + «, prove that 

4 y - (y * + «* - aj*)» - 165(5 - xXs - yXs - «). 

25. Prove that 

(» + 2y + 192 i)® + (a - 2y “ 19x;)® + &x{x + 2y + 19;g;X® - 2v - 19i) 
*(6a; + 6y - «)* + (a - 6y - 3a;)® + 6x{6a; + 6y - »X« " 6y - 3»). 

26. Prove that (a + 22) + 3c)* + {a-h- 3c)* + 2(a + 26 + 3c)(a - 6 - 3c) 

■=(3a + y + 2?)* + (a + y4-0-6)*-2(3a + y + £;Xa + V + JP-6). 

27. Show that {a; - 1 /)® + (y - ;s)® + ( 2 ! - a;)® = 3(a; - yXv “ »X« ~ »). 

28. Prove that (x - y)* - ( 1 / - 2 j)( 2 ? - x) 

•= (y - 2 ;)* - (2 - a;)(a; - y) = ( 2 ; - a;)* - (a; - yXv - ») 

*= ~ Ka? - yXy - ie) + (y - 2;X2^ - a;) + (2; - a;X« - y)f . 

29. Prove that (a - 6)* - (6 — c)* — (c — a)® = 2(6 - cXc - a), 

(6 - c)* - (c - a)* - (a - 6)* = 2(c - dXa - 6), 
(c-a)*-(a-6)*-“(6-c)® = 2(a-6X6-c). 

30. Prove that (a - 6)* + (a - 6X6 - c) + (6 c)* 

■=(6-c)* + (6-cXc-a)+(c-'a)* 

■= (c “ a)* + (c — a)ia — 6) + (a — 6)®. 


MISCELLANEOUS EXERCISES III 
I 

1. Arrange the following expression : (i) according to descending 
powers of y, and (ii) according to ascending powers of z : 

x^z + xy^ - a;®y - xy^z - xz^ + xyz^ - 2yz^ ^ 2y ®«. 

2 . Find the value of : 

when *“ -J and tf“2. 

3. If a: - ^ •'P, prove that a:* - 3. ^ P* + 3p. 

X X 

4. Write down the quotient of «® -y® by a-y. 

5. Simplify (a + 6 + c)*-(a — 6+c)® + (a + 6—c)*— (6 +-C — a)®, andfind 
Its nuDDorioal value when a*6*-o- -I 
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y^^[y^x+zKy^^^'-i!s) and -3f*-U-aj+y)(«+»-y). 

7, Beduoe (a-6+c + aXG + ^+tJ““^^) bbe form 

8 . Besolve into factors + 12xy + - 82 ? - 122 ^, 

n 

1 . Find 'UQ 3x’)r®S8iOii which exceeds ax* + bx^y^dcxy*-^dy* by 
as maun iA it Lhs abort ^ f lour Mines 

200!* + _ (r% - b)x^y + i( 2 a - c)xy* 5 dy*. 

*S. Besolve the iuia oi the following expreodiux.s into simpie 
factors : 

[b - f a.rt* f (j -■* bh'i^ -bn- 2, an* -{c - a)ni* + (a + 6)tn“»- 1 
and ( L- b-r -(2a- b)n* +{a + b)m* -{a-2bh^^h 

3 . M-.lui^ly a!*+2®^+3!r*+2a:^+lhjr 3^-2®^+!. 

4. Pro ve that + bd)x + {ad - bc)y\ * + l(afi + jd)y - (ad - 

-(^iM-6«Xo" + d*Xi»* + y*). 

Ti. Find the oontinued product of x-a^ x — b and a?-c. Hence 
she w Jhu.fc (x - 3j* “ ic* - 9a;* + 27fl; - 27. 

6. Divide x* - px* qx* - qx* +px-lhy x-h 

7. Fiiji the q[urtif nt when the product of a® +a*6 — a*6® + a6* +6® 
and a*-ab+b* i,a dind-d by a*-a*6* + &® and show that its defect 
from (j* + 6*)* is 

8* Besoh e into factors ; 

(i) ah-ac-h* + bc ; (ii) 6*-12ao-4a*-9c*, 

III 

1. Find the sum of 

(^/&- ^/c+ ^/a)a?®+( /s/ca+ ^/a&)^P* + ( Va^“2wj + n)a;+Stt, 

(^/o- ^/a+ ii/6)a3®+( ^/a6+ V6c)»* + ( ^/flfe-"2n + m)a;+2(p-u) and 

(l>-2^/fc)a;® + (fl-2 Vic)a;®+(m+n+r-2 ^/aW®+(«"W-2p). 

2. Subtract the sum of Sa®-6a®6+26®, 8a*6-36® + 2a6®, 
606 * - 4a® - 3a®6 and 2a® - 606 ® + 46® from a(a® + 6 ®). 

5. If a + 6*8 and a6“6, find the value of a® + 6®. 

4. Find the value of 49c® + 9(a + 5)® - 42(a + 6)c, 

when a-89, 5* -69, c-S, 

6. Divide aj®(y-s)+y®(s-aj)-i-s®(a5-y) by y®-a?f-«*-f-aif. 
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6. Besolve into fsictors ’n — ?i+16a* + 64a® after reduoine :t So the 
form cf U-B)+U»-J?®)+U®“i5®). 

7. Show that (l + aj + ir*)* -(l~«+jr*)**4aj(l+»*). 

8. If ai + at + Cb + a,»** ^ show nhat 

{s - aO* + (« - at)* + (a - as)* + + (s - oj* 

»ai*+a** + aB* + 

17 

1. Simplify iihe expression 

(rr - SZrnn + 2ni*)sj® + 3(Zmr + mH - 2Zn* - Znr - 9r.4^ 

+ (3mnf - Zr* - Si** !v* , 

where -m and <z = Z. 

2, What must b'i suhtractel from Ja®,;® b -3'2C7a3*(»* 

+ 1-9 g ) as to make the dilereace e^u^ 1 to the sum ri 4 Ta^Sa?* 

- ‘CCVr o***??* r *2^ - 6?a* + 6, Sic# * - + a*-;® - 'l>5ao*p?* *• 11 

and ? 

S. Multirly a^-2a*6* + 4aM-8ai+l6-*M--3S«*tY 

4* Arrange ihe fcllowing expre^>sIons according to desoendiL< 
pov/ers cf a : 

(:) a® + + c® - ; (ii) a®(6 - c) + - a) + c*(a - h) ; 

(iii) a*(6“c)+&^(c-a)-rc^(a“Z?). 

5. Find the product of a; + a, a; + 6 and x + c. 

Hence, deduce the coef&cients of x* and x in 
(aj-7Xa;+8X«“"12). 

fL Prove that [ah + ciZ + ac + hd^ah + cd - oo - 6d) 

-a*6* + c*d»-o®c®-6*d®. 

7. If a-fl + r + 5 , 6*r+s-p, c— i7+g + r, prove that 

a* + 6» + c*-2a6-2ac+26c*r®. 

8. Divide a® + 86® + 27c® - 18a6c by a* + 46® + 9c*-66c-3ca-2a6. 

V 

!• Find the value of 49a* + 126a6+816*, ^en a*46, 6" - 37. 

2. Find the expression which falls short of 6aj®v-i®*y*^/y* by 
as mnoh as it exceeds oa® -ca;®v*+danf^. 
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8. If 2« ■»a4 i + c, Bhow that 

(« — a)^ 4- (s — 5)* 4- (5 — c)® 4- 5 * * a* + 6* 4- c*. 

4. Simplify (6a - 7c)® 4 (8c - 3a)® + 3;2a 4 cX5a - 7cX8c - 3a). 

6. E,educe the following to its simplest form : 

(2ir®-a;*4 3a;-4X2a;® 4-a;* + 3ir + 4) 

4{2a;® + a;*-3fl:44X2a:* + »*4-3fl:-4). 

6. Show that J = (ir- ^/a:4lXx®-*a:41)(^r^-a:*4l). 

7. Divid e a - 6 by - bK 

8. Eesolve into factors : 

(i) 6a*rr* + a®ic~6a®a:®-aV* ; (ii) w(14£;*)4 5;(a;® 4-i/»), 


VI 


1. Find the value of 8765943 x 8765943 - 8765938 x 8765938. 

8. Find the value of 

27a* 4 108a®54 144a6® 4645®! .when a = 29, 6= —23, 


3. Divide a® 4 5**4c® — 3a5c by a4fc4c; and hence show that 
a * 4 5® 4 c® — 3abc = Ha 4 64 c)Ka — 6)* 4 (6 — c)* 4 (c — a)*i. 


4. Find the quotient when (aa:4 6)“4(cx4d)*4(6®-a)*4(c?ic-c)* 
is divided by a* 4 6® 4 c® 4 d®. 


6. Express (x — l)(a; — 3)(a; — 4Xic — 6) 4 34 as the sum of two squares ; 
hence show that it is always a positive quantity and that its value is 
equal to 25 when re* — 7a; 4 9 = 0. 

6. Resolve (a* — 6® — c® 4 cZ*)* — 4{a(£ — 6c)® into four factors, 

7. Resolve into factors : 

(i) a®-2a646®42a-26 ; (ii) 6a»-a6-6® 4 6a-36 ; 

(iii) 15a;®-4a;y-4i/®410x4 4y. 


8. Divide (2x - i/)®a* - (a; 4 y)®a*a;® 4 2(a; 4 i/)ax^ - a® 

by (2a?-v)a®-(a?4y)aa;4a;®. 


VII 

1. If x4y 4^ = 8 and a;® 4 j/* 4 2 *=60, find the value of w 4^*45®. 

2 . Prove that (2a - 36)* 4 (36 - 5c)* 4 (5c - 2a)* 

- 2(2a - 86X2a - 6c) 4 2(36 - 6cX36 - 2a) 4 2(6c - 2aX6c - 86), 
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3. 


4. 


5. 


Find the product of 

+ v + and x^ + y^ + g^. 

Divide a*(a;*-a*)-a6(«+flt)* + 6(®“ + a®) 

by a*{x - o) + bx{x 2a). 

Show that 

(IGic* - 20ir» + 6a:)* + (1 - a:*)U6(l - a:*)* - 20(1 - «•) + 6} * 


1 . 


6 . Find the continued product of 

a: + i/ + 2 !, a;-i/ + «. x+y-g and z^-x + y,- 

7. Resolve into factors : 

(i) 6a:* + a;-15 ; (ii) 36(a:-y)“-41(a;-i(f) + 12 ; 

(iii) lla:»-64a:i/* + 63i/\ 


B. If » + V + « *0, show that 

(a:+i/Xl/ + «X« + a:)“ “xyz and a:*+y® + »®“3a:y*, 


VIII 

!• Multiply together the expressions 1 + aa: + and 

hlh •“ l) 

1 + 6a:+"-g“a:* as far as the term involving a?*. 

2. If x+y + z”^lb and a:v + ya: + ^a:-'85, find the valucrof oj^ + y^ + jc*. 

8. If a* + 6* " 1 * c* + d*, show that {ad ~ bc){ad + fee) "-(a -r oXa + o). 

4. Divide (aa:’+ 6y)® + {ax - 6y)® + (for - ay)® + (6a: + ay)® 

by (a + 6)*a:* - 3a6(a;* - y •), 

5. Evaluate a:* + a:® + i and a:* + A * when a? + - -a, 

X X X X 

8. H fer—oy, prove that (®* + v*Xa* + 6*)“(o®+6v)*. [B. U. 1910] 

7. Show that (oj* + tf ’X®* + »*) + 2aX®* + y^Xv + «) + 4a:*y« 

■'(®*+!ry+»*+y«)*. 

8. Besolve into lactors : a:*-ll®*y*+y*. [B. U. 1897] 


IX 

1. (i) Multiply o^ + oa+a:* by o*-a!r+«*. 

(ii) Find) without actual multiplication, the coefQoient of x* in the 
product of 

(2e* - 8®* + 4flj + 4X6®* + 4«* - 2® + 1). 


I— 11 
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2. Show that (o* + 2o6 + 6* - c* Xa* - 2a6 + 6* + c*) 

-(a*-t*)* + (4aJ-c*)c* 

S. K + + show that (ac-M)»+(ai+6c)*-l. 

4. Write down the expansion of (*"*■ ^) ’ 

B. Show that (a* + afc ^/9 + 6*Xa* - ah x/2 + 6*) - a* + i*. 

«. Divide a*(h* - c*) + i*(c* - a*) + c*(a* - 6*) by oh + ho + ea. 

7. Show that (* - o)*(h - c) + {® - h)*(c - o) + (x - c)“{a - h) 

■= o*(h - c) + h*(c - o) + c*{o - h). 

7fr 

3. Solve 'ihe equation (7 + xXS - x) - -g “ 17x + 1 - x*. 


1. If x+ :,“2(o+m), x- 

X 

find the yalue of !ev+~/ 


‘2b, V + ~ “2[e+n) and y--^'^2d 




8. Show tihali (1 + a)*(l + c») - (1 + c)*(l + a*) - 2(a - cXl - ac). 

4. Show tihatj (6* - c^)(b + c - 2a)* + (c* - a*Xc + a - 26)* 

+ (a*-6*Xa + 6-2c)*«0. if a+6 + o-O. 

5. Multiply a + 6^ + by + 6^ + 

5. Besolve ISar* - 41a; + 14 into simple factors. 

7e Find the value of a? for which 

^Zl 2(g-^l ) . 5(a;-5) , x+l 

4 “ 9 12 18 ' 

8* A and B have the same income. A lays by a fifth of his 
Inoome ; but B, by spending annually Es. 80 more than -4, at the end of 
4 years finds himself Bs. 220 in debt. What was their income ? 



CHAPTEB XIV 
HIGHEST COMMON FACTORS 
( By factorisation ) 

100. DefinitionB. A common factor of two or more algebraical 
expressions is an expression which divides each of them without a 
remainder. 

N» B, By mx^maaionu tot shall mean rational and integral expreeeione 
only (i,e»t eo^ressions free from radical signs and in which no letter occurs in the 
denominator of any term). 

An elementary common factor is one which cannot itself be resolved 
into factors. 

Thus, 2, 3, a, a, 5, ht 6. c, d are the elementary factors of 6a*&”cci ; 
ta + y), [x-y\ (a;* + y*) are elementary factors of 

The product of all the elementary common factors of two or more 
expressions is called their Highest Common Factor; or, in other words, 
the Highest Common Factor of two or more expressions is that common 
factor which is formed by the product of the greatest number of element* 
ary common factors. 

Thus, since 6a*Ka*“l)*2 xSxaXaxfcx (a? + 1) x ~ l), and 
15a6*(a;*-3« + 2) = 3x5xax6x6x(flj-l)x(a;-2), the elementary com- 
mon factors of the two expressions on the left are 3. a, 6, and x - 1 ; 
hence, tWr H.O.F *= 3a6(x - 1). 

Note 1. Other common factors of the given expressions are 3a, ftfas — 1), oC. 
3(a;-l), Sot, cfc., but none of them is elementary. 

Note 2. When the expressions considered have no numerical covwton factofi it 
is easy to comprehend that the Highest Common Factor is an expression of the higher 
degree than any other common factor, Hence^ when two or more expressions have no 
numerical factor comment their Highest Common Factor may be defined to be the sot 
presaion of the highest degree by which each of them is divisible without a remaindsr» 

Note 8. If any expression A divides any other ea^ression B without a remain- 
der, then A is evidently the H.C,F, of A and B, 

Note 4. If H be the H,C,F, of any number of quantities A, B, 0, do,, then the 
quotients of A, B, 0, dc,, by H have no common factor. 

Note 6. If an elementary factor occurs more than once in each of two or more 
given expressions, then the highest power of this factor common to the given esi^ree‘ 
sions, and no higher power, must occur as a factor in the B,0,F, of these eo^ressiMtet 
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Note 6. Jy ^ «jp X g, cmd B»jp' x q\ such that q and q' have no common jaetor, 
ikon the H.C,F, of A omd £, if any, toill be the same as the E,C,F. of i> and jp\ 

Note 7. If A^mxn, and B^m'xn', where m and m re^ectively include aU 
the monomial factors of A cmd B, then the H.C,F, of A and B’^i the n,0,Ft o] 
m and m' )x( the H,C,F. of n and n 

Note 8. The n,C,F, of A and B is the same as the n.C,F, of A and mB, 
if m or any elementary factor of m is not a factor of A. 

lOl. Highest Common Factors of simple expressions. Bnoh 

eipreBsions can be at once resolved into their elementary factors, and 
so there is no difficulty in finding the H.C.F. of any number of them. 

Example 1. Find the H.C.F. of and . 

The elementary common factors are a, h and c ; and the highABt 
powers of them common to the given expressions are respectively a®, 6* 

and c^. 

Hence, the required H.C.F. 

Example 2. Find the H.C.F. of 24afe*a;®y*, 36a*aj*s® and 

1406»a;®y®s. 

We have 24a6®a;®v* « 3 5< 2® x ab^x^y^, 

36a®aj^s* -2*x3»xa»a:*s®, 

2406®a;®i/*« -3 x 5 x 2^ x b^x^y^z. 

Evidently then the elementary common factors are 3, 2 and x ; 
and the highest powers of them common to the given expressions are 
respectively 3, 2® and a®. 

Hence, the required H.C.F. *3 x 2® x aj® “'12®*. 

Note. After exhibiting each expression as a product of powers of different 
elementary factors, the elementary factors common to the given expressions are at 
once obtained by writing down in succession such of the elementary factors of the first 
sjpression as are also found in every one of the remaining evpressionsn Thus, in the 
above example, the elementary factors of the first expression are 8, 2, a, b, x and y, of 
which 8, 2 and x only are to be found in each of the others, 

EXERCISE 51 

Find the H.C.F. of : 

1. a*6®anda®6». 2. 12a®fc and 20a*c®. 

8. 9ajy®s® and 24a;®y*. 4. 20a*ic*y® and 76a*i/®. 

5. 18m®n* and 46m®n®. 6. 16a®a5^V, 40a®y®a and 28a:*a. 

7. 24m®np®, QOmn^p and 84fn*p*, 



XIV..] 


HIGHEST OOHHOE FAOTOB8 


165 


8. 76®*v*«* and 90a!*v*«*. 

9. 36o*6*c*ir*. 64o*c»** and 90o*6*c*. 

10. 72a*6*c‘. 966*c*d* and ISOc'd^a*. 

11 . 4Sa*a;*v*«*. 60 x*v* 2 * 6 *. 72y*2*6*o* and 842“6*o“®*. 

12. 757»*n*i>*a*, 90TO*n*p*g*, 105TO*n*p*a® and 135»»*n*p*fl*. 

18. 64o»6*c*(i*. 72a‘6*c‘d“, 108a*6*o'‘d* and 126a*6*c*d*. 

14. 18a“**v‘, 42a*y*e*, 60x*i/*2» and 78a*a*2*. 

15. 32a*6'‘!C*v'‘2*, lOa"®*®***. 72a:*a»v*«* 

and 966*a***v*. 

102. Highest Common Factors of compound expressions 
whose elementary factors can be easily found. 

The method illustrated in the last article will also evidently apply 
in snoh oases. 

Example 1. Find the H.C.F. of o*6*+2d*6* and a‘b-4a*b*. . 

o» 6 * + 2a*h“-o*6*(o+26) : 
and 0*6 - 4a*6“ - a* 6 (a* - 4b*) -o* 6 (o + 26Ka - 2 b). 

Hence, the required H.C.F.“a*b(o+2b). 

Note. Th$ H.G.F* of two or more al^^obroio digressions having monomial MUl 
compound axjjressions as factors is the product of the H.C.F. of monomial exproeeiiom 
and that of the compound ones* 

Jn the preceding example^ the H,C,F. of a*b* and a'b is a*b and that of 
(a+ib) and (a* -4b*) is (a+2b). Therefore, the required B,0,F* of the es^ressiont 
m (a'b) X (a + ab) » a*b(a+ 3b). 

Examplfi 2. Find the H.O.F. of 

«*v* + «y* and a?*y + 2b5®y* + a5*v®. 

* + xy^ - xy *(®® + v® ) « ■(» + yX®* - »y + v *) ; 

and «®v + 2a;®y * + »®y ® - «*y(®* + 2®y + v*) - »*y(® + v)*. 

Henoe, the required H.O.F. -®y(aj + y). 

Examine 8. Find the H.O.F. of 

24(«^ -2a®® and 64(®® -6aV). 

The first expression — 3 x 8 x «*(»■ - 2ax - 8a*) 

- 3 X 2® X ® *(« + 2aX« - 4a). 

The second expro8sion“6x9x®®(»*-aaj-6a*) 

—2 X 3® X ®®{« + 2aX® “ Sa), 

Hence, the required H.O.F. ■■8x2Xfl5*(»+2a)»6«*(«+9a)i 
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EXERCISE 52 


Find the H.C.F. of ; 

1. o*-o6* and a* + 2a“6+a*i*. 

2. - m*v‘ and »*y* + a:*y*. 

8. 6(®*-9)and 15(x'' + 27). 

4. 12(o" - o*fc*c*) and 20(a*6*c* + o*6*c*). 

6. 2m*n* + »i*n* and {w®n — 

6. 4a*® — 9a*x* and 4a“®® + 6a®®. 

7. 18a*fc» - S2a»6* and 18a*i» + 24a®6“. 

8. 9®*y* - 86®®!/' and 24®*y® - 48®*y*. 

9. 6a®5®-24o6* and 4a*i+32a®6*. 

10. 48®®o®(® + a)*(®®o® - ®a®) and 64{®*o® - ®®o*)(®®o + ®*a®). 

11. 24(®® - a*) and 40(®* + ®®a® + o*). 

12. 66(®*o® - ®®o*) and 72(®*o® + So*®® + 2o®®). 

18. a0(a* + 4a6 + 3i®) and 42(o® + o5 - 66®). 

14. 28(®® - 3®® - 10®) and 62(®* - 8®* + 15®®). 

15. e*y + 8®®y® - 18®®y® and ®»y® + 10®®v® + 24®y*. 

16. o*«® - 4a®®* - 12a®»* and o*®* + 8a*®® + 12a®®*. 

17. 4®® + 12®* + 9® and 4®® - 2® - 12. 

18. o* - ofc - 26® and o® - a®6 - 4a6® + 46®. 

19. (a® - 6®Xa + 6)®, a* - 6* and 3a* + 2a®6 - 6a®6®. 

20. (ar-8)®(®*+«-2), 4®®-®-18 and 2®®-23®-64. 

21. 8(27a*6 + a®6*). 12(6a*6® - 7o®6® - 3a»6*) and 

40(8o®6® + 18a®6®+ 06*). 



CHAPTER XV 

LOWEST COMMON MULTIPLE 
( Bv foctorhaiion ) 

Iv: . One erpresi ion iB Baid to be a multiple of 

another whs > tne former is exactly divisible by the latter. 

One expression i^ said tc b. a commcn multiple of two or more 
others when h !-■ exactly divisibU 1 ; each of these latter. 

Of the different common mi M,^le8 o^ two or more exnreBsions that 
which consists of the least number of elementary factors is called the 
Lowest Common Multiple of those expressions. In other wordSi 
a common multiple of two or more expressions is said to be their Lowest 
Common Multiple when it is the nroduct of just as many elem'entary 
factors as it must necessarily have and no more. 

Thus, the common multiples of a and b are a6, 2ab, o*6, a6*i a*6*i 
&c. ; but of these ab consists of the least number of elementary botorSi 
and hence, it is called the lowest common multiple of the quantities 
a and b» 

Cor. Hence, every common multiple of two or more expressions 
is divisible by their Lowest Common Multiple. 

Note. The letters are usually written for 'Lowest Common Multiple\ 

104. L.C.M. of simple expressions or such compound expres- 
sions as can be easily resolved into their elementary factors. 

In such cases the L.C.M. can be written down by inspeolion. 
The following examples will illustrate the process : 

Example 1, Find the L.C.M. of ia^bc and Ga&'d. 

The Ist expression*2*xa*xfcxc. 

The 2nd expression »2x3xaxf>*xd. 

Hence, 2*x3>ta*xi*xcxd must necessarily be a factor of every 
common multiple of them. 

Hence, the required L.C.M. 

-2*x3xa*x6*xcxd 

Example 2. Find the L.C.M. of 24a;*ys. and ^x^y^z^. 

The 1st expression » 2® x 3 x a?* x y x 

The 2nd expreflsion-2 x 3* x a; x y» x 

The 8rd expression ■■ 8* xa5® xy* x «•, 
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Henoe, 2* x 3* x a;* x y® x z* must necessarily be a factor of everv 
common multiple of them. 

Hence, the required L.C.M. 

-2“ X 3® X re® X X -216a; V«*. 

Rumple 3. Find the L.C.M. of 

4a;*(a; + a)*, 6a®a;(x* — a*) and 9a;®(a;®-a®). 

The Ist expression — 2* x a;* x (a; + a)*. 

The 2nd expression *2x3xa*xa;x(a; + aXa; - a). 

The 3rd expression » 3“ x a;® x (a; - aXa;* + aa; + a*). 

Henoe, 2* x 3* x a* x a;® x (a; + a)*(aj — aXa;* + oa; + a*) must necessarily 
be a factor of every common multiple of them. • 

Henoe, the required L.C.M. 

- 2* X 3® X a® X a;® X (a; + a)®(a; - aXa;® + oa; + a*) 

- 36a®a;®(a; + a)®(a;® - a®). 

Note. The L,OM. of two or more algebraic expressions having monomial 
and compound expressions as factors is the product of the L.O.M, of the monomial 
expressions and that of the compound ones. 

In the preceding example, L.O.M, of 4®*, 6o*» and 9®» is 36a*»* and that of 
(«+a)\ (a* -a*) and (x* -a*) is («4-a)*(** -a*). Therefore, the reguired L.C.M,' ii 

Rumple Find the L.O.M. of * 

— 3a?+2, a?*+^2a^® — 3a; aud a5® + a;®-'6a;®. 

The let expreBsion«-(a!*~lXa;— 2). 

The 2nd expression ■■rr(a;* + 2a;— 3) ■■aKa;-lX® + 3). 

The 3rd expression - aJ*(a;* + a;- 6). -a;®(a;-2)(a; + 3). 

Henoe, a;®(a; — lXa;-2Xa; + 3) must necessarily be a factor of every 
common multiple of the given expressions. 

Hence, the required L.C.M.— a;®(a;-lXa-2Xa; + 3), 

Rumple 5. Find the L.C.M. of a;® - 3a;® + 3a5 - 1, a;® -«*-« + ! 
and 05®— 2a;® + 2»-l. 

«?® - 3a;® + 3a; - 1 — (a; - 1)® . 
e®-a?®-a5+l— a;®(a;-l)-(a;-l) 

. - (a; - iXa?* - 1) (« - l)®(a; + X). 
«®-ac®+2«-l-(a;®-l)-2a<a;®-l) 

- (a;® - 1)U«® + 1) - Stef - (a;® - iXa; - 1)® 

-(a;-l)®(a;+l). 



LOWEST OOMMON MULTIPLE 


169 


zv. ] 


Hence, (a!-l)*(flc+l) must necessarily be a factor of every common 
multiple of the given exprossionB. 

Hence, the required L.O.M.-(aj-l)*(a?+l). 

EXERCISE 53 

Find the L.C.M. of : 

1. and at*. 2. a*t* and a*tc. 

3. and lOxy^. 4. 4m*n* and 14m*n*p. 

5. Qx^y^e and 12ic®y*2*. 6. 4a*to, 10at*c and 14atc*. 

7. 8a“t*c. 12at®c* and 20a*tc*. 

8. 6x*y, 9 «*i/* 2, 12a*Ty® and 15a»B*. 

9. a*t-at* anda®t* + a*t“. 

10. 4(a;“i/)“, 6(a;*-i/*) and 8(a;+y)*. 

11. a;**- 4a; + 3 and a;* -5a; + 6. 

12. a* + 2a*a; - 3aa;* and a^ + a*a;-6a*a;*. 

13. o*(a*-4) and a^ + 2a®-8a*. 

14. 4a*a;*, 2a;(a;* - a*) and 6a*a;{a® + a*). 

16. 12(a;* + 3a; - 10) and 16(a;* + 4a; - 12). 

16. a;* + 2a;-15, a;*+9a;+20 and a5* + 4aj-21. 

17. 12a*-27a*t*, 2a* + at-3t* and 2a*-at-3t». 

18. 8a* + 27t*. 8a* - 276* and 16a^ + 36a»6* +816\ 

19. 8a;* - 50a;*y“, 12a;® + 24a;*y - 15a;y* and 16®* - 48a;y + 20y*, 

20. 4a;*-12aa;+9a*, 6a;*-7aa;-3a* and 6a;*-llaa5 + 3a*. 

21. 2a;* + 6a;+9, 4a;* - 12a;* + 18a; and 4a;* + 81. 

22. 9a* - 6aa; + a;*, 6a* + lOaa; - 4a;* and 9a* - 21aa; + 6a;*. 

23. 8a;* - 12a;* + 6a; - 1. 8a;* - 4a;* - 2a; + 1 and 2a;* + 6a; - 3. 

24. ff*-6a;y + 8y*, x* - 7an^ + 12y*, x* + 2a;v-16v* and x* + xy-90y*, 

25. 6x*-x-l, 3x» + 7x+2aad2x* + 3x-'«. [0. U. 1869] 

26. l + 4x+4x*-16x* and l + 2x-8x*-16x*. [ 0. U. 1871 ] 

27. 9x* - 28x* + 3. 27x* - 12x* + 1, 27x* + 6x* - 1 and x* - 6x* + 9. 

[O.U. 18881 
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105. DefiDition. The algebraical fraction ^ ' where a and b 
may have any numerical values, is defined to be a quantity which, when 
multiplied by b, becomes equal to a. In other words, ^ is defined to 

be equivalent to Id ^ ' d is called the numerator and b the 

denominator. 

Note. Thus afi <dgebraical fraction ifi no other tJutn the quotient of one 
expression bp another^ mxprmeeed by placing thm dividend over the divisor with 
a horizontal line between them : and the dwidtnd and the divisor so placed 
are respeciivelp called the nvmerator and the denominator of the fraction. 


106. The value of a fraction is not altered if both its 
numerator and denominator are multiplied or divided by any 
the same quantity. 

If a, b and m stand for any quantities whatever, to prove that 


a ^am, 
b bm 

Let ® " f * 

then 

(cxftxw-axm, or, 
Hence, i.c.. 


[ by definition ] ; 

x^bm^am, 
a ^am^ 
b bm 


Oonverselyr we have f i ^ 


bm'^m 


Thus, the proposition is established. 

Cor. - Thus, the value of a fraction is not 

altered if the signs of both the numerator and the denominator be 
changed. 


107. Reduction of a fraction to its lowest terms. A fraction 
Is said to be in its lowest terms, when its numerator and denominator 
have no common factor. 
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Hence, to reduce a fraction to its lowest terms, or more briefly 
to simplify it, is no other than to find an equivaler*^ fraction whose 
numerator and denominator have no common factor, and this is evidently 
done by dividing the numerator and the denominator of the fraction by 
their highest common factor. 

Note. In all cases where the numerator and the denominator can he factorised 
by knspecUont the reduction is at once effected by simply removing the common factors, 

EbiiaiDple 1. Eeduce lowest terms. 

^ 2x2xa«x 5® X c* . 
lba6*c* * 2 X 6 X a d* X c® 5b 


Example 2. Simplify ^ Jlj- 

a*6*(a*-i)*) _a®Z)*(o + f)XoT^)_ _ o(o~fc) , 
dab*{a‘ + 6^ “ 3afe*(fl + i>Xa* - of) + i*) 3‘«o* - of) + fc*) 


25® RfT5 40 

Example 8. Eeduce to its lowest terms. 

The numerator * (a? + 8)(a; - 6). 

The denominator — (a5 + 8X® “ 4). 

(a54‘8X«-5)_«-5 

Hence, the given fraction * x"^' 

Examples Simplify 

The numerator » 2a(a - 6) + SoXa - 1) * (a - b){2a + 3cc). 
The denominator ■■ 3a(a — 6) — 2x(a — b) 

^(a-bX3a-2x), 

,^1 . (a-dX2a + 3x)^2a + Sx, 

Hence, the given expression 


EXERCISE 64 


Reduce to lowest terms : 


1 . 


4. 


7. 


10 . 


2o«6* 

4o*fc* 

15a;*y*g* 

26a;*y*** 

70o«6*c*(i® 

106c*d*o*d*' 

a;*~Si8 , 

9*-«* 


2. 


5. 




8ary* 

18fl»f)c*d» 

27a‘b‘e*d* 


8 . 

11. 


89TO*n*p*q* 

66i»*TO*n‘tf*' 

4g«-9o* , 

4o:*+6o* 


8 . 


«. 


9. 


12 . 


10o**y* 

16!r*o*y*«* , 

40o*»***ir* 

fl!*-0* . 

8o*-iaot) 

486* -So* 
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IS. 


1 «. 


3^ -12a* 
5 * -16a* * 
«* + 2®— 8. 
»*+e-12* 


2ir*-4a*»* 
®*"4a*®* + 4a* 

17 »* + 2 g-15 , 

®* + 9®+20’ 


15. 


18. 


4a*-t-8g 

®*+ 6*+6 

a* -Zab-ih * 

o*-4a6-6i* 


19. 

a*-a®6+a*6* 
a* +6* 

20. 

1-7® +12®*, 

1-8®+ 15®** 

21. 

®*-6®y+6y* _ 

®* + 2®y-85y* 

22. 

l-9a* + 14a* 

1- 4a* -21a** 

28. 

®*-8®*-65 
®*+®*-20 ■ 

24. 

3a“® + 9a*®* + 27o®* 
o*-27»* 

25. 

2®*—® — 6 

3®*-2®-8 

26. 

8®*-5a®+2a*, 

3®*+o®-2a* 

27. 

3®* + 16a® + 6a* 

28. 

6®*-7®-20 

3®* + 22o® + 7a*’ 

9a;* + 6® - 8 

29. 

2®* + 3a® - 20a* 
3®*+6o®-28a*" 

so. 

10 - 17a® + 3a*®* 
6-26a®+5a*** 

SI. 

pO 

0 

1 

1 

1 

« 

S2. 

6ae + lOfto + 9a« + 15b* , 

+ &c* + aa; + ai 

6c* + 9c®-2c-3® 

S8. 

8te+12a6+6w + 9ay, 

84. 

2a* + a6-&* , 

i2i® + 8a6 + 9®y + 6ay " 

d® + a*6-a-6 

S5. 

a*-6*-2bc-c* 

a*+2a6+5*-o*’ 




108. Reduction of two or more tractions to a common 
denominator. 


Let 


b 


stand for any number of fractions. 


Let L denote the L.O.M. of the denominators, i.e., of b, d, /, Ao. 
Then, since the value of a fraction is not altered when its numerator 
and denominator are both multiplied by the same ouantity, we must 
have 

* ox( 2/-<-6) ox(L-»-b) . 

b b^(L^b) L 
c pytlL-^d) ox(L-^d) . 
d (ix(Xf-i-d) L 
A a X ^ s . 

/ f*iL*y) L 

and BO on. 


Thna, the fraotionB in the third oolnmn are respeotlvely eqniyalenl 
to tfae given fraotions and tLtey have all got the same dencminatori 
naBEii8|y« £# . 
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Hence, we have the following rule for reducing fractions to a 
common denominator ; Find the L,C,M» of the denominator 8t and 
multiply the numerator and the denominator of each fraction by the 
quotient obtained by dividing the thus found, by the deno- 

minator of that fraction. 


Example 1. Reduce 


denominator. 


X X 

a + 6 a(a-b) 


b(a^-b^) 


The L.G.M. of the denominators *= ; and the quotients 

obtained by dividing it by the denominators are respectively aUa - 6 ), 
Ma + 6 ) and a. 


Hence, we have 


x_ 
a+ h 


x^ab{a-b) 

(a+6)xa6(a~6) 


xab(a-b) . 
dRa^-b^) ' 


a:* . 

a(a-6)""a(a-&)xfc(a+6)“aMa*~^*) * 


flj® _ aj® X a __ x^a 

Hd^-b ^) " 6®) x“a “ aHa^-h^)' 


Example 2. Eeduce *** 4*^3 »*-3®+2 

a, common denominator. 

The denominators are respectively 

(a;-2X«-3), (aj-lX®-3) and (a;-lXa;“ 2 ). 

Hence, their L.C.M.*(jr-lX®“’2Xa:-3), and the quotients obtained 
by dividing it by the denominators are respectively jr-1, »-"2 and «-3, 
Hence, we have 

^ (g-lXg- l) ^ a?®- 2 fl; + l . 

fl;*-5a; + 6 (a;®-5® + 6 X®-l)"’®®- 6 sc* + lla ;-6 ' 

g ; -2 (a;- 2 Xg"' 2 ) ^ a;®-4 a; + 4 . 

x«-4a; + 3 (a* - 4a: + 3X« - 2) a:®- 6 a:* + lla :-6 ' 

a:-3 _ {x -B){x-B) a;®- 6a:4-9 

a:*-3a:+2"(a:*-3a: + 2X«*^3)"a:®-6a:* + ila :~6 


EXERCISE 55 


Reduce to a common denominator : 
2b id f 


ab ^ .o<L., 

4ajy* id®* 


• «• y* ** 

26c' 3ca’ 4o6‘ 
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5 . 

7 . 

9 . 

10 . 

12 . 

14 . 

15. 


X* , y* . - 2o , g-c 

a* + ^6 a — 26 * o— 6 o6— o** 

Ja .JL, 2a; , 3y 4< 

0-6 6-0 0+6 * a*(fl + a;) 6*(o-a;) c*(o*-a;*)' 

o* , 6« , cL 

Qxv-Sv* 2x* + 3xy ix‘y-9xv*' 

— .- 5 -^! 11 8 _ , 4 , 

a?* + a?+la5* — flj + l a?* — ® — 2{r*+ic— 6 

^ , 4 q , 6 c 

a(a*-2a6+46*) o'* f 3d* a-36 a* + 3c6+96* a*-276®* 

g ^ ^ 

b(jt’“b“~c) g(a^3+c) g* f j* -i 3 **- 2 afc 

c~g ^ _ i-vg, , 

(g-6X&“c) (g-cX6-c) (c-aXa-j)' 


109. Addition and Subtraction of Fractions. 

From Cor. 3, Art. 17, we know that 

g(6+c + d + e)»=ah+gc + gd + ge, where a, 6, c, d, e are any 
quantities whatever. 

Hence, conversely, 

g6 -t-gc4-gd + g6^^ ^ c+d4 + + — +—• 

g g g g a 

Hence, putting p, g, r, s respectively for gft, go, gd, ae, we have 
p + g + r + s_ p , Q , r , 8 . , 

+ ^iiere p, g, r, s and a are 

any quantities whatever. 


Thus, the sum of ^ any number of fractions which have a common 
denominator is a fraction whose denominator is the same and whose 
numerator is the sum of the numerators of the given fractions. 


Hence, to obtain the sum of any number of fractions which 
have not the same denominator, we must first reduce them to 
equivalent fractions having a common denominator and then proceed 
as above. 


Note. To subtract a fraction from anothsr fraction w$ are to follow the above 
rule ; but the numerator of the fraction to he subtracted is to be taken with minus 
sign, Th«», 

a g ^ tt , (— g) g+(— g) o— g 
6*6 b b ^ b “b* 
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Rx ample 1. Find fche value of + ~A_, 

a-b b-a 


Since, 




b-a (6-o)x(-l) a-b 
we have 


-Pl- + ^ s. ^ + —A 
a-b b-a a-b a-b 


a-b a-b"^ * 


Example 2. Find the value of 


T+a x-a 


Since the L.C.M. of the denominators*®* — a*, 

we have and 

«+a ®*-a* «“a ®*-a* 

Hence, the required value + 

X — a X — a 

= + g+g) ^ ®* + a* , 






Example 3. Find the value of -® -Tr+ 4^ “ 

a‘-b* a‘-b* o“-6* 

In the first and second terms the numerator and the denominator 
have a common factor. So they are to bo reduced to their lowest terms. 
This is not essential. But this will make the operation easy. 

® + _JL- 

g*~6* a — b* 
a- b 1 

a"-6®*a* + a6+6** 

. ‘ . the given expression * -^V+ -tt-t-: r* ~ 

a-b a* + afc+fe* a^-b* 

_ (a* + ad+ 6*) + (g — 6) — (g* + 6*) _ gfc + g — fc 
g*-6‘ " g*-l." • 


Example 4. 


Find the value of 


g+6 g*-6* 


g 

g* + 6* 


In the present example it is not convenient to reduce all the 
fractions to a common denominator at once* We can proceed best 
as follows ; 


We have 


1 - 1 - (g— g 

a + l& g*-6» g*-6* g*-6** 



176 


AliGEBBA HADE EAST 


[ OHAF. 


Hence, the required 

_o(o* + t*)-a(o* -?»»)_ 2afe» . 
o*-6* o*-6‘ 


Eixample 6. Simplify - ^ g 

We have *-2-^+2' 

_ 4 4 _ , 

«“-4 fl:* + 4 

T 32_ . _32_, . 

Lastly, + 

is the required result. 


._1 ^l._ + _82_ 

x + 2 a;* + 4 tr* + 16 

(® + 2) - 2) ^ . 

®*-4 a;*-4 * 


4(a:* + 4 ) — 4(a?® -* 4) „ _ §2 

®* -16 ' jp‘-16 

32(g^ + 16)+32(a;*-16)„ 64rr* 
a;® -256 a® -256 


' whiob 


Example 6. Simplify + 

The given expression - J - {-^ gj, - 

Now, .we have 

_1 1 _ (g + 25) — (g + fc) ^ b . 

g + 6 g + 26 (g + feXflt+26) (g+5Xa + 26)* 

, 1 1 (tt + 46)-(g+jy ^ h , 

g + 36 g + 46 (g + 36Xct + 46) (g + 36Xa + 46) 

Lastly. (a + 6Xa + 26) (g + 36Xa + 46) 

6(g 4- 36Xfl ^ + 4 6) — 6 (g + 6Xflt + 26 ) . 

" (g + 6Xg + 26Xa + 36Xa + 46) 

of which the numerator»6(g® + 7g6 + 126®)-6(g* + 3g6 + 26*) 

•« 6(4g6 + 106*) »= 26*(2g + 56). 

26»(2g + 56) 

Hence, the reqd. result - + 26Xa+ 36Xo+ 46) 


Find the value of : 

g + 6 . g — 6‘ « 
g 6 

- g+6 g-6 ^ 

a^"^+fe ^ 


EXERCISE 56 


try yx; 2a; 
g* + 6* _ a^b , 
g*-6* 2(a+6) 


8. i^+ . 

g-x «-g 

A 4a; * + 9y* _ ^^_8y , 
4i*-9y* 2a+3y 
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7 - ^ .. , 

[a+b)^ 

o 1 1 

’ (a-6)(a-c) (a-c)(b-cf 


a;» + 7a: + 10 a;* + 13a; + 40 

iq fl + b 2a6 

a-6 a + 6 

1 K 4. ®rJ/ - 2(a;*^- V*). 

a;-F a; + i/ a;® + y* 

17 3a: + 1 _ ^ 53:* + 24 a; 

a; -3 3a;+9 2a;* -18* 

19 4. . ® ^ , 

®-2a a; + 2a a;* + 4a* 


3x-y 3a; + y ^* + y*’ 

ab{a-b)^ b a 

_JL _2_ . _1 L 

— r. I • ■ “ r\ 


Q a* + a5+6* . a* — +.5* 

a +0 a — 5 

a*-L + 2’^®*-5a:+6' 

12 _i 

2a;+3y 8 a;® + 27y**‘ 

14 ^ ^ __ 2 £ 
a + 25 a-25 4^?»-a* 

15 a“2®_fl + 2a;^ _^x 

a + 2 a; a* + 4 a;*' 

18 - 4a + 5 

l-4a5 l + 4a6 i 6 a* 6 *-l' 

20 ^ 4 . 

a- 5 a + 5 a* + 5 * a* + 6 *' 

22 — ^ ^ 

a; -3a 2a; + 6 a ^* + 18a** 

24, — 1 — - + — ^ - — 1-. , 

x-1 a; + l a ;-2 x + 2 

•26. -L +_3_+ 1_., 

a-x x+3a a + x x-3a 


x-a 2x + a x + a 2x-a ’ a-x x+3a a + x x-3a 

•7 —2 ® 1 , 28 -- — “"A— - 4. - 

x-1 x* + l x + i x*-l ’ (a-5)(x-a) (6-aXx-6) 

^ x-1 _ . x -2 . _ 

x*-3x + 2* x*-5x + 6 x*-8x + 15‘ 

^ 4. g +7 a , x+13 a 

x* + 5ax + 4a“ x* + liox+28a* x* + 20ax+9ia** 

11 ?: 4- 2x — 1_ ^ 

x* + 3x + 2 x* + 4x+3 x*+5x + 6 

12 i ^ - 2x ^ 

’ 1-x + x* 1 + x+x* l + x* + x* 

|Q \ 1 1 , 04 _J- . 6x 

* 1 + x + x* 1-x+x* l-x* + x* ’ x-2 x* + 2x + 4^x* + 8’ 

|M» _ 11 _ 11 -i- 4. 33ax 

i6(2x* - 6ax + 9a*) 32x* + 96ax + lila* - 81a^ 

110. Multiplication of Fractions. 

Let I and ^ be any two fractions ; to find the value of g ^ ^ * 


1—19 
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Then, we have x ^ xjx ^ xd 

“(f 

or. «:x6d-ac. .•. i.e.. f >c | 


Hence, 


6 



tf ac 6 a^ 
f bd f bdf • 

w 9. 9_ aceg 

h bdf h bdfh ' 


and so on. 


Thus, the product of any number of fractions is a fraction whos$ 
numerator is the product of the numerators of the given fractions and 
whose denominator is the product of their denominators. 

In practice, factors which are common to numerator and denomina' 
tor are cancelled. 


M ri» c , a ^ a ^ c ac 

Cor. Since, c- ^ • we have j ^ 


Example 1. 


!r« V* 


Multiply together and • 

yz zx xy 


The required product = 


a;« X yg X X y* X 

yz^zx^ xy y^xz^^ x^ 


a. 


The result is obtained by removing like factors from numerator and 
denominator. 


N, B ' When all the factors of numerator and denominator cancel each other 
it is a common mistake with the hcrjinners to give the result as 0. A little reflection 
utill shew that the result of such a multiplication con never be sero,* 


Bu.pI. 2. Multiply by 

Tho reunirrf + 

^aa<^-a:Xa+a:)__ _ cm 

“(a+!ET*(o-*)*"(o+®Xo-®)'’a*-a 


Example 3. 


Multiply together 
l-srM-W* 


1+v »+«* 


and 1 + 


X 

1-x 
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Since. l + T^ 
1 “35 


1-05 


1 


l-a 


Ihe required product ^ x ^ -1— 

1 + y x{l + x) l-x 

(l + l/)aXl + «Xl“a?) a? 


EXERCISE 57 


Multiply together : 



1. 

2a*, 96* , 8c* 

8a6 i6ac““96c’ 

2. 

4a*5* 9c* , id* 

3c* 16d* 276* 

8. 

yz zx xy 

4. 

7a*6*c* , 4 !e»w*** 

l^a ^®“21a*6*o‘ 

5. 

12to*w* , 35a:»»2 

7a!V** “°96 to“«‘ 



Simplify the following : 



6. 

054 1 aj* + ir“2^ 

7. 

o*-96*^ 3a* 

x-l x*+x 

a*+3a6 a*-3a6' 

8. 

(a + fc)« 

a* + a6 a* + a6 + 6* 

9. 

g* 4- 805* g*-4gfl5 + 4fl5*^ 
g® — 2g*a5 g* - 2go5 4 4®* 

10. 

!C* + 4a: + 3^a:*-3!r + 2 
!c»-4 ®*-9 ’ 

11. 

®*-7®+10^®*-3a5-18 

a,*_2a;-i5 a;»_8ar+l9 

12. 

SC* - 4o 5 4- 3 ar* - 705 4- 10^ 

18. 

a*-6* a-6 

05*^605 + 5 a5*“'6a5 + 6* 

a*-2a6+6* a* + a6‘ 

14. 

2a5*-5sc4-2 3o5* + a5^ 
3a5*~5ar-2 405-2 

15. 

a:* -6® -16^ a:* -11a +38 
a;*-4a:-21 a*-12a! + S9' 

10. 

a*-x* a‘-b* („._ax \ 

a + i ax+x^ r a-xf 

17. 

(?-*->)(?- 

18. 

(ia.3x\(2b.M, (a 

\Sx 2b}\3x ial \b 

^i)( 

c + d\_/a _ 6\/c _d 
d cl \6 o/\d c 


9{i 2 a;»“7a; + 3 ^ 3rr«-fllg-4 ^ 2fl?* + fl;-15 

Ste* + 7a;-4 ar“ + 8a;~3 ^““lla; + 16‘ 


5*-o*“c“ + 2ac 

c* + a*~5* + 2ac a^-d^ + c^-^ac 
^ c*“a*-5* + 2a6 a*“6* + c*-2ac. 

6*-c»-a» + 2ac a* + 6*-c*-^6 
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111. Division c! Frprtions. 


Let I and ^ be any two fractions ; to find the value of j f ‘ 


c CL c c a, 

Then, we have d ~ b d d ~ b‘ 

[*.* »»-rnxn“rn, whatever m and n may be.) 

a d r.. .1 

.QjX tX *“7.^1 ® 1 * *'X»j 

d c b c' ' he L dc J 
Thus, to divide one fraction by another we have to multiply the 
former by the reciprocal of the latter* 

a a c a_l_a 


c d 

a: X - X 

d c 


a d 

^ X ^ ; or. X- 
b c 


a ^ d 
b c 


Cor. I +c- 1 ^ ^ 

. . o- ,•» a“ + h“ o*-ah+6*, 
Gzample 1. Simplify 

a“ + h® a — h 

The required result “ . « :rK» ^ a*'_ ah + h» “ 


(al+h'Xa-h), 


The required result - x _ »& + 6») 

(g + hXo* ~ oh + h*)(o ~ h) _ i 
■"(o+6Xo-f'Xo*-oh+fe“) 

.1^ 1 • a- i-f g® + a! -2 !r»-3a!-10 g®-4a;-6 

Bzample 2. Simplify j.a + 7a; + 12 x* + a: - 12 a:* - to + 3 

« .3 1.. a!*+a:-2 „ a;* + g -12 ^!r*-to-5 

The required result - ^7^+12 - 3x - 10 - to + 3 

(® ijX® +2) (x + 4Xx — 3) (x — SXx + 1) 
”(x+3Xx+4) (x-6Xx+2) (x-3Xx-l) 

(x — iX x + 2 Xx + 4 Xx — 3 Xx — SX x + 1) „ ®.+ l. 

“ (x -i- 3Xx + 4Xx - 6X® + 2Xx - 3X* - 1) ®+3 

o _ o o + h ^ h 

_ . « ... 0 — 6 0 + 6 . a — b 0+6^ 0“ 

Example .8. Simplify + ^+b~r^ o® +^ 

a-6 a+6 a-6 a+6 

[0.11.18761 

„A_ a(a + b )~a(a-^b) 

, a — 6 a+6 g* ~~ _ 2gh 26* 

We have ^ T "b(^ 6)-6(o-fe^ o®-6* o*-6* 

0-6 0+6 o*-6* 


■ 0®-6» , 
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and 


a + 6 , dzh (fl + (g ~ h )^ 

a-h ,2(a*4-fc«) 

g + fc a -6 + a*-t* 

a-h a + 5 a*-6* 

2 (a * + W ^ ^ + A" 

4 g 5 2 g& ' 

Henoe, from (1) and (2), 
fche given expression = 


_ 4 a/) 

a*- 6 » 


(21 


. a 


a* 4 - 6 « 

2 g 6 a* + 6 * 


2 g!? 


2 g^ 


“ 6 ”g® + fe» a“ + fe* (a* + 6 *)* 

M S. 'Whtn leveral fraotiona are connected by the aiffna x, aaeh 
appliea only to the f Taction which immediately foVowa it' 


EXERCISE 68 


Simplify ; 
4 a* 6 c 


8ai*c 


15 a ^*2 ^x*yz 

a!«-49 g+T 
®*-25 a+6 

m*-9n* 
w* + 6>»n + 6n* 


2 . 

4. 

m* — 2m7t — 3n* 


TO + n 


TO 

TO* + «tw + n*, 

« 1 * — ML* 


*-M* 


1 . 

8 . 

6 . 

6 . 

8 . 

e*+ 3 a!- 18^“®^36 

1* o*+f>*+3o6(g+f>) (g-6)*+4gft 

“• (a+6)*-4a6 o*-d*-3o6(a-6)’ 

14 a!*+v* , (a! +y)*- 3 a!y „ w . 

“• (*-»)» + 3»y *«-»• 

o(fl-6)*+4a*6 . a*-J*^6(o+6)*-4oi» 
“• ■ ab+b* a6 a»-o6 ' 

(E*-»-30^®* + 3a!-10 


o* + o6 ab 
a-b a*-b*‘ 

a*-b* n* + fc* 

o* + 2o6 + 6* a + b 


/-^ + _i_)+/_o *_\.9 /?±j'+®ryU/^.s'_®zy\. 

\a + fc a-^bl \a-b a + bf * \x^y a^yl \«-y x+v' 


16 . 


a’ 

*+4 


**-36 «*+2*-8 ae* + ia« 
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1«. 

»• + 3® - 108 »• 
«*-64 

+ 6a!-72 »*-16®+63 
'+®-56' «*-14®+48’ 

17. 


i , /g+y g-y\, 

\x*-y* 

r \®-y x+yl 

18. 

/a+fc . o* + fe»\ 

.(a~b_a*-b‘\ 

\o-6'*'a»-6V 

\a+6 a‘ + b*) 

19. 

a*-b^ 

^(o+i))*-4o5„ 1 

[a+b)‘-3ab{a+b)' [a+br-Sab (a+i)' 
(a-6)Ka + 6)*-a6! . (a-fc)» + 3a& 

80. 

{a-b)‘ + 2ab 

(o + WKa-W^ + aM 


o* 

1 _ 1 

a. 

b‘ a* 

b a 

(I _ i)(a + 6 

-i) + ^ 


\6 a)\b a 

V a* b‘ab 


[0. D. 1868] 


(g b)‘ — 2ab 


[ C. U. 1874 ] 


CHAPTER XVII 

SIMPLE EQUATIONS AND PROBLEMS 

1. Simple Equations 

112, In Chapter V, we have explained the process of solving 
aasy simple equations. We propose to consider the subject more fully 

tere. 

We have stated that the process of solving any equation is pr ma- 
rily based upon certain^ axioms [ Art. 63 ] from which it has I een 
Bolieed that an equation is not altered, 

(i) if any term be transjposed from one side of the equation to 
Ihe other ; and (ii) if both the sides be multiplied or divided by any the 
mme quantity. 

Hence, the general rule for solving a simple equation involving 
one unknown quantity may be put as follows : 

(1) Simplify the two sides separately hy clearing of fractions and 
traekets, if any, and by performing operations indicated hy the ^mbols. 

(2) Transpose all the terms involving the unknown Quantity to 
like left-hand side of the equation and the remaining terms to the right* 

hand Hde, 

(8) Next, Amplify the two sides again. 
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(4) Finally I divide both the sides by the coefficient oj the unknown 
quantity. 

The value of the unknown quantity, thus obtained, is the required 
solution. 

Note. The student should verify for his own satUf action that this value does 
really satisfy the given equation. 


Example 1. Solve (6 t + 9)» + 7)» « (10a; + 3)» - 71., [ 0. U, 1882 ] 

The left side -= (36a;* + 108a; + 81) + (64a;* - 112a; 4- 49) 

-100a;*-4a; + 130; 

and the rifeht side— (100a;* + 60a‘ + 9)-71 
- 100a;* + 60a; -62. 

Henoe, the equation stands thus : 

100a;* - 4a; + 130 - 100a;* + 60a; - 62. 

Removing 100a;* from both sides, we have 
-4a;+130«60a;-62. 

Henoe, by transposition, 

-4a;-60a;- -130 - 62, 
or, “64a;- -192; 

and therefore, dividing both sides by -64, we have a;— 3. 

Thus, the required root is 3. 

B*ampl*2. Given + : find *. 

Multiplying both sides by 8x9x6 or 860, which is the L.O.M. 
of the denominators, we have 

360(ir-6 ) 860(2a;-16) ■ 360* 360(*-12) 

8 , 9 15 0 ■ 

or, 45(*-6)-40(2*-15)+360-24*-60(*-12), 

or, 45* -270 -80* +600 +360 -24* -60® +720, 

or, -85* +690 --36* +720. 

Henoe, by transposition, -35* +86*— 720 - 690, 

or, *—30. 


Bxample 8. Solve ii4a(l + *) - f(o - *)( - ii3a(l - *) - V{o + «H. 
The left side-^ (i+fl,)-j{a_a,)- + (^+ 


_7a_L 16a + 9 

i2+n[^' 


* : 
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and the right side 

_7a_^+16^ 

12 12 

Hence, the equation stands thus : 

7a,16a+9 7a 9a+16 

i2 + ~l2~‘®““r2" 12’ 

Multiplying both sides by 12, 

7a + (16a + 9)fl: = - 7a - (9a + 16k. 

Hence, by transposition, 

Kl6a + 9) + (9a + 16)k » - 14a, 
or, 25(a + Ik “ 14a ; 

dividing both sides by 25(a + l), we have 

— 14^ 

®**^(a+l)* required root. 

Multiplying both sides by a* — which is the L.O.M. of the 
denominators, we have, 

(a - 6)® + (a* - 6*) ^ (a + 6)x + (o - fc)*. 

Hence, by transposition, 

(o - 6)® - (a + 6)® ” (o - 6)* - (o* - 6*), 
or, f(a — 6) — (o + 6)1® “ — 2a6 + 26*, 

or, -26®=" -26(a-6). 

Therefore, dividing both sides by -26, we have ®*o— 6. 

EXERCISE 59 
Find the value of ®, when 

1. S(®-4)*+6(*-3)*-(2®-5X4®-l)+24. 

2. (l2*+9)»+(5*+3)*-(13®+9)* + 33. 

8. 5(® + l)« + 7{®+3)*=12(®+2)*. 

4. (3® -14)*+ (4® -19)* 7 (5* -23)* -22. 

6. (6® -8)* +(12® -7)* -(13® -10)* + 37. 

8. (®-1)*+(®+D*-2®(®*-D+4. 

7. (®-3)*+a®*+(«+2)*-4<®*(aH-9). 
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8. {x + 2X« + 3Xa: + 4) + 96 - x^{x + 9) + 6(3® + 13). 

9. 3(«* - H) * (« + Ij* + (o! - 2)* + (» - 5)*. 

10. a(«-a)*6(a;-6). 11. 3(a;-a)+5(2aj-3a)*8a. 

Solve the following equations : 

12. (x + aXx + 6) - (a + 6)* - (« - a){x - 5). 

13. a*(a;~a) + 6*(a;-6)*a6». 14. m*(a;-m) + n*(fl; + n) + mna;-0. 

16. 6(»-2a)+a(«-26)*(a-fe)*. 16. a(4»-a)+5(4»-6)-'2a6»0- 

17. ®(»-a)+a5(«-5)-2(«-aXaJ-Z>)*0. 

18. (» + 3a)(a5 - 36) + S{x - 3aX® + 36) * 4(« - 3a)(a; - 36). 

19. (26+2c-a;)* + (26-2c + a?)*-(26 + 2d“a;)* + (26-2d + a?)“. 

20. (® - a)® + (a; “ 6)® + (a? - c)® * 3(a; - aX» - 6X® - c). 

21. [x + a)® + (aj + 6)® + (a; + c)® = 3(® + a){x + 6X« + c). 


22 . 


24. 


25. 


~ +a-f +6. 

a 6 




K® + 1) + i(® + 2) + i(® + 3) = 16, 

®- 6 . ®- 4 _q x~2 , 


X . 2a!-lS_o 


to-3 6 

15 




29. 


30. 


32. 


34. 


35. 


37. 

38. 
80. 


ib+ 7 ,^*+13 j.!B+17_a:+27 „„ /.i x- 

~r ®*~“3 


®-7 4a:-2 


[ C. D. 1861 ] 


g-1 g-9 , 3a!-2(g-2) 
3 2 7 

2®-9.* * 

7a5+9 


SI. fe±^-(.-«^)-36. 


te^+7»+^^-»+8S-^^^+g- 

W-lHHMhth- 

x-3 i®-S fa!+2 g-6 . ®, 

7 ” 3 2 “ 3 8 

J(«-2)-|(»-4)-A(2®-3)-9i. 


t C. D. 1889 ] 

[ 0. D. 1866 ] 

[ 0. U. 1866 ] 
10. D. 18691 


g-® . aa-g ^ Sa-g , 
a 2g 8a 


10. U. 1870) 
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2®- 

13 

x-1 

X ^ X 

Q 

9 


11 " 

8 ■*'7 " 

« 7 . 

ar- 

3 + 

1 

00 

4a;+15 

1 

6 


11 

33 

2 

4rr + 

- + 

13®_8®+19 


9 


108 

18 


«»- 

-24. 

®-34_2®*-3 

®-54 

4 


5 

8 

■ 3 


a-x‘ b-x c-x b-x* 


[ 0. U. 1876 ] 
[ C. U. 1877 ] 
[ C. D. 1878 ] 
[ C. U. 1883 ] 
[C. U. 18861 
[ 0. U. 1888 1 


46. + [ 0. U. 1888 1 

10 25 55 

juL 11a- -13 .19®+ 3 5®-26i_„„i 17® + 4. 

46. + _ 28i 

An ®Tiil 5®-HlO- 3a;). 

2 ” 13 39 

3® -1(1+ ®) . 1-i ® _ 2I + A(® -_1). 
i * 5i 21 

49. i(®-a)-i(2®-35)-4(o-®)”10a+116. 

2® + o x — b_ 3a® + (a — 6)® 2® + 1 402 — 3® _ n 471 — 6®. 

60. - . 51., 12 3 2 

62. - ^ ^ j 


113. Equations involving Decimals. 

The decimals, if necessary, may be converted into vulgar fractions. 
Example 1. Solve ^ - 56. 

Since, ®^“90”i8’ ®®^“i66()b"i6’ 


we have 
or, 


x-2 

A A 

18(*-2)-16(*-4)»66, or, 2®+28 -66i 
a®“28, or, ®>-14. 
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•585a! -'975 r56 '398! - '78 
*6 '2 9 

•585a! -•976 6^85a!-9 76 l‘95a:-3^25. 


Itenplel Bolve^65a!+ 
Binoe, 


and 


•6 6 i 

1166 . 15:6 
•2 2 

•39a!- ^78 8^9a!-7‘8 r3 3!-2^6 , 
•9 9 3 


the equation stands thus : 

• 05 a,+ l'?5y-3 :g5 _ ^.g _ rS^S’e. 

Hence, multiplying both sides by 6, we have 
3'9a! + (6‘86a: - 9‘76) - 46'8 - (2‘6a! - 5‘2). 

By transposition, (3‘9+5^85+2^6)a!“46‘8+5^2+9^76, 
or, 12’35a!-61^75 ; 

,-6176 

® 12-35 6. 


EXERCISE 60 

Solve the follo\ving equations : 

1, *6a5-*Sa;*’fer-l’6. 2. 

8. -•4a!-^8•^. 4, 


ft ^ 4- —I— —■ se n 

•S •06 •006 ^0006 ''• 


6. •6a!+ 


•46a: -•76 12 •3a!-^6 


«. •16a! + 


•6 2 

•135a! -’2 26 
•6 


•2 


-• 7 
•9 ^• 

•09a!- •18, 
'9 


9. 

10. •Olltt -I- - -146. 


S'75a!-f5-2‘25a!-l-8. 

g+75 a?- *25 •- 
•126 ‘25 

[C. U. 1883] 

•7a!-H^4-^67a!+’6. 


[ 0. D. 1886 ] 
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114. Solution of equations facilitated by suitable transposi* 
ti on and combination of terms. 

aw-— I 4 c 1 23 ie — 29 19® + 13 97»+72i j 7®— 8j 

Sxamplel. Solve - jg 7 — 35 — — 4 

By transposition, we have 

23®-29_7®-8i_97®+72i 19® + 13. 

12 4 7 

(23® - 29) - (21® - 25) _ (97® + 72i) - (95® + 65) . 

12 “ 35 

g-2 2® + 7i 
6 ^ 

Hence, multiplying both sides by 6 x 36, 

35® -70 -12® +45. 

Hence, 23® -115, or, e-6. 

Example 2. Solve <^-4^+^ Hc±a) ^ x-c{a+b) 
be ca ao 

The equation may be written as 

x-a jh-^c ) ^ x-b(c + a) | + I 1 I 1 

he ca ah 

By transposition, we have 

e-o(5+c)-6c i ®-5(c+a)-ca ^ ®-c(a + 6)-o5_rt . 
or, , * • 7 V I 

be ca ah 

or g"(afe + ac + 6c) ^ g;-(6c■^fea + ca) _|_ g-(oa4^c&■^a6) _Q . 

* be ca ah ' 

or. {*-(ah+te+ca)}{^ + i + i}-0. 

When the product of two quautities equals to 0, at least one of 
them must be equal to 0. Since the sum of three known qnantitieSi oti.» 
^ ^ cannot be zero, the other must be equal to 0. 

/. «-(a6+6c+ca)— 0, 

Hence, a-oft+bc+ca. 
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EXERCISE 61 

Solve the follovring equations ; 

, Sg+6 . 64iC-3 5 20a;+23 ■ 13a5-7 

4 16 i6 3 ’ 

, 17a!-13 I 10eg!+75 27a;+19 . 50Aa ;-39 

9 32 “ 8 27 ■ 

29X-18 , 189a!-93 8Wa!-54 , 27x-13 
8 49 " 24 7 

, 161-17 23a: -15 142Aa:-153 92® -65 

*•9 16 “ 81 64 

, 18 ® - 19 ■ 135 ® -I- 62^ 27® + 14 . 106 A® - 114 

7 65 i3 42 

. 1^ _ 41 + 27® . 164 + 107Ha: _ l^JI -_95® , 

* 15 28 112 75 

- 18-41® 17-16® .9J}-10®_14-32®_„ 

' 9 8 5 ‘7 ”• 


-a* . ®-6* 


— /»* 


x-c 


'*• 5* + c*‘^c* + o*‘^o* + 6*“"' 

3®-6c , ca - ab _ ^ t ^ 

- 4. — ^ — 4.- 

6+c c + a a + 6 

+ 6x rA“ + a* + 5? - = 2(a + 5 + e). 

c~6 a—c 0 — a 

A ^bc b 3ca c ^db 

, 2 . + tLw’ + «•) + r!x + (^+ n . 2(1 + m + n). 

+ m*-wn + n* 
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IL Problems 

115, We have already explained in Chapter VI how simple 
algebraic problems can be expressed symbolically and solved. We 
I rocjoed now to consider examples of a harder type. 

As pointed out before, the chief difficulty in^ the solution of 
a problem lies in constructing its symbolical expression. The student 
should, therefore, become proficient in it by constant and varied practice. 

No general rule for solution can be stated. The following advice 
can, however, be offered ; 

Read the problem several times and consider its meaning carefully. 

See what quantity is required to be found out in the' problem. 
Represent it by x. 
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Next, express the oonditions of the problem in terms of the symbol 
X and obtain a simple equation in x. 

Finally, solving this equation, find the value of x. 

The process is explained by the following examples. For further 
illustrations, the student is referred to Chapter VI. 

Example 1. How old is a man now, who, 20 years ago, was five 
times as old as his son who will be 41 years old 16 years after ? 

The present age of the man is to be found out. Let it be x years. 

. 20 years ago, the man’s age *(x - 20) years, 

16 years after, the son’s age will be 41 years ; 

. . the son’s present age * 41 — 16 * 25 years. 

Hence, 20 years ago, the son’s age *25 — 20 * 6 years, 
from the condition of the problem, 
x-20*6x6, 

or, x*20+6x 6 - 20 + 25 * 46 years. 

Thus, the man’s present age — 45 years. 

Example 2. The sum of five consecutive odd numbers is 1185. 
What are the numbers ? 

[ In solving problems, 2x and 2x + 1 are taken as even and odd 
number respectively ; because for any integral value of x, the value of 2x 
is even and that of 2x + 1 is odd. ] 

Let 2x + l— the smallest of the consecutive odd numbers. Since 
consecutive odd numbers differ from each other by 2, the numbers after 
2x + 1 are 2x + 3, 2x + 6, 2x + 7, 2x + 9, etc. In the present problem, the 
five consecutive odd numbers are, therefore, 2x + l, 2x + 3, 2x+6, ^ + 7 
and 2x + 9. 

By the condition of the problem, their sum — 1186 ; 

or, (2x + l) + (2x+3) + (2x + 6) + (2x + 7)+(2x + 9)-1185, 

or, lOx + 26-1185. or, lOx - 1185 - 25 - 1160 ; 
x-H8^-116. 

Thus, the smallest of the consecutive odd numbers is 233. 

Hence, the five required consecutive odd numbers are 233, 235. 
237, 239, 241. 

Example 3. Two persons started at the same time from A. One 
rode on horseback at the rate of 7i kilometres an hour and arrived at 
Bt 30 minutes later than the other who travelled the same distance 
by train at the rate of 30 kilometres an hour. Find the distance between 
A and £. 
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Left X be fthe distance in kilometres between A and B. Then the 
time taken by the first man to travel the distance*^ hours hours 

and the time taken by the other hours. 


But the time taken by the former is half an hour more than fth&t 
taken by the latter. 

Hence, 2 ’ 4a;*a; + 15 ; 

3a;-15: a;-6. 

Thus, the distance between A and kilometres. 

Example 4. A person being asked his age, replied, “Ten yeara ago 
I was 5 times as old as my son, but 20 years hence I shall be only twice 
as old as he." What is his age ? 

Let the present age of the person be x years 

Then 10 years ago his age was (a; -10) years, and that of his son 
was Hx-lO) years. 

Hence, the present age of his son * iKa? 10) + 101 years, and til e 
son's age 20 years hence will be ij(®“10) + 30l years ; and^he age of tie 
person 20 years hence will evidently be (x + 20) years. 

Hence, by the second condition of the problem, we must have 
®+20-2iJ(a;-10)+30l 
-|(a;-10)+60; 

6aj + 100»2a;-20 + 300; 

3x»180; a;«60. 

Note. Fractions might have been avoided by assuming the present age of tie 
person to be 5x years. The student can easily proceed on this assumption. 


Example 5. A and B have the same annual income. A lays by 
A fifth of his, but B, by spending annually Rs. 80 more than A, at the 
end of 4 years finds himself Rs. 220 in debt. What was their income 7 

Let Rs. X be the income of each. 

Then A spends Rs. ix annually. Hence, B spends annually 
Rs. (i«+80). 

But spending at this rate B contracts a debt of Rs. 220 in 4 years, or 
a debt of Rs. 55 per year. His annual income, therefore, falls short of 
his annual expenses by Rs. 55. 

Hence, we must have a;*(laJ+80)-55 ; 
ia?“25 ; ff*125. 

Thus, A and B bad each an income of Rs. 125. 
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BaiampLe 6 . A market woman bought a certain number of eggs 
at 5 a rupee, and as many at 7 a rupee, and sold them at the rate of 
12 for two rupees, losing rupee one by her bargain. What number of 
eggs did she buy ? 

Let a; “the number of eggs bought. 

Then, since one half of them were bought at 5 a rupee, and the 
other half at 7 a rupee, the whole cost in buying the eggs 


/ X 

1 , a; 

1 

(x , x\ 

12 


'71 

rupees * 1 Jq 14/ 


By selling the eggs at 12 for two rupees, 
the amount realised “rr ^ xs rupees. 

Hence, by the equation, » 

or, 35a; “ 21a; + 15a; - 210 ; . * . a; “ 210. 

Thus, altogether 210 eggs were bought. 


Example 7. Divide 28 inio two such parts that the differenoe 
between their squares is equal to 112. 

Suppose, X is the greater part, so the other is (28-- sc). 

By the condition of uhe prcble^T^: 

x^-(28-x)**112; 
or, (a; + 28-a;Xa;-28 + a;)“112 ; 

or, 28(2a;-28)“112 ; 

or, (a; - 14) = 2 ; [ dividing both sides by 28 x 2 ] 

or, a; * 14 + 2 ; 

a;“16 ; the parts are 10 and 12. 

Example 8. There is a number consisting of two digits, the digit 
In the units’ place is twice that in the tens' place, and if 2 be subtracted 
from the sum of the digits, the difference is equal to ith of the number. 
Find the number. 

Let a; “the digit in the tens’ place. 

Then 2a; “ • » » » units’ * . 

Clearly, therefore, the number = 10a; + 2a;. 

[ See Example 4 worked out in Art. 65, 1 
Hence, by the second condition of the problem, 

0 

whence, 18a; -12 “12a; ; 

or, 6a;*=12 ; a;“2. 

Hence, the required number *24, 
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Example 9. Divide 127 into i parts, sueb that if the first be 
increased by 18, the second diminished by 5, the third multiplied by 8 
and the fourth divided by 2i, the results will all be equal. [ B. U. 1883 ] 

Let X be the result in all the cases. 

By the condition of the problem, 

The 1st part + 18= a;; the 1st part*fl;~18. 

The 2nd part - 6 = a; ; . the 2nd part * a; + 5. 

The 3rd partx 6 = a; ; the 3rd part* g • 

The 4th part-+-2i=a; ; the 4th part*!®. 

Therefore, (a; - 18) + (a; + 5) + | + |ir*127 ; 

or. 6(ir-18) + 6(!C + 5) + 6-g +6-2a;=6xl27; 

or, 6aj ~ 108 + 6a; + 30 + a; + 15a; = 762 ; 

or, 28a;»762+108 - 30 ; 

or, 28a; =840; 

a;=W*30. 

the parts are (30-18), (30 + 5), (30-<-6) and 30x ^ • 
i,e*t 12, 35, 5, 75« 

EXERCISE 62 

1. The length of a field is twice its breadth ; another field which 
is 50 metres longer and 10 metres broader, contains 6800 square metres 
more than the former ; find the size of each. 

2. The length of a room exceeds its breadth by 3 metres ; if the 
length had been increased by 3 metres, and the breadth diminished by 
2 metres, the area would not have been altered ; find the dimensions. 

8. A and B began to play with equal sums, and when B has. lost 
Aths of what he had to begin with, A has gained Bs. 6 more than half 
of what B has been left with ; what had they at first ? 

4. The ages of a father and his son together are 80 years ; and if 
the' age of the son be doubled, it will exceed the father's age by 10 years. 
Find the age of each. 

5. A person distributed Hs. 100 among 36 persons, men and 
women, giving rupees three to each man and two rupees and a half to 
each woman. How many were there of each ? 


1—18 
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6. The sum of four oonseoutive odd numbers is 488. What are the 
numbers ? 

7. The sum of six oonseoutive even numbers is 1362. What are 
Ihe numbers ? 

8. There are two places, 154 kilometres distant from each other, 
from which two persons A and B set out at the same instant with a 
desire to meet on the road , A travelling at the rate of 3 kilometres 
in 2 hours and B at the rate of 6 kilometres in 4 hours. How long and 
how far did each travel before they met ? 

9. A labourer was engaged for 36 days, upon the condition that he 
should receive two rupees and fifty paise for every day he worked, 
but should pay rupee one and fifty paise for every day he was idle. 
At the end of the time he received fifty-eight rupees. How many days 
did he work ? 

10. A person bought a picture at a certain price and paid the same 
price for the frame ; if the frame had cost rupees twenty less and the 
picture rupees fifteen more, the price of the frame would have been 
only half that of the picture. Find the cost of the picture. 

11. A post has a fourth of its length in the mud, a third of its 
length in the water and 10 metres above the water, what is its length ? 

12. Divide 20 into two such parts that the difference between their 

squares is 160. [ G. U. 1950 ] 

IS. A labourer is engaged for 30 days on condition that he receives 
two rupees and fifty paise for each day he works, and loses rupee 
one for each day he is idle ; he receives rupees forty*seven in all. How 
many days does he work, and how many days is he idle ? 

14. A can do a piece of work in 9 days, B in twice that time ; 

0 can do only i as much as A, in a day ; bow long would A, B and 0, 
working together, require to do the same piece of work ? [ 0. D. 1876 ] 

15. Two sums of money are together equal to rupees fifty-seven 
and twenty paise and there are as many rupees in the one as 10 paise 
in the other. What are the sums ? 

16. A certain sum is to be divided among A, B and 0. A is to have 
Bs. 30 less than the half, B is to have Bs. 10 less than the third part, 
and 0 is to have Bs. 8 more than the fourth part. What does each 
receive ? 

17. A farmer wishing to purchase a number of sheep, found that 
it they cost him Bs. 42 a head, he would not have money enough 
by Bs. 28 ; but if they cost him Bs. 40 a head, he would then have 
Bs. 40 more than he required. Find the number of sheep, and the 
money which he had 

18. Two coaches start at the same tim6 from York and London, 
a distance of 320 kilometres tlravelling, one at 9 kilometres an hour, 
lie other at 11. Where will they meet and in what time from starting ? 
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19. I bought a certain number of apples at three a rupee, and 
five-sixths of that number at four a rupee : by selling them at sixteen 
for six rupees 1 gained rupees three and a half. How many apples did 
I buy ? 

20. A number consists of two digits ; the sum of the digits is 5, 
and if the left digit be increased by 1, it will be equal to ith of the 
number. Find the number. 

21. A number consists of two digits, the digit in the tens' place 
exceeds that in the units' place by 5, and if 6 times the sum of Ube 
digits be subtracted from the number, the digits will be inverted. F^ 
the number. 

22. There is a number consisting of two digits, the sum of whose 
digits is 5, and if 10 times the digit in tens' place be added to 4 times 
the digit in the units' place, the number will be inverted. What is the 
number ? 

28. Divide the number 89 into four parts, such that if the first be 
Increased by 1, the second diminished by 2, the third multiplied by 8 , 
and the fourth divided by 4, the results will all be equal. 

24. Divide GO into 4 parts, such that if the first be diminished by 
8, the second increased by 11, the third multiplied by 4, and the fourth 
divided by 2, the results will all be equal. 

26. Divide the number 116 into four such parts that if the first be 
increased by 5, the second diminished by 4, the third multiplied by 8 , 
and the fourth divided by 2, the result in each case shall be the same. 


OHAPTEB XVm 

SIMPLE SIMULTANEOUS EQUATIONS AND PROBLEMS 

I. Simple Simultaneons Equations 

116. Introductory remarks. The ^nation »-y»2, in whioh 
X y are both unknown, evidently admits of an infinite number of 
solutions ; for any pair of numbers, whose difference is 2 will satisfy 
it. [ For instance, the equation will be satisfied if a?"*8, y*"l ; if ®“ 4 , 
y-2 ; if aJ-6, y-3 ; if a-fi, y»4 ; and so on. ] If, however, x and y be 
such that they must also satisfy the equation fl5+y""8, then of the 
different pairs of numbers whose difference is 2, we shall have to reieot 
all excepting that of which the sum is 8. Thus the two equations, 

a5-y»2 1 
«+y-8 / 

will both be satisfied by the tame values of x and y» only whin 0*6 and 

y*8. 
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Again» it may bo seen that the three equations, 

+ v + \ 

+ r 
x+y-z^2 ^ 

will be satisfied by the same values of x, y, z only when a? "3, i/*!, s*2. 
The equations may be individually satisfied by innumerable snts of 
values of the unknown quantities, but there is only one set which will 
satisfy them all. 

Two or more equations (like those just referred to) which are all 
satisfied by the same values of the unknown quantities involved in them 
are called simultaneous equations. They are said to be simple or of 
the first degree when each unknown quantity occi^rs only in the first 
power and the product of the unknown quantities does not occur. 

We shall consider first of all simultaneous equatlrns involving two 
unknown quantities, and later on, those that invo’ *^*6 more than two. 
There are three general methods for solving such equations and we shall 
treat them successively in the next three articles. 

117. First Method : Method of Substitution : From either 
equation find the value of one of the unknown quantities in terms of 
the other and substitute the value thus found in the other equation. 

Bimnple 1. Solve 6a;-24i/=16 1 

J 

From the 2nd equation, we have 

yx=4a;-3i ... ... (1) 

Substituting this value of y in the 1st equation, we have 
6ir-24(4a;-31)-16, 
or, 5x — 96® + 744 =* 16 ; 

-91®“ -728; ®*8. 

Hence, from (1), y“4x8-31*l. 

Thus, we have ®“8 and y“L 

Note. The student is recommended to verify for his own satisfaction that these 
values of x and y do really satisfy both of the given equations, 

Oanniti. Boly. + 

Mnltiplying both sides of the 1st equation by 10, we have 
6(3®-6y)+80-2(2!r+y), 
or, 16«-26v+30“4aj+ay ; 
lla5-27v-80. 


(D 
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Multiplying both sides of the 2nd equation by 12, we have 
96 - 3{fl; - 2y) * 6ir+ 
or, 96^3a: + 6i/=6ir + 4i/ ; 

2y--9a;+96=0. — — (2) 

From (1), we have ••• (3) 

Substituting this value of x in (2), we have 

2y-9^7^-^+96-o : 

22y-9{27v-30) + 1056 »0; 

22y-243w + 270 + 1056=0: 

221 »-ie 26 : v=6. 


Hence, from (3), x- 


27x6-30 


Thus, we have ar=12 and i/*6. 


EXERCISE 63 


Solve the following equations : 


1. 

x+4f/ "H 1 2. 

5x-8y "91 8. 

2*+3v ■'32 1 


7a:-3i/“ 5 / 

13!r+7v=79 1 

llv~9!r" 3 / 

4. 

9* -iy"’ 8 \ 6. 

x+ay “6 1 6. 

2a:-i(tf-3)-4 \ 


13a:+7y-101 J 

ax-by^c J 

3y+l(a!-2)— 9 j 

7. 

i(iE+i?)*=i(2a:+4) \ 

8. i(x-y)=^i(v-l) 

} [0. U. 1872] 


i{!c-v)~i{x-2i) J 

i(4x-5y)^x-7 

9. 

i(Sx-2v)-3“i(2x-y) 

1 10. i(2a; + 3y)+4a;- 8 \ 


i{5x-4y)-3-‘i(4x-3y) J U7v-3x)- 

V-11 / 


118. Second Method : Method of Comparison : From each 
equation find the value of the same unknown quantity in terms of the 
other and equate the values thus found. 

Example 1. Solve 6a;— 6y*ll 1 
2a;+3y-27 / 

From the Ist equation, we have 
6y-6a;-lL 

• • 6 ~‘ 




- ( 1 ) 
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From the 2nd equation, we have 
8v“27-2<b. 

.,_ 27-2a! 

. . » 3 • 


Hence, from ( 1 ) and (2), we have 
dg-ll 27-2a! 

5 S 

8(6£e-11)-6(27-2*), 
or, 18a:-S3-136-10ir: 

/. 28X-168; ®“ 6 . 

Hence, from ( 1 ), y— 6 . 


Thus, we have »«=6 and y^S. 
Example 2 . Solve 


6y-7 . 4a!-8 
2 6 


18-6* 


( 2 ) 


) 


[ 0 . U. 1880 ] 


Multiplying both sides of the Ist equation by 20, we have 
4(7+*)-6(2*-y)-20(3y-6), 
or, 28-6*+6y-60y-100; 

66y+6®-128. ••• ••• (i) 

Multiplying both sides of the 2nd equation by 6 , we have 
8 ( 6 y - 7) + (4* - 3) - 6(18 - 6 *), 
or, 16y+4*-24“108 - 80* ; 

16y^34*™182. ••• ( 3 ) 

From(l), •” - ( 8 ) 

From (2), ... ... ( 4 ) 

Hence, from ( 8 ) and (4), we have 

128-6* _ 182-84* 64 - 8 * 66-17*. 

66 16 "• “UT"” 8 “ ’ 

or, 192-9U!-726-187* ; 

178*— 684; .'. *— 8 . 

Henoe, from ( 8 ), -^-2. 

Thus, we have 0—8 and y— 2. 
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EXERCISE 64 

Solve the following equations : 


1. 

6*— Sv“ 9 1 

2. 3^-4®“ 1 1 8. 

3®-7f - 7 \ 


6^+2®=" 16 / 

3®f 4 f“18 / 

U®+8f-87 j 

4. 

j/(3+e)“*(7+y) \ 

6. 82®-25v- 28 

1 


4x+9 -5y-14 j 

14®+16»-116 

/ 


6 . M3a:+y) ""KSaJ+v+l) 
8-i{®-y)“6 
8. 2*-i(y+S)-7+i(3v-2!r) \ 
4y+i(®-2)-26i-4(2F + l)/ 


9. 


10 . 


\ 7. Ji(5a!-6F)+3!E “4^-3 \ 

/ 4(5®+6y)-J{8!r-2F)-2v-3 / 


2!t-|<2v-l)-3A+i(3iE-2F) 1 rp n iRV’n 
4y-i{6-2ir)-6-4(3-2F) / ^ ^ 


X 

3 


2 

V 




[ A. U. 1928 ] 


119. Third Method : Method of Elimination : "Multiply the 
equatiouB by suoh numbers as will make the coefficient of one of the 
unknown quantities the same in the two resulting equations ; then by 
addition or subtraction we can form an equation containing only 
other unknown quantity." 


Example 1. Solve 3a?-4y- 6 1 
5a; + 2y-17 J 

Multiplying the 2nd equation by 2, we have 

10»+4y-84 1 

and the Ist equation is Sx-4y^* 6 } 

Hence, by addition, lSa;«S9 ; tr-S. 

Substituting this value of x in the Ist equation, we have 
4V-9-6-4; /. y-1. 

Thus, we have a?“8, 

Bxamide2. Solve 6aj+ 9y-89 1 
2aj-17y-16 / 

Multiplying the 1st equation by 2, and the 2nd by 6, we have 

10{r+18y-178 \ 
and 10tt?-86y- 76 / 

Hence, by subtraction, we have 

108y-10S; y-1. 

Substituting this value of y in the 2nd equation, we have 
2«-16+17-82; oj-16. 

Thus, we have »-16, y-l. 
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Note. We might as tuell have multiplied the 1st equation by 17 and the Sind 
equation by 9 and added the two resulting equations ; this would have given ua the 
value of X. But we have preferred the other alternative becauset the coefficients of m 
being emallert the required multiplications have been more easily effected* 


Bi:ample 3. Solve 23rr - * 21 1 

25ar-'16i/«43 / 

Multiplying the 1st equation by 2, and the 2nd by 3, we have 
46rc-~48|/= 42 1 
and 75ir-48y=*=129 / 

Hence, by subtraction, we have 

29rc=87 ; x^3. 

Substituting this value of x in the 2rid equation, we have 
162/ = 75-43 = 32 ; i/ = 2. 

Thus, we have x-3,y = 2. 

Note. It may be noticed that the coefficient of y in each of the resulting 
equations is the leaei common multiple of 24 and IG and this is all that is required* 
The process would have been unnecessarily tedtous if the 1st equation were multiplied 
by 16 and the 2nd by 24. 


B«imple4. Solve + 

2 14 8 4 

® + 7 . y-5^, _,_5(?/ + l) 

3 io ^ ^ i 


[ 0. U. 1882 ] 


From the Ist equation, we have 

7(ic- 2) - Or + v) ^(x-y-1)- 2(v + 12), 

14 8 

6®-»-14_a;-3j/-25 
or, ^ — ■= > 

or, 24!r-4y-66 = 7!r-21v-176, 
or, 17 * + lly - - 119, 

or, ®+y"'-7. ••• ••• (l) 

From the 2nd equation, we have 

10(®+7) +3 (y-5) _ 7(1-*)- 5(y+l ). 

TO 7 

10*+3y+ 65_ 2-7*-6 v, 

“• TO ' 7 ' 

or. 70*+21y+ 885 -60 - 210* -160y, 

or, 280*+171y--826. «• (2) 
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Multiplying (1) by 171, we have 
1710? + 171y-- 1197 1 
alto 280o; + 171v-- 325 / 

Hence, by subtraction, 

109a;*=872; a;*8. 

Substituting this value of x in (1), we have 
y- -7-8* -15. 

Thus, we have o: = 8, v = -15. 


Example 5. 


Solve 



Multiplying the 1st equation by d, and the 2nd by 3, we have 

45 

= 4 ann — t — - 

X y 

Hence, by subtraction, 

13^13 . 

X 8 ’ 

Substituting this value of x in the Ist equation, we have 


21 . 12 


a;*8. 


-1 


1 

— m 

4 

Thus, we have a;*8, y 

Alternative Method : 

rw .1 1 

Supposing - “w, - 


3 . 

4 ’ 

= 4. 


l/*4. 


we get 


and 


2w + 3t;» 
7tt + 4y» 


1 


(1) 

(2) 


Multiplying the equation (1) by 4 and (2) by 3, we have 
8tt+12u-=4 
and 21tt + 12v“^. 

Hence, by subtraction, 

13«-V ; 

• • 05 “8, 

05 D 
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SabstittitiDe the valne of » in equation (1), 

or, Sv-1-|; 
or, 3v-i ; 

V 4 

Thus, we have a?*8, y*4. 

Bnunplee. Solve -^ + -8-.8 

x+y x-y ° 

12 

x+y x-y ” 
Supposing and V- 


V“4, 


[A. U. 1927] 


x-y 


we get, 12tt+ 8u-'8 ••• (j) 

27m-12i>*6 — (2) 

Multiplying the equation (l) by 3 and (2) by 2, we have 
36u+24v**24 
and 64u-24«— 12. 

Hence by addition, 

90tt-86: 

1 _2 ■ 
x+y 6 ’ 
x+y^f ••• 

Substituting the value of » in the equation (1). we have 

12.|+8t>-8 : 

or, 8t»»8-V-V; 
or, u-f j 

• -1-- 2 . 
x-y 6 ' 

*-W-# - (4) 

Hence, by adding (3) and (4), we have 
9 *— 6 ; 
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BabBtitnting the value of le in the eqaation (S), we have 
t+V-l: 
or, y-0. 

®-f, y-0. 


EXERCISE 66 

Solve the following equations : 


1. 7x- 6y“ 11 \ 
8X+ 2y- 18 / 

4. 26*-14y- 8 \ 
12*+ 7v- 45 / 
7. 28*-16y- 41 \ 
21*+18y- 66 / 
10. 61*-16»- 8 \ 
68«+28y-187 / 
18. 66*-14y- g \ 
91*-16y- 81 / 

16. 6® +lly-146 1 
11*+ 6y-110 / 

18. 


14"18 * 

M. ^ 

6g~8y . 7*-6y 
12 16 


2. 18*+ 6y-68 1 8. 

6*-lly- g / 

6. 12*+lly-70 1 6. 

8*- 7y-18 / 

8. 19*+24y-84 \ 9. 

28®+36y-62 / 

11. 62*- gy— 84 1 12. 
89®+14y-67 / 

14. 16®+46y-17 1 16. 
lS*+69y-78 / 

17. ax +hv “ 
o**+6*y» 


8*- gy “ 
7*-10y “ 

18*-14y “ 
17*-21y = 

47*- 66y» 
26*+ 84y“ 

12*+ 86v’- 
ig*- 84y- 

14*+ 81y= 
17*+186y- 

;.} [0.n. 


[ 0. U. 1876 ] 


Enl+ * 

8 2 20 


^ 6 

10“l6” 6 

16 ^6*10 


r_i9,^ i7*-: 
22 J 


•• 8g-6y 2*-8y-88 y . * , 1 
8 12 2 8 4 

88. 9‘4®+'82y-^^?^^-'8*+^^^4^^ 


•9y+-6 

1*6 


4*2 
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24. 


25. 


27. 


29. 


81. 


X y 

3 + 2 .19 
X y *20 

2 + 3=2 

X y 

+10-55 

X y 

8®'^5»“l 

f + 2=2 

4 V 

2— + — = 2 A 
6 


X 3 R 

- - — + - — —6 

x-¥y x-y 

J1__.J_=2 

x+y x~y 


[C.U. 1879] 


[C. U. 1887] 


26. 


28. 


o , 6 _ 

X y 
b . a 

8 . 1 ., ) 

A + -5 -7 

6* 2tf ‘ 

k*l“ 

[C. U. 1870} 

4®+^ ir-3i/ 4 

___8 11 . .8 

4a:-3y ~4fl; + 8y 2 


11. Problems leading to simple equations with more 
than one unknown quantity 

120. Easy Problems. 

Example 1. The present age of the father is double of that of the 
son. 16 years ago the father’s age was thrice that of the son. Find their 
present ages. 

Let a? -the present age of the father, 

and i/*the present age of the son. 

By the given condition of the problem, 

— ( 1 ) 

and (aj-16)*3(y-16) - (2) 

Substituting 2fy for x in equation (2), 

2y-16-3(y-16). 
or, 2y-16*3y-48, 
or, 2y-8p»16— 48, 
or, - 82. 

V-82. 
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Therefore, the son's age is S2 years and that of the father is 
(32 X 2—) 64 years. 

Ebcample 2. A and B each had a number of mangoes. A said to 
B, **If you jgive me 30 of your mangoes, my number will be twice yours." 
B replied, If you give me 10, my number will be thrice yours." How 
many had each ? 

Let a; = the number of mangoes had, 
and • * • B » . 

Then, in accordance with what A said, we must have the equation 
a; + 30=2(y~30),* (l) 

and in accordance with B'b reply, we must have the equation 
y + 10 = 3(a; - 10). ••• (2) 

From (2), 3fl:~y = 40, or, 6a;-2y=80 ; ••• (3) 

and from (1), a;-2i/=“90. ••• ••• (4) 

Hence, by subtraction, 5a; = 170 ; a;*34. 

Substituting this value of a; in (4), we have 

2i/ = 34 + 90=124; y=62. 

Thus, A had 34 mangoes and B had 62. 


Example 3. A certain fraction becomes 2 when 7 is added to its 
numerator, and 1 when 2 is subtracted from the denominator. What 
is the fraction ? 


X 0 • 

Let - represent the fraction. 

Then, we have ^^=2 ; ••• ••• (1) 


and (2) 

From (1), »+7*2y ; aj = 2y-7 1 

From (2), a?- y-2 / 

Therefore, 2i/-7*y-2, whence p-6. 

Hence, a;*6-2*3. 

Thus, the fraction is 1. 

Example 4. 2 men and 7 boys can do in 4 days a piece of work 
whloh would be done in 3 days by 4 men and 4 boys. How long would 
it take one man or one boy to do it ? 

Let a;>"the number of days in which one man would do the work, 
and y^the number of days in which one boy would do it. 
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Then, in one day a man does ^th of the work and a boy does ~th 

OB H 

of it. 

Hence, since 2 men and 7 boys do }th of the work in one day, 
we mnst have 


2+1 


1 . 

4 


( 1 ) 


Again, since 4 men and 4 boys do iri of the work in one day» 
we must have 


* + 4 

X y 


1. 

3 


(2) 


Multiplying (1) by 2, and subtracting (2) from the resulting equa^ 
tion, we must have 


10.1 1 _ 1 . 

V 2 ■ 3 6 ■ 

Hence, from (2), | | - : 


V-60. 

*-16. 


Thus, one man would do the work in 15 days and one boy br 
60 days, 

Bzample 5. Cost of 3 doors and 6 windows is Bs. 487 and that ot 
6 doors and 3 windows is Bs. 561. Find the value of a door and a 
window. 

Let a?*the cost of a door and V"*the cost of a window. 

By the given eonditions of the problem, 

Sfl?+5y“487 ••• ••• (1} 

and 5aj+3y-661 — — (2) 

Multiplying (1) by 3 and (2) by 5, we have 

9»+15y-1461 — — (8) 

25aJ+16y-20O5 ••• ••• (ti 

Subtracting (3) from (4), 

16a;-1344 ; 
a?»84. 

Substituting the value of x in (1), we have 
y-47. 

Thus, the value of a door is Bs. 84 and that of a window Bs. 47. 


Bsample 6* Two plugs are opened in the bottom of a oiitern 
containing 192 litres ot water ; after 3 hours one of them becomes 
stoppiSi and the cistern is emptied by the other in 11 hours ; had 
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6 hours elapsed before the stoppage, it would have only required 6 hours 
more to empty it. How many litres will eaob plug-hole discharge in 
one hour, supposing the discharge to be uniform ? 

Let Xt y be the numbers of litres of water which the plugs can 
respectively discharge in an hour. 

In the first case, the first plug remains opened for 3 hours, and 
the second for 3 + 11 or 14 hours. 

Hence, 3flj+14i^-192. ••• — (1) 

In the second case, the first plug remains opened for 6 hours, and 
the second for 6 + 6 or 12 hours. 

Hence, 6a; + 12y*192. ••• ••• (2) 

Multiplying (1) by 2 and subtracting (2) from the resulting equation, 
we have 

16y-2x 192-192 

-192; y-12. 

Hence, from (2), 6®- 192 -144 — 48 ; aj-8. 

Thus, the plug-holes respectively discharge 8 and 12 litres in 
an hour. 

Example 7. The dimension of a rectangular court is such that 
if the length were increased by 3 metres, and the breadth diminished by 
the same, its area would be diminished by 18 square metres ; and if its 
length were increased by 3 metres, and its breadth increased by the samot 
its area would be increased by 60 square metres, find the dimensions. 

Let X metres -length of the court, 
and y metres - its breadth. 

Then, from the first condition of the problem, we have 
(®+3X»-3)-irv-18 ; •••(!) 

and from the second condition, 

^a?+3Xy+3)-®y + 60. (2) 

From (1), 3y-3«--9, or, y-®--3. —(3) 

From (2), 3y + 3a?-61, or, y+sr-17. ••• (4) 

From (3) and (4), by addition, 

2y-14; .’. v-7 ; 

and by subtraction, ar»20; »-10. 

Thus, the length of the court is 10 metres, and the breadth is 
7 metres. 

Example 8. There is a certain number consisting of two digits, to 
the sum of whose digits if you add 7, the result will be three times the 
left-hand digit ; and if from the number itself you subtract 18, the digits 
will be inverted. Find the number. 
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Let) X and 1/ be the left) and right-hand digits respectively ; then 
the required number is represented by 10a: + and the number with 
inverted digits » lOy + x. 

Hence, by the conditions of the problem, 


a: + y + 7 * 3a:, 

•” (1) 

and (I0a: + y)-18-10y4-a;. 

... (2) 

From (1), 2a: - y * 7 ; 

- (3) 

and from (2), 9a: - 9y = 18, or, a: — y * 2. 

... ( 4 ) 

Subtracting (4) from (3), we have 



a:*7-2=5. 


Hence, from (4), i/=5~2 = 3. 

Thus, the required number is 53. 

Bxample 9. A and B play at bowls, and A bets B three shillings 
to two upon every game ; after a certain number of games it appears 
that A has won three shillings ; but if A had bet five shillings to two 
and lost one game more out of the same number, he would have lost 
thirty shillings. How many games did each win ? 

Let a: * number of games that A won, 

and y-** » * »B*. 

Then, the total number of games played is evidcHitly T'fft 

Now, since A receives from B, 2s. for every game that he wins and 
gives B, 3s. for every game that he loses (i.s., for every game that B 
wins), his total gain must be equal to {2a: -Sy) shillings. 

Hence, 2a:-3y*=3, ••• ••• (1) 

According to the other condition, A would have gained 2(aj-l) 
shillings and lost 5(y + l) shillings; and therefore, his total loss would 
have been [5(y + 1) - ^a: - 1)] shillings. 

Hence, 5(y + 1) — 2(a: — l) 30, 

or, 5y-2a:*23. ••• ••• (2) 

From (1) and (2), by addition, 2y*26 ; y*13. 

Hence, from (1), a:~ *21, 

Thus, A won 21 games and B won 13 games. 

EXERCISE 66 

What fraction is that whose numerator being doubled and 
denozhinator increased by 7. the value becomes } ; but the denominator 
being doubledt and the numerator increased by % the value becomes | ? 
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2. Find two numbers such that if the first be added to 6 times the 
second, the sum is 52 ; and if the second be added to 6 times the firsti 
the sum is 65. 

8. Find two numbers such that five times the greater exceeds four 
times the less by .22, and three times the greater together with seven 
times the less is 32. 

4. What numbers are those whose difference is 45, and the 
quotient of the greater by the less is 4 ? 

5. The age of the father exceeds twice that of his son by 10 years. 

Twenty years ago, the age of the father was five times that of his son. 
Find their present ages. # 

6« Ten years ago the age of the father was seven times that of his 
son. Two years hence twice the age of the father will be equal to five 
times that of his son. Find their present ages. 

7. There are two numbers such that one-fourth of the greater 
added to one-third of the less is 11 ; and if one-fifth of the^ less be taken 
{rom one-eighth of the greater, the remainder is nothing ; find the 
lumbers. 

8. A certain fraction becomes i when 1 is subtracted from its 
denominator, and 1 when 7 is added to its numerator. What is the 
fraction ? 

9. What fraction is that which, if 1 be added to the numerator, 
becomes 1, and if 1 be added to the denominator, becomes i ? [0. U. 1862] 

10. A certain fraction becomes i when its numerator is increased 
by unity, and i when its denominator is increased by unity. What is 
the fraction ? 

11. The denominator of a fraction exceeds the numerator by 4 and 
if 5 be taken from each, the sum of the reciprocal of the new fraction and 
4 times the original fraction is 5. Find the original fraction. 

[ Solving the problem, wo will find the fraction to be Students should notS 
that the Iraotion should not be reduced to its lowest terms as is generally done* XI 
reduced to lowest terms, it will not satisfy the given conditions. ] 

12. A and B have 39 rupees between them, but if A were to lose 
two-thirds of his money, and B three-fourths of his, they would then 
have only 11 rupees. How much has each ? 

13. Two numbers are such that if 7 be added to the less, the sum If 
twice the greater, and if 4 be added to the greater, the sum is 3 times 
the less. Find the numbers. 

14. Two persons, 27 kilometres apart, setting out at the same time, 
meet together in 9 hours, if they walk in the same direction, but in 
8 hours if they walk in opposite directions ; find their rates of walking. 

15. A banker was asked to pay Bs. 60 in 50 paise and 25 paise 
BO that the number of the latter should be exactly twice that of 
Ihe former. How must he do it ? 


1-14 
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16. A maB and a boy can do in 15 days a piece of work which 
would be done in 2 days by 7 men and 9 boys. How long would it take 
one man to do it ? 

17. A rectangle is of the same area as another which is 6 metres 
longer and 4 metres narrower ; it is also of the same area as a third, 
which is 8 metres longer and 6 metres narrower. What is its area ? 

18. If 15 kgs. of tea and 17 kgs. of coffee together cost Bs. 189 
and 25 kgs. of tea and 13 kgs. of coffee together cost Bs. 213, find the 
price of each per kilogram. 

19. A takes 3 hours longer than B to walk 80 kilometres ; but if he 
doubles his pace he takes 2 hours less time than B ; find their rates of 
walking. 

20. Says Charles to William, “If you give me 10 of your marbles, I 
shkill then have just twice as many as you** ; but says William to Charles^ 
"If you give me 10 of yours, I shall then have three times as many as 
you.*' How many had each ? 

21. If a certain number be divided by the sum of its two digits the 
quotient is 6 and the remainder is 8. If the digits be inverted and the 
resulting number be divided by the sum of the digits, the quotient is 4 
ftnd the remainder 9. Find the number. 

22. Find that number of 2 figures to which, if the number formed 
by changing the places of the digits, be added, the sum is 121 ; and If 
the smaller numter be subtracted from the larger, the remainder is 9. 

23. A bill of 25 guineas was paid with crowns and half-guineas ; 
md twice the number of half-guineas exceeded 3 times that of the 
orowns by 17. How many were there of each ? 

24. A person sells to one person 9 horses and 7 cows for Bs. 9000 ; 
and to another, at the same prices, 6 horses and 13 cows for the same 
sum. What was the price of each ? 

25. A and B received £5. lls, for their wages, A having been 
employed for 15 and B for 14 days ; and A received, for working 4 days. 
Us. more than B did for three days. What were their daily wages 7 

26. A. wd B can do a piece of work in 16 days ; they work together 
for 4 days, when A leaves, and B finishes it in 86 days naore. In what 
, :imA would each do the work separately 7 

27. If the nnmerator of a fraction is increased by 2 and the 
denominator by 1, it becomes equal to | ; and if the numerator and 
denominator are e^oh diminished by 1, it becomes equal to Find the 
fraotion. 

28. A traveller walks a certain distance ; had be gone half a kilo* 
metre an hour faster, he would have walked it in four-fifths of the 
tfmA ; had he gone half a kilometre an hour slower, he wonld have been 

honrs longer on thei road. Find the diatanoe. 
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29. A certain number between 10 and 100 is ei^t times the sum of 
its digits, and if 45 be subtracted ibom it, the digits will be reversed 2 
find the number. 

80. A and B lay a wager of 10a. If A loses, he will have twenty- 
five shilling less than twice as much as B will then have ; but if 
S loses, he will have five-seventeenths of what A will then have ; find 
how much money each of them has. 

81. A farmer wishing to purchase a number of sheep found that 
Iffithey cost him Bs. 42 a bead, he would not have money enough by 
Bs. 28 ; but if they cost him Bs. 40 a head, he would then have Bs. 40 
more than he required : find the number of sheep, and the money 
which he had. 

82. There is a number consisting of two digits : the number is 
equal to three times the sum of its digits, and it it be multiplied by 8, 
the result will be equal to the square of the sum of its digits, Vind 
the number. 



CHAPTEB XIX 

GRAPHS OF SIMPLE EQUATIONS 


121. Is Chapter VII, we have discussed representations of 
nnmberB hy geometric points. We now propose to show how simple 
equations are renresented graphically. The following examples will 
make* the subject clear. 

Bzample 1. If a point moves in such a manner that its abscissa 
is always equal to 6 units of length, hnd the path along which the point 
will move. 



Let five times the side of a small square represent the unit of 
length. 

On OX take the point M such that units of length ; through 

M draw the straight line PMP* parallel to TOY*. 

Now, if any point be taken on the straight line PMP\ its x will 
evidently be equal to 5 units of length ; but this will not be so if the 
point be taken on either side of the line PMP*. 

Hence, the moving point will always be on the line PMP*. 
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We see, therefore, that if a point moves in suoh a manner that its 
W is always equal to 5 units of length, the path along whioh the point 
will move is the straight line PMP\ This fact is briefly expressed by 
Baying that the straight lino PMP' is the graph of the equation 

Note 1. From the above it is clear that the grajph of the equation ^^6 U 
a Btraiffht line parallel to ZOZ". 

Note 2. Oenerallp spealdng, the graj^h of the equation x»a is a straight Hn$ 
parallel to the axis of y, and passing through a point on the axis of a which is at 
a distance of a units of length from the origin ; and the graph of the eqxsation il 
a straight line parallel to tie axis of x, and passing through a point on the aa^id of f, 
which is at a distance of b units of length from the origin. 

Note 8. Evidently, therefore, the graph of the equation id the Oflsif o/ y 
Uself, and the graph of the equation y^^^^ is the axis of x itself. 

Example 2. If a point moves in such a manner that its x and y 
are always connected by the relation And the path along whioh 

the point will move, i.e., draw the graph of the equation y»3ar. 





91* AIiGBBBA ICADB BAST [ OHAF. 

Giving different values of x in the given equatloni we get different 
values of y. They may be tabulated as follows : 


0 0 8 4 5 


y 0 9 la 16 


Take three times the length of a side of a small square as the unit 
of length and plot the points tabulated above. 

Join the points (0, 0), (8, 9),^ (4, 12) and (6. 16) and produce the 
straight line both ways. Then this straight line will be the required 
path. 

Take any point P on this straight line. The oo-ordinates of P 
aro found to be 6 and 18, which evidently satisfy the given relation^ 
Biniilarly, the co-ordinates of any other point on this straight line may 
be shown to satisfy the given relation. But the co-ordinates of a point 
which is outside the line OP will not satisfy the given relation, as 
can be easily verified. 

Hence, the moving point will always be on the line OP and never 
Stray out of it. 

Thus, it is found that if a point moves in such a way that its 0 
and y are invariably connected by the relation y**S0, the path along 
which the point will move is the straight line OP. In other words, 
the line OP is the graph of the equation jf—Sx. 

Notel. Generally igpeahingt the graph of the equation y**ms, where m < s ofiy 
gi yen number, ia a etraight Une paseing through the origin. 

Note 8. It ehoutd be observed that the greater the number of points plotted 
and cloaer their positions to each other, the more aeeurately the graph will be drawn* 
No graph should bo drawn withoui plaiting at Imaet three points, 

Bzampla 8. If a ppint moves in such a way that its x and y are 
invariably connected by the relation y*-40+6, find the path along 
which the point will move, i.e., draw the graph of the equation 
y--40+6. 

The corresponding values of 0and y in the equation y"*— 40+6 
may be tabulated as follows : 
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The points indicated by the tabulated values of x and y are some of 
the different positions of the moving point. 

Leti four times the side of a small square represent the unit of 
length. Plot the points and join them. Produce the straight line both 
ways. Then this straight line will be the required path. 



Take a point P on this straight line. The co-ordinates of Pi which 
sure found to be *^1 and 9. satisfy the given relation. Take another 
point Q on the straight line ; its co-ordinates^ which are found to be I 
and "*Oi also satisfy the given relation. Similarly, the co-ordinates of 
any other point on this straight line may be shown to satisfy the given 
relation. But if a point be taken outside the line PQ, its co-ordinatei 
wUl not satisfy the given relation, as can be easily seen. Hence, the 
moving point will always be on the line PQ and never stray out of it. 

Thus, it is found that if a point moves in such a manner that its 
eo-ordlnates always satisfy the equation the path along 
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which fche point will move is the straight line PQ. In other words, the 
straight line PQ is the graph of the equation -4jc+6. 

Note 1. Generally sjpeakingt the graph of the equation ^stna+o, where m Sfid 
0 are any given number s, is a straight line passing through the point fO, cA 

Note 2. As every equation of the first degree in x and y can he reduced to the 
form + it is clear that graphe of all eimple mquatione arm etraight linmsk 

0ujpjpoee, ax+by^c^*0 is a simple equation with two unknown guantitiest By trane^ 

position, -ooj-Ci Dividing both sides by b, we get 

Note 8 . The graph of the equation y^^mx-he is also said to be the graph of 
ihm mxprmeeion mx+c. 

Note 4. The graph of any given equation may be defined to be the path 
described by a point which moves in such a tnonner that in every position of the poM 
its coordinates satisfy the given equation* 

Example 4. Draw the graph of the equation 7a; + 8v>"ll, 
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The corresponding values of x and y in the equation 7x+3y"'lh 
may be tabulated as follows : 


X 

0 

1 

3 

y 

8| 

H 

! 

-1 


Evidently, therefore, (0, 3t), (1, Ij) and (2, - 1) are points on the 
graph, 

Let 6 times the side of a small square represent the unit of length. 
Join the points (0, 3f), (1, li) and (2, —l) and produce the straight line both 
ways. Then this straight line will be the required graph. [ See the 
diagram of page 216. ] 

Take any point P on the line ; its co-ordinates, which are found 
to be 3 and - 3i, satisfy the given relation. Take any other point Q on 
the line ; its co-ordinates, which are found to be -1 and 6, also satisfy 
the given relation. Similarly, it may be shown that the co-ordinates 
of any point that may be taken on the line PQ will satisfy the given 
relation ; but the^ co-ordinates of any point which is outside P Q will 
noL Hence, the line PQ is the required graph. 

Note 1. The equation 7a!+3f/«lJ may he written os ym}~~ after tran^oei^ 
ion and division of both sides by the coefficient of y» The graph of the aqaaUon 
r*+3y*ll is also said to be thm graph ofthm mxpreBeion — g — • 

Note 2. The straight line PQ being the graph of the equation 7aJ+Sf/“llt 
hie equation ie said to he the equation of the straight line PQ. 

Note 3. The equation of a given straight line means the equation which 
i satisfied hy the co-ordinates of every point on that straight line* 

Gx 7 

Example 5. Draw the graph of ^ — • 

From Note 1 of Example 4, the given quantity is equal to another 
variable y. Find some corresponding values of x and y in the equation 

y and plot them. The straight line formed by joining them will 

be the graph of the given quantity. 


X 

-7 

8 

8 

18 

y 

-7 

6 

i 

11 

17 
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Let 3 times the side of a small square represent the unit of length. 
Join the points (-7, -7), (8,5). (8,11) and (13, 17), and produce the 
straight line both ways. This straight line is the graph of the given 
gnantity. 






BumpU 6. Find the equation of the straight line which passel 
through the points (1, l) and (8, -i). 

Let v^mx-¥c be the required equation. 

This equation being satisfied by (1, 1) and also by (8, -i), we must 

have 

1“ m+c 1 Hence, 2m™ -f, and m™-fi 
and -i“8m+« j whence o™l+i™{. 

Thne, the required equation is v™ ; or, Sc+lp™?, 
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B*mbpU 7« Draw the graph of the equation ? + 7 ■■I and finfl the 

o « 

length of its portion intercepted between the two axes. 



- 1 . 


or, 4a5+3v"12. [ Multiplying both sides by 12 ] 

From the equation 4fl;+3v*12, we get 

■ I - ■ 


X 

8 

0 

6 

-8 

V 

0 

i 

4 

-4 

8 


Taking 6 times the side of a small square as unit of length the graph 
PQ is drawn 
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PQ outs the axes at A and B. 

(1) By measurement with a scale AB is found to be equid to 6 unilg 
«f lenBlb. 
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(ii) AOB is ft right-ftngled triangle, of which AO* 4. QB*8 ftnA 
L,A0B is a right angle. 

AB- JAO^-^OB^'^ V4* + 8*-6. 

Example 8. Draw the graph of Find the value of the 

function from the graph when aJ“3. [ D. B. 1984 1 

Find the value of x when the value of the given function is 0. 

The graph of is that of the equation From the eQuar- 

lion y* we get 

0 16-1 


i a 4 1 




Taking 6 times the side of a small square as unit of length the 
itraii^t line AB is drawn. [ See the figure above. ] 

From the figure y»3, when a?*3. 

The straight line AB cuts the XOX* axis at P. The ordinate of P 
la 0. Therefore, we are to find out that abscissa of P for whioh the 
tallla of the function *0. Oounting from 0. OP* -'3. e* 
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EXERCISE 67 

1. Draw the graphs of the following equations : 

(1) ®-8. (2) *-13. (3) *+11-0. 

(4)»--7. (6)v-9-0. (6)»+10-0. 

9. Draw the graphs of tho following equations : 

(1) »-*. (2) (3) 1^-2*. 

(4) l/+2*-0. (6)y--3*. (6) 3v-6*. 

(7) 7tf + 8*»0. (8) 6v + 13*-0. 

8. Draw the graphs of the following equations : 

(1) V-3®+4. (2) »-7*-8. (3)y--6*+9. 

(4) y--8*-ll. (5) 3y-7*+4. (6) -6y-7®-10. 

4. Draw the graphs of the following equations : 

(1) 2*+7»-10. (2) 4*-6y-7-0. 

(3) 6*+6y+8-0. (4) -3*+7y+8-0. 

(6) 10y-9*-13. (6) 8»-lly+13-0. 

6. Draw the graphs of the following equations : 

ttif+j-i. (af+v^- 

(4) K-'-j-- (an-— 

6 . Draw the graphs of the following expressions : 

(1) *-3. (2) 3* + 4. (3) -7*+8. 

(4) (5) (6) 

7. Find the equation of the straight line which passes through 
each of the following pairs of points : 

(1) (0. 0), (5. 6). (2) (0. 5). (7. 0). (3) (6. -8). (-7. 6). 

(4) (-4, 8), (-9. -13). (6) (-11. 0). (7, -10). 

8. Draw the graph of the equation 3a;— 2y- 4*0, Find, fr jm the 

graph, the value of y when a; -2. [ D. B. 1986 ] 

9. Draw the graph of the equation 3a;+4v^l2 <0 and find the 
length of the graph intercepted by the axes. 
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EASY QUADRATIC EQUATIONS AND PROBLEMS 

122. Definition. Any egnation which contains the square of the 
tuolmown quantity, but no higher power, is called a qnadratie equation 
or an equation of the second degree. 

If an equation contains only the second power of the unknown 
quantity (and not Woo first), it is called a pure quadratic ; if it contain! 
Ihe second os well as the first power, it is called an adfeeted qnadratie. 

Thus, 3a;* ■•75 is a pure quadratic ; 

and 8a;* - 7a; ■■6 is an adfeeted quadratic. 

128. Solution of a Pure Quadratic. In solving a Pure Qnadratie 
we have to find the square of the unknown quantity iust in the same way 
as simple equations are solved and then to extract the square root A 
Ihe value so found. 

Bnunidal. Solve 5(a;*+l)-2-8(a;*+7). 

We have 6a;*+8"8a;*+21 ; 
hence, 2a;* •■18: [ by transposition ] 

a;*-9; 

now, since the unknown quantity is one of which the square la 9, 
it must be either +3 or —3. (Thus there are two values of m saUsfying 
the given equation, as the student can easily verify.) 

Rote. The student should earefiiUi/t'Dhserves that the last Uep o/ Ms^aiow 
satMlioa amounts to answering the following guesUon r ’Whatt iiuantUy~ie that i/ 
sMeh the square is 9 f 

Bzampb2. Solve Ka;-2Xa;'8)-A(iB-2lX»-14)-S. 

Multiplying both sides by 21, we have 

7(a; - 2X* “ 8)- - 2l)(a; - 14)— 42, 

The left side-(7a;*-86a;+42)-(a;*-86a;-i'294) 

- 7a;* - 86a; + 42 - a;* + 86a; - 294 
-6a;*-262. 

Heaea, the equation reduces to 
(b0*-262-4S, 

or, 6a!*-S62+ 48, [ by transposition ] 

—294, 
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Dividing both sides by 6, we have 
«»-49. 

Now, che unknown quantity is suoh that its square is 49 ; 

it must be either +7 or -7. 

Hence, either +7 or -7. 

Bsample 3. Find the side of a square whose area is equal to that 
of a rectangle of length 9 metres and breadth 4 metres. 

Let the side of the square metres. 

the area of the square*® sq. metres 
*®® sq. metres. 

Again, the area of the rectangle *4 x 9 sq. metres 

*36 sq. metres. 

Hence, by the condition of the problem, 
sq. metres *36 sq. metres, 
or, ®*-36: »*6. or, -6. 

Since, the actual length of the side of a square is a positive 
quantity, the solution ®* *6 is inadmissible. 

.* . the required side *6 metres. 

N, B, In problems leading to quadratic equations^ the sohUions whieh are 
found inadmissible by the eondiiion of the problem should be rejected, 

EXERCISE 68 

Find the values of x in each of the following equations : 

1. 3®* -27. 2. a•®*-o^ 3. J®*-2B. 

4. 8® + ^-^®. 6. 2(®*-6)+a(8-«)-3(®+6). 

«. (® - 7Xx - 10) + {® - SX® - 2) - (® - 17X® - 6). 

(*+»)*-2a(o+®)-8o*. 

9. ®*+2iw-l)*’“a*-6(ii-2®). 10. 2»(8®+6)-6®(*+2)"36. 

.. 3®* + 16.2®*+9_2®*+87^„ 

“• 7 3 21 ^ 

12. Find the number four times which is equal to sixteen times itf 
reolprooal. 

18« Find the side of a square three times the area of which *it 
equal to four times the area of a rectangle whose length and breadth 
are respectively 9 metres and 3 metres. 
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14. A has got a square plot of land whi^h he exchanges with 
a rectangular garden of areA 91 sq. metres, belonging to S and gains by 
the transaction an area of 10 sq. metres. Find a side of the square plot. 

15. Divide a straight line of length 10 cm. into two portions such 
that five times the square on one exceeds the square on the other by 
twenty times the former portion. 

124. Solution of a Quadratic by the method of resolution 
Into factors. Beducing a Quadratic to the form aa;* + te+o»0, if we 
know the factors of which the left-hand side is the product, then 
by equating to ziero either of these factors, we get a solution of the 
quadratic. 

Example 1. Solve «*-’6a?+6-'0. 

Evidently the left-hand side*(a;— 2Xa““8). 

Hence, we have (a;-2X«^3)*0. 

either «-2*'0 1 1 

and sr«2 J and »“8 / 

Thus, 2 and 8 are the roots of the equation, as the student can 
easily verify. 

Example 2. Solve 2a;*-10ir*8»-16. 

We have 2x(x - 6) * 3(a; - 6). 

It X- 6 9^ 0 ( 5 ^ stands for ‘is not equal to* ), we may remove tha 
factor from each side of the equation. 

Thus 2®—3; »»#. 

But if each side of^he equation reduces to zero and the 

equation is satisfied. 

Hence from a-6*0 we get another root viz,, »“6. 

Thus the roots are 5. 

If in course of simplification any factor which contains the 
unknown is found to be common to both sides of the equation, it must 
not be rejected, since every such linear factor equated to zero will give 
one root of the equation. 

Examples. Solve 10(2aj+8Xa;-8)+(7flJ+8)*-90(a:+8X«-lJ. 

We have. 10(2«» - 8® - 9) + (49a:» + 42® + 9) « 20(a; * + Skc - 8). 

49®*-28®-21-0; 

7®*-4®-8«0, or. (7®*“7®)+(3a:-8)-0, 
or, {7®+3Xa?“l)*0. 

Hence, either 7®+8-0 1 1 

and /. J and / 

Thus, -f and 1 are^the roots of the equation. 
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BEample 4. Sind 4he nnmber which exceeds eixtyfive times ill 
reciprocal by 64. 


Let X be the required number. 


'Then, by the omdition of the problem, 



Multiplying both iides by x, we have 
*•-65 - 64®, 
or, !c*-64a:-65-0. 
or, (®-65X*'H)-0 : 

.*. either *-65-0 \ 


[ by transposition ] 
[ by factorisation ] 
e+1-0 1 

«- -1 / 


Hence, the required number is either 65, or, — 1. 


EXERCISE 60 


Solve the following equations ; 
1. 8**-12*+l-6*-23. 


8 . 


* + 2 - 


6 

»+2 


1 . 


6. e*-fa!-4-0. 


7. S{*-2)*-18+(8*+l). 


9 . 


21*»-16 
8** -4 


7*-8. 


2. 4»*-4*-80. 


4. «*+9*-62-0. 
6. 6®*+6*-4-0. 

ft fl- 

® **+6 


10. (a+6)«+a6*0. 


11. Find two numbers whose product is equal to 899 and sum it 
■qnal to 40. 

12. The sum of a number and its square is eight times the next 
higher number ; find the number. 

18. Find the number whose square exceeds ten times itself by 96. 

14. Find the number whioh exceeds 12 by as much as thirty-nine 
times its reciprocal falls short of 4. 

15. The difference between the ages of a man and his son it 
25 years now. If the product of the numbers denoting their ages, 
ten years back, be 150, find the present age of the father. 

16. The length of a rectangular garden of area 100 sq. metres 
exceeds its breadth by 15 metres. Find the cost of fencing it by wire- 
net the price of whioh is Be. 1 60 P. per metre. 


1—16 



ALOSBBA MADB BAST 


MISCELLANEOUS EXERCISES IV 


1. Define Highest Common Factor and Lowest Common Multiple 

of Iwo or more algebraical expressions. Find the H.O.F. and I 1 .O.M. 
of 24ay*a*6* and 240y*a®6*c. 

2 . Factorise the following expressions and find their H.O.F. : 

x*-6a; + 9and 4ir*-lLc-3. 

8 . Find the L.G.M. of 

06 — oc — 6 * + 6 c and 6 * — 12 ac — 4 a* — 9 o*, 

4. Solve the equation : 


fcl) . 16, 
6 2 ' 


^"sl+io-sle-ar 


5. If 2s* a + 6 + c, show that 

26c+(6*-f o*-a*) s(s-a) 

26c - ( 6 * + 0 * - a*) "" (« - 6 X« “ c)* 

6 « Reduce the following to its simplest form : 

g* _ g® _ 1 . 1 

g*-l »* + l g*-l^«* + l’ 

7. Solve aa:+l- 6 y + l-ay + 6 fl 5 . 

8 . One pipe can fill a cistern in a hours ; another can do it in 
h hours ; in what time could the two running together fill it 7 And if 
a third pipe could empty the cistern in c hours, how long would it take 
to do this if the first two were running at the same time 7 


1. Find the H.C.F. of 7a?* — 26g + 16 and 6a?(a? — 1) + S(da? — U) — 24. 
2* Find the L.O.M. of a?* + 6g* + oo? + a6 and a?* — (a — 6 )a? — 06 . 

8» Reduce the following to their simplest forms : 

(8fl;V-3a;«K lL* • /,.j> 3(!r*-®-30X®*-9®+14) 

(ar«V-W)* * (i^-i3®+42X«*+3®-10) 

4. Find the value of 

when®-o* + 6» and v-a*-b*, 

5. Simplify g(jp._io*+26) ■^8(**-8«+16)‘ 
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6. What value of x will make the product of Ste+l and 0 +I leea 
than the product of 2x+3 and fl;+3 by 20 ? 

7. Find the value of x, when 

f(ar-ll)-|(®-6)-f-(l0-*). 


S. Solve o<E+ -e* and ->0. 

0 a 


m 

1 . Find the H.O.F. of a*a!*+o*-2aJ«*+h*fl!*+a*6*-2o*6 and 
a#*** - 6a*** + 8a* - 26*** + 6a*i*** - 3a*6*. 

SL Find the L.O.M. of e*+»*+e*+**+*+l and «*-«*+«• 

8. FindtheH.0.F.of**-9.(*+8)*and**+«-6. [C.U.19101 

4. State and prove the rule for finding the Lowest Oommon 
Multiple of two algebraical expressions, [ B. U. 1902 ] 

Find the L.O.M. of e*+(a+6)*+a6, «*-6* and «*+(a-6)»-a6, 

6. Simplify J (i* 

6. Solve aa?+y*aj + 6y-i(«+y)+l, 

7. An income of Bs. 196 is derived from two sums invested, one at 
4 per cent., the other at 7 per cent, per annum ; if the interest on the 
former had been 5 per cent., and on the latter 6 per cent., the income 
derived would have been Bs. 212. Find the sums invested. 

8. Find the value of «, when 8(«*-4)*16. 


IV 

la Define H.O.F. and L.O.M. of two or more algebraical 
expressions. 

2. Find the H.O.F. of a;*-2ay+y* and end 

■how that when their L.O.M. is divided by + the quotient is 
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4. Bi-plily 

6. Show that {x + y)* - (y + «)® - 3(a; - z){{x + yXy + «) + J{« “ *)*l . 

6. A number of three digits has 6 in the units' place and the 
middle figure is half the sum of the other two ; if 106 be added to th< 
number, the hundreds' figure will take the units' place, and the units' 
the tens'. Find the number. 

7. If 8 be added to the numerator and denominator of a oertair 
fraction, the fraction becomes i ; if 5 be subtracted from the numeratoi 
and denominator, it becomes i. Find the fraction. 

8. Solve 6(a:* - Saj + 11) + 8(a?* + 2® + 4) ^ 3(8®“ - 8^5 + 1). 


V 


1. Find the H.O.F. of ®*-(a* + 6*)®* + a*6* and ®*-(a+6)*®* 
+Sai(a+6)®-a*6*. 

2. Find the L.O.M. of 36®“-ll®-6 and 40®“-29®+8. 

8. Beduce to simplest form : 

\®4y ®*-y“ ®-y/ \® y/ \®-y ® y/ 


A a* + fec+ca+a 5 _ 

4 . Simplify r « — r— ; X 


a“+6c“ 


6. Show that 


o* + 26c+2oa+a6 a* + a*c* + 6oc* + 4c^ 
®+2 ®-2 2®“"4 4®*+8 


1+®+®* 1-®+®* 1-®*+®^ ®® + ®* + l 


6. A and B travel together 120 kilometres by rail. A takes a return 
ticket for which he has to pay one fare and a half. Ooming back 
they find that A has travelled cheaper than J3 by 60 paise for every 
100 kilometres. Show that the fare per kilometre is 2 paise. 


7. The expression a® +6 is equal to 13 when ® is 5, and to 29 when 
® is 13. Show that the value of the expression is 4 when ® is *5. 


8. The defect of 4 from twice the square of a number is 28. Find 
the number. 


VI 


1. Find the H.O.F. of 

2®“+®- 10, ®“-6®+6 and ®*-3® + 2. 

2. Find the LOtM. of a®*-(a* + a6)®+a“6, te“-(6“+6o)« + 6“d 
and o®“ - (c* + ao)x + c*a. 
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8. There are two quantities a and b of which the L.O.M. is 0i 

b h* 

and the Q.G.M. is y ; if a; + y*ma+£» show that rr® + + 

771 "i 

4. Simplify + *« + ,• + »*+«» 

h 


6 . 


If and show that 


,.v ®*+j^ ^+6* . 

^*^»*-v* o*-h*’ 


*•+»'• o“ + 6* 


«. Solve i(7g - 5) + A( 34a; + 10) - ~ ~ ■ (iz»X|±lSg) ^ 


7. A market-woman bought apples at three for a rupee and as 
many more at four for a rupee ; and thinking to make her money again* 
she sold them at seven for two rupees. She lost, however, three rupees 
by the business. How much did she sell them for ? 

8. Solve (2fl;+3X«-6)+(aj+5X3« + l)-34+(«+4X0+5). 


VII 

1. Find the H.O.F. of a(a+l)a?* + a-a(a-l) and o(a+2)aj* 

+30— a* + 1, 

2. Find the L. G. M. of a&-ac + 6c-6*, bc-ab+ac-o* and 
a(S-6c+a6-a*. 


8. The H.G.F. and L.G.M. of two numbers x and y are respeo- 
lively 3 and 105 ; if 0 + y = 36, prove that 
1 + 1 _±. 

® If 36 

4 . Simplify (a._iXa,-2)'^(a:-2)(a;-3)'^(a:-SXa;-l)' 

5. Find the value of when a;>=^^ and tf 

0 — y a — 0 a+o 

6. Show that if a number formed by two digits is four times the 
sum of its digits, the number formed by interchanging the digits is 
seven times their sum. 


7. Solve 30+20 *4^-10 

4(0-l)-3(y-3)-O 


[ G. U. 1895 ] 


8. Find the number, the square of which exceeds 7 by as much as 
the square of half the number falls short of 13. 



OHAPTEB XXI 
HARDER FORMULA 


We shall now oonsider some important formulae of a somewhat 
harder type than those treated of in Chapter lY. 

126. Formula {x-¥a)(x-¥b)(X'¥c) 

-x*+(a+6+i?)x*+(6c+ca+a6)x+a&c. 

Note. The student can easily verify this. It is also evident that the following 
remdts are included in it : 

(«-“0)(p8-6)(a!-c)-a!*-(a+6+c)a*+(6c+ca+od)a!~abfl ; 

(«+fl)(e+tK*~c)“®* + (®+t-c)aj*-(bo+ca-oft)aj“a6o ; 

(«+ aK® - tK* “ a) •**+(«” t *" c)«* + (tc "" ca “ o6)* + ate. 

For instance, 

-»*+{(-o)+(-6)+(~c)}iB*+{(-6)(-c) 

- « • - (a + 6 + c)«* + (to + ca + ab)aj - oto . 

Similarly, the other two remits can he established, which is left as an exeroiw 
for the student, 

Szample 1. Write down the product ot x+2, x+i and a; +6. 
2+4+6-12. 

4x6+6x2+2x4-24+12 + 8 - 44, 

2x4x6-48, 

Hence, the required product — «• + 12a?* + 44a? + 48. 

Bsample 2. Write down the product of a? - 8, a? - 6 and a? * 7. 

(-S)+(-6)+(-7) 16. 

(-6X-7)+(-7X-8)+(-8X-6)-36+21+16-71, 

(-8X-6X-7)--106. 

Hence, the required product —a?® - 16a?* + 71a? - 106, 

Bsample 8. Write down the product of a? - 4, a? + 6 and a? * 8. 
(-4)+6+(-8)--2. 

(6X-8)+(-8X-4)+(-4X6)- -16+12- 20- -28. 
{-4)x6x(-8)-60. 

Henoe. Ihe required prodnot— a;*-2a;*-280+6O 
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Bsample 4. Write down the product of a + 3, 05 + 6 and 05 -“8. 

8 + 6 + (-8)«0. 

(6X-^B)4(-8X3) + (3)(6)« -40-24 + 15- -49. 

3x6x(-b)--m 

Heuoe, the reqd. product — a:® —O.jc* -49a; -129— 05* -49a:- 120, 


EXERCISE 70 


Write down the product of : 

1. 05 + 1, 05+2 anda: + 3. 

2. 

05 + 2, 05 + 6 

and 05 + 7. 

8. 

05 + 3, 05-6 

and 05 + 2. 

4. 

05 + 4, 05 + 6 

and 05-10. 

6. 

05-8, 05 + 3 

and 05 + 1. 

6. 

05-6, 05-2 

and 05 + 8. 

7. 

05-3, 05 + 7 

and 05-4, 

8. 

05 + 6, 05 *^6 

and 05-7. 

«. 

05-6, 05-7 

and X — 11. 

10. 

05-3, 05-6 

and 05-9. 

11. 

05 + 4, 05-6 

and 05-12. 

12. 

05 + 6, 05 + 9 

and 05+11. 

IS. 

05-6, 05 + 8 

and 05-2. 

14. 

1 

CO 

1 

u 

and 05-13. 

15. 

05-3, 05 + 12 and 05 + 4. 

16. 

05-9, 05-10 and 05+12. 

17. 

05 + 9, 05-6 

and 05-7, 

18. 

05 + 8, 05 + 12 and 05 + 16, 

19. 

05-14, 05 + 8 and o;+6. 

20. 

05-6, 05-10 and 05-16. 


126. Squares of multinomials. It has been respectively shown in 
examples 10 and 11 of Art. 64 that (a+fc+c)*— a* + fc“ + c* + 2a6+2a<j+2ta 
and (a + 6 + c + c?)* — a* + 5* + c* + e2* + 2a5 + 2ac + 2ad + 25c + 2bd + 2c<2. 

Thus, in each of these cases we may observe that the square of the 
whole expression is obtained by taking the sum of the squares of the 
different terms and of twice the product of each term by every term 
which /oIZotco it. The results are best remembered when put as follows : 

(a + 5 + c)* — a* + 5* + c* + 2a(5 + c) + 25c ; 

(a+5+c+d)*-a* + 5* + c* + d* + 2fl(5+c+d)+25(c+d)+2od. 


The same rule may be shown to hold good in every other case ; for 
Instance, let us find the square ofa+5+c+d + c. 


We have, 
(o + 6 + c+d+fl)* 


— j(o+5+c) + (d + e)l* 

— (a + 5+c)* + 2(a+5+cXti + c)+(^ + «)* . , . 

— la* + 5* + c* + 2a(5+ c) + 25c{ + i2a(e2 + c) + 2b{d + e) 

+ i<d + cW + W* + e* + 3d6) 

— a* + 5* + c* + d* + c* + 2a(5+c+d + c) 

+ 25(c + d + c) + 2c((i + c) + 3d6. 


Hence, we conclude that the square of any multinomial is equal to 
the sum of the squares of its different terms together with twice the 
prodact of each term by every term which /oZZctcs it. 
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It is needless to add that the above rule will also hold good when 
the multinomial under consideration contains one or more negative 
termSi for the symbols used above are perfectly general in character and 
any of them may stand either for a positive or a negative quantity. 

Note. Since (a + 1 + c)* * a* + 6* + c* + 2{ab + ac + he), toe have 

2(a6+ao+6c)*«{c* + 6* + c* + 2(a6 +ac + to)}‘-’(c* +6* + o*) 
»(a+b+c)*-(a*+b*+c*). 

Similarly, a* + b* + o* » (a + 6 + c)* - 2(a5 + oc + he), 

Bzamplt !• Write down the square of a? - y + s - 

— a; * + 1/ * + « * + V * - + 2a;s - 2a?t) - 2y « + 2y - 2«i> , 

Example 2. Write down the square of -a+26-3o-e?. 
(-a+26-3c-£«)»-a* + 46» + 9c* + c2» + 2{-aX26-3c-d) 

+ 2(2iX-3c-d)+9(-3cX-d) 
“a* + 46* +9c* + eZ* — 4a6+ Gctc + 2ad 
-126c-46(Z + 6c<2. 

Examples. Find the value of a* + 6* + c* + 2a6-2ac~26o, when 
6*18 and c*32. 

The given expression * a* + 6* + c* + 2a(6 - c) + 26( - c) — (a + 6 - o)*. 
Hence, the required value * (19 + 18 - 32) * * (5)* » 25. 

Example 4. If «*6+c, y*c~a, z^a-b, prove that 

a;“ + y* + «*-2a?i/-2a;s + 2ys*46*. [ 0. U. 18831 

®* + y * + s* - 2ccy - 2a?ja: + 2ys 

*a;* + y* + r* + 2a<-y-s) + 2(-yX"'«)*(»““V“‘*^)* 

* + c) - (c - a) • (a - 6){* • (26)* * 46*. 

EXERCISE 71 
Write down the square of : 

1. aj+y-s. 2. aj-y + r. 3. -a?+y+f. 

4. -aj-y + s. 5. aj-y-s. 6. a-»+y-s. 

7. a-x-y-z, S, w + n+p+q+r. 9. p-q+r-a5-y, 

10. -a+b-c^x-y-z, 11. a-2a;-3y-4s. 12. 2a-6+2fl-d. 

Find the value of : 

13. l* + w* + n*-2Zw+2Zn-27»n, when Z*17, wi*23 and n*13. 

14. p* + fl* + r* + 2pq-2pr-2qn when p*i6, q-12 and r*25. 

16. a* + 6* + o*-2a6-2ao+26c,' when a*28, 5*13 and 0*16. 

1#. a?*+y*+l+2w2fl5-‘2y, when «*6 and y*7. 
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17. ®* + v* + 2®v — 205 — 2y+36, when *“23 and y^lS, 

18. ** + 4v* + l-4a5y — 2*+4i/, when *“'26 and »“12. 

19. **+9y* — 6 o5v — 2*+6v + 64, when *“49 and V“ 16. 

20. 9**+y* — 6®v + 6® — 2v — 24, when *“14 and V“38. 

21. n a + 6+c“l2 and a* + 6* + c* “50, find the valne of ab + ao+te. 

22. If a + 6 + c“i3 and a6 + ac + 6c“50, find the value of o* + 6* + o*. 

127. Powers of Binomials : Involution. 

By actual multiplication it may be seen that 

(a + i>)*-a* + 2a6 + 5* \ 

{a-6)*“o»-2a6+6» / 

(o + 6)»“o* + 3a*6 + 3a6* + 6* \ 

(a-6)»“a“-3a*6+3a6*-6" J 
(a+6)*“a* + 4a''6 + 6a*6® + 4afc* + f>* \ 
(a-6)*“a*-4a*6+6a*5*-4ai* + i)* / 

U + bY “ a* + 5a*6 + 10a*6“ + 10a*i* + 6a6* + 6* \ 

(o - 6)* “ a* - 5a*6 + 10a»6* - 10a»6* + 5o6* - 6* J 

(a + 6)« -a* + 6a*6 + 15a*6* + 20a*5* + 15a»6* + 6o6» + 6* \ 

(a - 6)* “o* - 6a‘6 + 15a*6“ - 20a*6* + 15a*6* - 6o6* + / 

Note. On examining the above cases t/ie observe that : 

(1) The total number of terms in the resulting expression is one more than the 
index of the binomial, Thus^ in the fifth power the number of terms is eixp ifl the 
eixth poiver the number of terms is seven ; and so on, 

(a) Any power of a -b differs from the same power 0/ a+b only in this that 
the signs of the terms of the former are alternately + and — 1 whilst those of the 
latter are all + , 

(3) The first term is a raised to a power equal to that of the binomial^ and the 
last term is b raised to the same power. Thus, in the foarth power, Pie first term is 

and the last b* ; in the fifth power, the first term is a’^, and the last b” ; and so 
on. As to the other terms the power of a in any term is one less, whilst the poww of b 
is one greater than that in the preceding term, 

(4) The coefficient of the second term is the same as the index of the power te 
which the binomial is raised ; and t/ the coefficient of any term be multiplied by the 
index of a in that term, and divided by the number indicating Cfie position of that 
term, the result gives the coefficient of the next term. Thus, if toe multiply the 00- 
efficlent of the second term by the index of a in it and divide the produel bff tiro 
101 get the eoeffieieni of the third term ; if the eoeffleienl of the third term bi 
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multipli$d bp (he indeos of a in it and the product divided by ihree, toe obtain the 
eeeffioient of the UhAerm ; and to on. 

(6) The coefficient of the terms equidistant from the beginning and the end are 
the tame ; in other toordst the coefficient of the term which has any number of terms 
hefore it, 4s egual to that of the term which has the same number of terms after it. 

The laws observed above, a proof of the universal truth of which is beyond the 
eeope of our limits, furnish us with a ready means of raising a binomial to any power 
without the prouss of actual multiplication. The following examples are intended 
4o illustrate the application of those laws, 

[ The resulting expression in each case is called the expansion of the corres- 
ponding poiver of the binomial, ] 

The operation of raising any eapresaion to any power is called Involution. 


Example 1. Baise a+ 2> to the seventh power. 


The total number of terms in the expansion >"8. 


The first term "a’ 

• 2na » 

• 8rd » 

o 4th • 


[ Laws (3) and (4) ] 


Now* since the four terms from the end will have respectively the 
same coefficients as the four terms from the beginning [ law (5) ], the 
next four terms of the expansion will respectively be 86a*fc*, 21a*fc*, 
Taft* and ft^ 


Hence, we have 

(a + ft)"^ + 7a*ft + 21a*ft* + S6a*ft* + 36a"ft* + 21a*ft* + 7aft* + ft^ 


Example 2. Expand {x - y)*. 

The total number of terms in the expansion"* 9, 

The first term "-a;* 

• 2nd » "•^8x^y 

» 8rd » - 28a;*y* 

• 4th • 

» 5th • 70a;*^* 

The coefficients of the remaining four terms need not be calculated 
ai the coefficients of the first four terms only will now reappear in the 
reverse order. 

Hence, we have 

(a - e)* - Bx^p + 2Ba5*y ■ - 66x*p* + TOx^p^ - 


> [ Laws (2), (8) and (4) ] 
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Ksanpla 8. Expand (2ir - Sy)*. 

The total number of terms in the expansion's. 


As we have 2x for a and 3v for b, we must have 

The first term “ (2®)’ . 

• find • --7(2®)*(3y) 

• 3rd • -H*(2a:)*(3y)* - 21(2a:)‘(3v)* 

« 4th • --*V-‘<2iE)*(3i/)*“-35(2®)*{3v)* . 

We can now write down the remaining four terms which will 
respectively be 85(2*)“(3y)*, -21(2!t)*(8y)*, 7(2a!X3y)* and -(Sv)*. 

Hence, we have 

(2e - 3tf)’ -(2®)’ - 7(2®)«(3y)+ 21(2®)‘(3y)* - 86(2®)*(8p)* 

+ 36(2®)*(3y)* - 21(2®)*(3v)* + 7(2®X8»)* - (8v)’ 
- 128®» - 7(64®»X3 v) + 21(32®*X9p*) - 86(16»*X27v*) 

+ 86(8®*X81v*) - 21(4®*X243y*) + 7(2®X729p*) -21B7»* 
- 128®’ - 1344®*v + 6048®» V* - 15120®*v* + 22680**»* 

- 20412®*v* + 10906*v* - 2187v’. 

Example 4. Find the value of 

«• + 6®‘ + 16®* + 20®* + 16®» + 6® - 8, when * - VS - 1. 

The given expression 

- (®* + 6®* + 16®* + 20®* + 16®* + 6® + 1) - 9 

-(®+l)*-9 

-(V8)*-9-9-9-0. 


EXERCISE 72 


Expand : 

1. («+l)*. 
B. {«-v)*. 
9. («+!)*. 
18. (2®-!)*. 
17. (l-o)’. 
21. (*-o)*®. 


2. (®+l)*. 

B. (m-n)’. 
10. (e+8)*. 
14. U~v)*. 
18. (1-3®)*. 
22. (3®-2o)*. 


8. (a +6)*. 
7. (®+2)*. 
11. (®-l)*. 
15. (3® -2)*. 
19. (1-2®)’. 


4. (a +6)*. 
8 . {®+ 2 )*. 
12. (2-f)*. 

18. (1-a)*. 
20. fite-a)*. 


Simplify : 

28. (®+D*-(®-l)*. 24. (®-l)*+(®+l)*. 26. (®+a)’ -(«-»)’. 

Find the stun of the coefficients in the expansion of : 

26. (®+a)*. 27. (®+a)*. 28. (®+a)*. 

■19. (®+a)’. 80. (®+a)®. 
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Vind the value of : 

81. a;*+5ir* + 10a:* + lQa;* + 5fl: + 32, when «— -2. 

82. «• — Sx^ + 15rr* — 20rc® + 15x* — 6a?, when x * 5/2+1* 

88. 16fl?^ — 32aj® + 24a?* — 8a5 — 80, when a? *2. 

84. a?* + 12a?® + 64a?* + 108a? +81, when a? »- 5. 

85. a?® + 8a?® + 24a?* + 32a? -609, when a? --7. 

128. Formula (a+ft+£?)(a*+6“+i?®-&c-ca-a6) 

-i(a+*+r)|(ft - c)^Hc - fl)*+(a - 6)*» 

* II* + 6* + ^* — 3a&r. 

[ (a+6+cXa* + h* + c*-6c-ca-a6) 

* (a + 6 + c)Ka* + h* - oft) - (oc + he) + c* } 

“ (a + 6 + c)^(a + 6)* - 3a6 - c(a + 6) + c*f 
“ (a + 6 + c){ (a + c(a + 6)+c* - 3a&} 

"(u+fe)® + c® - Sab{a + b + c) 

« (fl + 6)® - 3ai(a + 6) + c® - 3a6e 
*a® + 6® + c®-3a6c. ] 

Cor* Conversely, a® + 6® + c® - 3afcc *» (a + 6 + cXo* + 6* + c* - 6c - oa 
— a6). Hence, we can always resolve an expression into factors when* 
ever it is of the form a® + 6® + c® - Sabc, 

Note. Since o* + t*+c* -6c-ca-o6«i{(6-c)*+(e-a)*+(a-M*y, toe have 
a*+6»+c*-8a6c-J(fl+6+cK(6-c)*+(c-a)*+(a-6)*>. 

Bzample 1. Multiply a?*+y* + s* + a?y+a?£f-ys by a?-r-s. 

Putting a for a?, 6 for — y and c for — s, we have 
(a?-y-sXa:* + y* + s* + a?v + a?jer-ys) 

'■(a+6+cXa* + 6* + c?-o6-“ac-6o) 

“ a® + 6® + c® - 3a6o * a?® - y® - «® - 3a?yf . 

Bsample 2. Besolve wi® — n® + 1 + Bmn into factors. 

Putting a for m, b for — n and c for 1, we have 
tw® — n® + 1 + Bmn * a® + 6® + c® — 3a6c 

“(a + 6+ cXa* + 6* + c* — a6 “ oc — 6o) 

“(w-n + lXw* + n* + l + wn-fn+n). 

Example 3. Show that (a? — y )® + (y — s)® + (s — a?)® 

■"3(a?-yXy-«Xs-a?). 

Putting a for aj-y, 6 for y-s and c for s— a?, we have 
a+6+c-(aj-y)+(y-s)+(*-a?)-0. 
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aenoe, K* - y )* + (v - *)“ + (* - ®)"f - S(a: - fXv - *X* - *) 
-o*+6»+o*-3o6c 
“(a+6+cXa* + 5*+c*— o6— ac— 6o) 

— 0x{o* + fe*+c*-a6-oc-6c)“0 ; 

. (* — v)* + (y — *)• + (* — x)* “ 3(!r — vXy “ «X* ” ®). 

EXERCISE 78 

Multiply : 

1 . x‘+v* + B*—xy+xz+yt hy x+y—z, 

2. F* + 4ff*+r* + 2j)3+pr — 2gr by p — 2a— r. 

8. 4x* + 9y* + *• + 6®v + 2xz — 3yz by 2® — 8y — . 

4. a*+4i*+2o6— 3a+65+9 by a— 26+8. 

6. 9o* + 256* + 15a6+12a-206+16by 80 - 66- 4. 

BeBolve into (actors : 

«. »*-y“-l-8ajy. 7. ®*-y*+6a!!V+8. 8. ®*-8v*-27**-18*y*. 

Find the value of : 

9. ®* + v* + 18a!V — 216, when ® + y“6. 

10. o* — 86* “24o6— ’64, when a— 26=4. 

11. {# “ o)* + (s — 6)* + (« — c)* — 3(j — oXs “ 6Xs “ c), when S$"o+6+e. 

12. Show that (o-26)* + (26-3c)*+(3c-o)* 

-3(o- 26X26 - 3cX3o-o). 

18. Show that (*+y-2«)* + {y+*-2a:)“+(s+»-2y)* 

- 3(® + » - 2«Xy + * - 2a!X« + ® - 9y). 

14. Show that (o+26-3c)“+(6+2o-3o)*+(c+2a-86)* 

- 3(o + 26 - 3cX6 + 2c - 3oXc + 2o - 86). 

16. Show that (2p - 6e + 3r)* + {2a - 5r + 3p)* + (2r - 6p + 8a)* 

- 3(2p - 6a + 8r)(2e - 6r + 3pX2r - 6p + 8a). 

10. Find the value of **+y*-**+8®*y*»*, when ®— o*— 6* 
F-3o 6, S“fl* + 6*. * 

17. Find the value of ®*+y*+»*-3*y*, when ®-668, v~668, 
•-674. 

129. Fomnla (o-bHa-cHb-c) 

“ o*(6 - c)+ 6*(c “ o) + c*(o - 0) 
^bc(b-c)+ca(c-a)+ab(a~b). 
t (o-6Xo-cX6-c)“lo*-o(6+c)+6cK6-c) 

o*(6 - o) - o(6-* - c*) + 6o(6 - o) 
-o*(6-o)+6*(o-o)+c*(o-6). ] 
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Cor. t. Ctenversely, a*{6-c)+6*(fl--o)+e*{o--6) 

-(a'-6Xo-«X6-o). 

Henoe, we know at onoe the taotors of an expreBaion whloh ia of 
the form a*(6-c)+6*(e-a)+o*(a-6). 

Cor. 2. Since o - c “ - (c - o). we have 

(a-tXa-cXi-c)" -(a-fcXi“oXo”o). 

Henoe, the above relation can alao be put in the form 

*•(6 - o) + 6*(<j - a) + e*{,a- fc) - (o - iXf> “ eXe “ «). 

Cor. 3. Since o“(6— c)+6*(c— a)+c*{o— 6) can be put In the 
form <iUa-b)+bc{b- o)+ cclie- a), we have alao 

ab{a-b)+bc(b-e)+eale-a)— -[a-bUb-oHe-a). 

Example. Simplify (a+2i+3c)*(o-2f>+c)+(6+ae+Sa)*(6— 2o+o) 
+ (e + 2a + 36)*(c - 2a + 6) + (o - 26 + cX6 - 2e + oXo - 2o + 6). 

Putting e for a 4- 26 4- 3c, 1 wo have p-#“a-26+« I 

pfor6+2c+8a, ► *-a!'-6-2o+a 1- 

and a for o+2a+36, J «-p"C— 2a+6 i 

Henoe, the given expreasion 

- a) + y*(a - «) + a*(« - y) + (y - aXa - »X« - v) 

“ - (y - «Xa - ajX® - y) + (y - aXa - »X« - y)“0. 

EXERCISE 74 

1. Show that («-2y+aX2a!-y -aXv” 2a +*) 

“ (* - y)*(y - 2a + «) + (y - a)*(a - 2* + y) + (a - *)*(a5 - 2y + aX 

2. Show that (o+6)*(6-a)+(6+c)*(c-6)+(c+a)*(a-o) 

+ (6 - aXe - 6Xa - o) “ Ot 

8. Beaolve into factors 

2(a - 6 + c)*(a - c) + 2(6 ~ c + a)*(6 - a) + 9(o - a + 6)*{o - 6). 

4. Resolve into factors 

(« + y)*(v - ®) + (y + a)*(a - y)+ (a + «)■(* - a). 

6. Simplify 2(a-6-c)*(6-o)+2(6-c-a)»(c-a) 

+ 2(c “ a - 6)*(a - 6) + 8(a - 6X6 - cXc - a). 

6. Simplify {«-yXy“*X*“2y+a) 

+ (y - aXa - »Xy - 2a + <c) + (a - «X« -■ yXa - 2« + y ) 

+(*-Sy+aXy-2a+*Xa- 2«+yX 
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a)+c®(a+0)+2afta 

a(0* + c ^) + -f a*) + c(fl* + &*) 4-2a0 ^ 
"ftc(ft+^)+ca(c+a)-f'a&(a+6)+2afta 

aOtf. 


[ (^ + cXc + aXo + 6) 

* (6 + c)j(a + bXa + c)t * (6 + c)|a* + a(6 + c) + 

■“ a*(6 + c) + a(6 + c)* + bc(b + c) 

- a*(6 + c) + a(6* + 2bC'^ c*) + t*c + 

■■a*(6 + c) + 6*(c + a) + c*{a + 6) + 2a6c [re-fttranglng Uw termi]. 

Buli. a*(i + c) + 6*(c + a) + c*(a + fe) 

■■a(6* + c“) + 6(fl* + a*) + c(a* + 6*) [ re-arranglng tha tersoa 1 

• (b^c + 6c*) + (c*a + ca*) + (a*6 + a6*) 

-•6c(6 + c) + ca(c + a)+a6(a + 6) 

■■6c(a + 6 + c-a)+ca{a+6 + c-6) + a6(a + 6+o-c) 

■■ bo(a + 6 + c) + ca(a + 6 + c) + a6(a + 6 + o) “ ben ^ cab abc 
“(a + 6 + cX6o + ca + a6) - 3a6c. Henoe, fche result! follows. 1 

181. Formula (a+6+c)(6c+ca+afr)-P+8a&^, where P stands 
for any of the equivalent forms 

(i) a*(0+c)+0*(c-f a)+c*(a+^F) ; 

(ii) 0c(6+c)+ca(c+a)+a0(a-l-W ; 

(iii) a(6* + c») -fOfe* + aV + c(a* h er*). 

[ From Art. 130, we have by transposition, or by direct multiplioa* 
tion, (a + 6 + cXbc +ca + ab) 

- a*(6 + c) + 6*(c + a) + c*(a + 6) + 3a6c 
■ a(6* + c*) + 6(c* + a“) + c(a‘ + 6*) + 3a6c 
■■6c(6+c)+ca(c + a)+a6(a + 6) + 3a6o. ] 

Elzamplc 1. Find the product of 

(2a? + 3v + 6sXl5vs + lOiPa? + 6xy), 

Putting a, b and c for 2a?, 3v and 5s respectively, we have 
o + 6+c*-2fl?+3y+6s, 

6c + ca+ o6 • lOys + lOso? + 6a?y. 
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(9*+8y + 6«Xl6y* + 10*x+6!cv) 

" (o + 6 + cX 6«5 + CO + ab) 
o*(6 + c) + t^c + o)+ c*(a + b) + Sobe 
■■ 4x*(8y + 6«) + 9v*(6« + Sx) + 25x*(2x + 8y) + 3.2x.3y .6s 
» 12x*v + 20x*s + 45v*s + 18y “x + 50s*x + 75e*v + 90xvs. 
Example 2. Show that (x + 3j/ 12sXl3vs + 4sx + xp) - 13xvs 
■= (y + 4sXl2s + xXx + 3y). 

Patting a, b and c for x, 3y and 12s respectively, wo have 
o+b+c*x+3y + 12s, 
be + CO + ob “ S6ys + 12sx + 3xy 
* 3(12vs + 4sx + xy), 
obc*36xys. 

the left-hand 8ide“iKa + b-*-cXbc+co+ob)-obc} 

•Mb-HcXc+oXo-i-b) [ Art. 180 ] 

« i(3y + 12sXl2s + «X® + 3y) 

[ restoring values of o, b, o ] 
-(v+4sXl2s+*Xi+-8y) 

EXERCISE 75 

Write down the products of the following : 

1. (®+2yX2y+3sX3s-t-x). 2. (8x+yXy+6sX6s+8x). 

8. (o+2bX2b+3cX3c+o). 4. (3®+y+10sXl0ys + 80sx+8xy). 

6. (x + 2y+sX2x+y + sX®+y+2s). 6. (o-2bX2b-8cX3c+o). 

Simplify the following : 

7. o(b-t-c— o)* + b(c+o-b)*+.c(a+b— c)* 

+ (b+c-oXc+o-bXo + b-c). 

8. c(b+c-oXc + o-b) + o(c+o-bXo+b-c) 

+ b(o + b ~ cXb -rc— o)+(b+c~ oXc + o “■ bXo + b — c). 

#. (y + s)*(2te+y+s)+{s+x)*(®+2y+,s)+(x+y)*(x+y+2s) 

-(2x+y+sXx+2y+sX®+P+2s)+3(y+sXs+®X®+p). 

10. 2o(b+c-o)*-f2b(c+o-b)* + 2c(o+b-e)*-3obc 

+ 2(o + b + c)i{c + o — bXo + b — c) + (o + b ~ cXb + c “ o) 

+ (b+c-oXo+o-bX. 

11. Prove that (x + y - s)Ky + s - x)* -f (s + x - y)*i + (y + 1 - x) 

xi(s + x-y)*-f(x+y— s)*i+ts+x-y)Kx+y*-s)* 

+ (y + s - x)*H- ^y + s - vX® + »“ *)*"8*ys, 
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132. Formula (a + ft + c)* = a® + 6* + r® +3(ft + c)(c + a)(a +ft). 

! (a + & +-c)®“=i(a+6) + cl* 

•=(a + 6)’' + c® + 3(a + 6)cKa + 6) + cl [ Art. 67 ] 

■= ]a® 4- 6® + 3ab(a + + c® + 3{a + b)c(a + 6 + c) 

«= a® + + c® 4- i3aM^ 4* 6) 4- 3(a + b)c(a 4- 6 4- c)f 

■= a® 4- 5® 4- c® -1- 3(a 4“ 5))a5 4- c(a 4- & 4- c)[ 

■= a® 4- 6® 4- c® 4* 3(a 4- 6)|c* 4- c(a 4- 6) 4- a6t 
*a® 4-6® 4“C® 4- 3(a4-6Xc4-fcXc4-a) [ Art 61 ] 

a® 4- 6® 4- c® 4- 3(6 4- c)(c 4- aXa 4- 6). ] 

Cor. (a 4- 6 4- c)® - a® - 6® - c® = 3(6 4- c)(c 4- aXu 4- 6). ■ 

Bxample 1. Factorise 8{x + y + z)^ -{y + zY - (« 4- j)® - (a; 4- y)® . 

Put a, 6 and c for i/4-i;, 5;4-fl; and x^y respectively. 

We have a4-64-c=2(a;4-y4-0). 
the given expression 

- i2(a; 4- 1 / 4- 2 )[® - (i/ 4- ,e)® - (if 4- ar)® - (a; 4* y)® 
-(a4-64-c)®-a®-6®-c® 

3(6 4- cifi 4* aXfl 4- 6) [ Cor. ] 

» 3(2fc 4- 4" ; 2 fXaJ 4- 2|/ 4- zXx 4- y 4- %z\ [ restoring the 

values of o, 6, c ] 

Szampie 2. Show that 

(jc 4- 1 / 4- j?)® »= (y + 2 - a?)® 4- (jEf 4- ft - y)® 4- (a; 4- y - ;ef)® 4- 24a:F«, 

Put a, 6 and c{ory4-je;-a;, s4'a;-y and x-^y-z respectively. 

We have a + z-x)^[z'¥x-y)-^[x-^y-z)^x^y+z, 

64-c*(£f4-a;-y)4-(a;4-i/-£f)“2af, 
c4-a»{jr4-y-2)4'(y4-2;-a:)“2y, 
a4-6“(y4-f8;-aj)4‘(04-a;~y)»22f ; 

/. (a;4-y4-;8f)®*(a4-64-c)®**a®4-6®4-c®4-3(64-cXc4-aXa46) 

-» (y 4- 2 f - a?)® 4- (« 4- a: - y)® 4- (a? 4- y - jar)® 4- 3.2a;,2y.2« 

* (y 4- jg - a;)® 4- (jBf 4- a; - y)® 4- (a; 4* y - jjf)® 4- 24a^j?. 

EXERCISE 76 

1. If a4-64'C*0, show that a®4-6® 4*c®*3a(c4-aXa + 6) 

■= 36(6 4* cX6 4- a) * 3c(c 4- aXc 4- 6) - SoJo. 

?. If 2s«a;4-y4-«, prove that (s-a;)®4-{5-y)®4-(s-jef)® 4-3{ryj0i-«®. 

3. Prove that (2a:-y-«)®4-(2y"j?~a;)® 4-(2jEf-a;~y)® 

» 3(2a: - y - zX2y - « - a;X2« ~ 2? - y). 


1-16 
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4. Simplify (8a!-tf-*)* + (3tf-*-®)*+(3«-a5-y)" 
+a4(»+«-®X2+®“vXfl!+y 

-3(»+*X*+»X*+»). 

6 . Show that (2!r-y-*)“ + y* + «* + 3{y + eXS® - yXa® - s) 

-(2® - V - 3«)» + V* + 27a« + 3{y + 82X2® - tfX2® - 8s). 

6. If 2s“® + y + s, prove that 

« “ + {s - 2®)® + (s - ^)® + (s - 2s)“ - 24(s - ®Xs - vX* - s) -• 0. 

7. If 3s”2(® + y + 2), show that (s-y-2)* + {s-s-®)“ 

+ (s-®-vr + 3(y + s-sXs + ®-sX® + y-sj'-O. 

8. Simplify (6 + c — a)* + (c + a — 6)“ + (o + 6 — c)" — (a + fc + c)* + 108a6e. 

9. Simplify (® + y + 2)* - (y + 2)* — (s + ®)* — (re + y)* + a:* + y“ + s*. 

10. Factorise ®*— (2® — y — 2)* — (2y — s — ®)* + (y — 22)*, 

11. Besolve into factors 

64(®+y + 2)“-(2®+y + s)*-(® + 2y+2)®-(®+y + 2s)*. 

Find the value of : 

12. o® + h® + c®, when i+c-10, c + a“16 and a+6“20. 

18. ®® + y® + 2®, when ®*32, y“ - 25 and 2* -7. 

14. (®+y + 2)*-(®+s-y)®-(y + 2-®)®-(®+y-0)®-23®ys, 

when *“10, y“64 and 2“2. 
16. (6* - y - s)® + y® + 2® + 3(y + 2X6® - yX6® - 2), 

when *“¥, y“tH and 2“17. 

188. Recapitulation of the Formulae. The different formulas 
treated of in Chapter IV as well as in the present one are grouped 
b^ow to facilitate any reference to them. It is desired, however, 
the student should commit them so fully to memory that the necessity 
even for occasional references may be altogether done away with. 

I. (o + fc)*“o* + 2a6+6*. 

II. (o-6)*“a®-2o5+6®. 

III. {o+fcXa~d)“o*“h*. 

IV. (o+h)®“o* + 3o®6+3afe* + 6® ) 

-o® + fc® + 3oMo+5). / 

V. (o-6)®“o®-3o®6+3a6®-6® 1 

“0®-6®-3ofi(o-6). / 

VI. o® + 6®“(o + 5)®-3o6(o+6) I 

“(o+5X®*~o6+6*). / 

VII. o®-6®-(o-6)® + So6(o-5) \ 

“(o - 6Xa* + 06 + 6*). / 

VIII. (®+oX®+5)“®*+{a+6)*+a6. 

DC. (*-oX«+5)"®*+(6-a)®-o6. 

X. (»-o)(»-6)“«*-(o+5)«+o6. 
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XL (®+aX®+6X®+c)"'aj*+(a+i+c)aj*+(6c+ca+ai)a;+a6o. 

XII. (oj— aX^—fcXaJ—c)*®* “"(a+2>+c)a;* + (6c+ca+a6)iC— afto, 

XIII. a* + J* + o*-3a6c*(a+6+cXa* + 6* + c*-6c-ca-a6) \ 

■“ i(a + 6+ c)Hd - c)* + (o - a)* + (a ~ / 

XIV. (a-fcXtt-cKi^-c)- -(i-cXc-aXa-i) 

- - c) + 6“(c - ft) + c»(a - 6) 

‘^^6-c)+ca(c-a)+fl«a-W 
* - - c® ) + 6(c* - a*) + c(a* - 6*)l . 

XV. (6 + cXc + + c) + + a) + c*(a + 6) + 2adc 

= a(6* + c*) + 2?{c* + a*) + c(a* + fc*) + 2a&o 
•^dc(d+c)+ca(c + a) + al}(a + b)+2abo 
^(a+b+cXbc+ca+ab)-abc, 

XVI. (a + 6+cX^+ca+fl6) ' 

* (i + cXc + aXfl + 5) + abc 
•=^a^(b+c)+b^(c+a)+c^(a+b) + 3abc 
•^bc(b+c) + ca(c + a) + ab(a + bj + 3abc 
■= a(6* + c*) + + (I*) + c(a* + 5*) + 3abc. 

XVII. (a + 5 + c)® * a* + + c* + + cXc + aXa + 6) ) 

“ a® + 6® + c® + 3^a®(i + c) + 5®(c + a) + c®(a + t)f + 6a60i [ 

or, (a + 6 + c)® - a® - &® - c® * 3(6 + cXc + aXa + 6). ‘ 

The following useful results are deserving of notice. They oan bo 
deduced from the above formulas or verified by actual multiplication, 

XVIII. (a+6)*+(a-'6)®-2(a* + 6“). 

XIX. (a + 6)*-(a“6)®*4a6, 

XX. (o+6+c)*-a* + i* + c* + 26c+2co + 2a6. 

XXI. (be + ca + 06)* “ 6*c* + c*a* + o*ft* + 2dbcia + 6 + c). 
xxn. {6-c)+(c-o)+(o- J)-0. 

XXin. a{b-e)+h(e-a)+<ia-b)^0. 

XXIV. iK6“c)*+(c-a)*+(o-&)*(“‘<»*+fe*+c*-iw-co-o6. 

XXV. (a+b)*+(a-b)*’~2a*+6ab*. 

XXVI. {o+fe)*-(a-fc)*-6a*6+26». 

XXVII. (o* + 06 + i*Xo* -ab+ b*) «• o‘ + + 6*. 

XXVIII. (o+6)*-o*+4o*6+6a*6*+4o6* + i>*. 

XXIX. {a+ 6)‘ -o‘ + 6a*6+ lOo'fe* + 10a*fc* + 606* + i*. 



CHAPTEB XXII 

HARDER FACTORS AND IDENTITIES 

L Factors 

We have already explained in Chapter XII how simple expressions 
of the types a® + 6®, + and p®* + g®-rr can be 

resolved into factors, and shall in this section consider factorisations of 
a harder type. 

184. To factorise expressions of the form 

Since, fe® + c® * (6 + c)® - 36c(6 + c). we have 
a® + fc® + c® - ^ahc 

“= a® + \{b + c)® — 3bc{b + c)} — 3a6c 
** ia* + (6 + c)® [ — 36ci(6 -f c) + a( 
ia + (6 + c)Ha* — a{b + c) + (6 + c)®t — 3&c(a + 6 + c) 

■= ia + 6 + cHa® ^ ab — ac+b^ + 2bc + c® — 36cf 
*= (a + 6 + cXtt® + 6® + c®“6c — ca — ab) 

■*= i(a + 6 + c)Ki ““ c)® 4* {c — a)® + (a — fc)® K 

Example 1. Factorise a® - 6® + c® + 3a6c. 

The given expression 

-a® + (-6)® + c®-3a(-6)c 

“{a+{-6)+( [{a* + (-6)® + c®-(-6)c-ca-o(-6)[ 

“(a-i? + c)(a® + i® + c® + i>c-ca + a2>). 

Example 2. Factorise cc®-y® + &ri/ + 8. 

The given expression 

- »» + ( - y)® + (2)® - 3aJ( - yl2 

-k+(-y)+2ik® + (-y)® + 2®-(-y).2-2®-»(-y)} 

— (» - y + 2X®* + y® + 4+ 2i/ - 2£C+ asp). 

Example 8. Besol ve into factors tr® + 32a;® - 64. 

The given expression 

-a;® + 8a?® -64 + 24a;® 

- (a;®)® + (2a?)® + { - 4)» - 3.a?®.2a?.( - 4) 

-te® + 2a? + (-4)H(a?®)® + (2a?)® + (-4)»-2a?{-4) 

-(-4)a?®-a?®.2a?l 

* (a;® + 2a? - 4Xa;‘ + 4a?® + 16 + 8« + 4a?® - 2«®) 

* (a?® + 2a? - 4Xa;® - 2a?® + 8a;® + 8« + 16). 
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Brample 4. Find the quotient of a® + 6* + 1 — 3ab by o + 6 + 1. 
Since, a® + 6® + l-3a6-a* + 6® + l®-3o6.1 

-(a+6+lXo* + 6* + l*-6.1-l,a-a6) 
-(a+6+lXo* + 6* + l-6-o-o6) : 

/ . the reqd. quotient *a* + 6* + l- 6- a-a6. 

EXERCISE 77 

Factorise : 

I. + + 3aJi/5i. 2. p^-Sq^-r*-6pqf,' 

8. 4. a® + 86® + l-6a6. 

5. 8a® + 276*-64+72afe. 

8. Find the quotient of rr® — y® + 6xy + 8 by a; — 1/ + 2, 

7. Factorise sc® + 5a;* + 8. 

8. Resolve into factors 

(a; - 1/)« - {y - 2)« + (2 - aj)® + 3(1/ - zXz " xtx - v). 

9. Factorise a® - 18a® + 125. 

Find the quotient of : 

10. a® + 27 - 6y[26y^ - 9a;) by a;* + 25y ® + 9 + dxy - Ssc + 15y. 

II. a® + 6® — c® + 3a6c by a + 5 — c, 

12. a® -y® -l-3a;i/ by a;-!/-!. 

18. a;® - 81/® + 27s® + ISxyz by a; - 2y + 3s. 

14. 8a® ““ 275® — c® — 18a5c by 4a® + 95* + 0* + 6a5 + 2a<J — 350« 

185. To factorise expressions of the form 

(a+ft+c)(6c4-ca+a6)-a&i?. 

The expression * ia + (5 + c)\ |a(5 + c) + 5c| - abo 
■* a*(5 + c) + alb + c)* + 5c(5 + 0) 

■* (5 + c)ja* + a(5 + c) +. bc\ 

■“ (5 + cXa + 5Xa + c) 

* (5 + cXc + aXa + 5). 

Cor. /. (a+5+cX5o+ca+a5)-(5+oXc+aXa+5)-a5c. 

Cor. 2. (6+cXo+aXa+5)+a6o-(a+5+oX5o+oa+a5). 
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IM. To factorise expressions of the form 

(1) P^%ahc 

and (ii) P+Safrc, where P stands for any of the equivalent 
forms (1) a®(&+r)+6®(c+n)+r®(fl+h), 

( 2 ) bc(b’^c)-\‘ca(c-¥a)-¥ab(a-\’b\ 

(8) a(&*+i?*)+6(<?*+a*)+c(a*+&*). 

(i) Taking the 1st value of P, we have 

P + 2a&c * a\h + c) + h*(p + a) + c*(a + 5) + ^hc 
■“ a*( 6 + c) + a( 6 * + 2 fec + c“) + 6 *c + he* 

[ arranging according to powers of a ] 
■* a*(h + c) + a(h + c)* + hc(h + c) 

■“ (h + cMa* + a[h + c) + he} 

“ (h + eXo + hXflt + o) * (h + eXc + aX^^ + W* 

(li) Taking the 2nd value of P, we have 

P + Sahe * hdjb + c) + ca(c + a) + ah(a + h) + 3ahc 

■■ 6c(h + c) + ca(c + a) + ah(^ + 6) + ahe + aho + ohe 
" ihc(h + c) + ahei + ica(c + a) + ahc\ + iah(a + 6) + abc\ 

■■ 6c(g + h + c) + ca(c + a 4* h) + ah(a + h + c) 

■■ (a + h + eXhe + ca + ah). 

187. To factorise expressions of the type where Q siande 
for any of the equivalent forms 

(1) a*(6-c)+6®(c-a)+c®(a-6), 

(2) 6e(6-e)+ea(e-a)+a&(c-6), 

(8) -{a(6»-c“)+«c*-a»)+i:(fl«-ft»n. 

From the first form of Q, we have 
a*(h — c) + h*(o ~ a) + c*(a — h) 

- a»(h - o) - a(h* - c*) + h*c - he* 

[ arranging according to powers of a } 

- a*(h - c) - a(h* - c») + hc(h - c) 

— (h - c)ia* “ a(h + c) + hej 
-(h-oXa-hXa-o)- -(h-cXc-aXa-h). 

Cor. Putting a*, h* and o* for a, h and o respectively in the 
bbovei we have 

a^h* - 0*) + h*(o* - o*) + c*(a* - h*) 

--(h*-c*Xe*'-a»Xa*-h») 

• "(6-oXo-aXo“’6X6+oXo+GXG+6). 
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Bzampk. Factorise {x - a)*{6 - c) + (® - 6)*(c - a) + (05 - c)*(a - 6). 

The exp. ■■ (a;* - 2aa; + a*X2> - c) + - 2hx + ~ a) 

+ (a?* - 2ca; + c*Xa “ b) 

-a:®Kfe“c)+(c-a)+(a-6H“2a;W^-c)+6(c-a)+o(a-6)l 

+ “ c) + 6®(c - a) + o*(a - 6)J 

[ arranged according to powers of as J 

-®*.0-2T.0-(6~cXc-aXa“&)* -(6-cXc-aXa-6). 

188. To factorise a^b - c)^b^(c - o)+c*(a -&). 
a®(& - c) + b^(o - a) + c®(a - b) 

— a^(b - c) - a(6® - c*) + - c*) 

[ arranging according to powers of a ] 

-{6 - c)^a® - a(6* + fee + c*) + fec(fe + c)i 

* (fe “ c)l - fe*(a - c) - bc(a - c) + a(a* - c*)i 

[ arranging according to powers of 6 ] 

■■ (fe - eXa - c)1 - fe* ~ fee + a(a + e)( 

- (fe - eXa - e)lc(a - fe) + a* - fe*i [ arranging the last factor 

in powers of 0 ] 

-(fe~eXa-cXa-feXc+fe+o)- -(fe-cXc-aXa-feXa+6+c). 

Note. It must he observed that (i) as soon as the given exjgresaion is arranged 
aMording to powers of a, one of the factor s^ namely t 5 — e, becomes obvious ; (ii) when 
the expression within larger brackets is arranged according to powers of b, the AiSl 
faetort a— Ci becomes obvious ; when the expression now within larger braekeU 
if airanafed according to powers of c, the third factor ^ a-b, becomes obvious, 

189. Cyclic Order. There is a certain peculiarity in the arrange- 
ment of three letters a, fe, c in the different expressions of Arts. 187 
and 188. Thus, in any of the equivalent forms of Q in Art. 137, we get 
the second term by changing a, fe, c of the ffrst into fe. c, a respectively ; 
the third term by changing fe, c, a of the second into c, a, fe respectively i 
and the first term by changing c, a, fe of the third into a, fe, 0 respect- 
ively. The orders in which the letters a, fe. 0 are to be changed 
snooessively will be best understood in the following way : 

Let the letters a, fe. 0 be arranged 
round the circumference of a circle as 
shown in the diagram, starting from the 
letter a and moving in the direction of 
the arrow-head we notice that the 
order of the letters is abe. Similarly 
starting from fe and 0 successively and 
moving in the same direction, we notice 
that the orders of the letters are boa and odb respectively. 
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The letters a. e when arranged in this manner, are said to be in 
eyelie order. 

Thus, a, 6, c are arranged in cyclic order in the following : 

(i) 6 + c, c + a and a + i ; 

(ii) b-c, c-a and a-fc ; 

(iii) 6+c~a, c + a-i and a + h-c ; 

(iv) be, ca and ab ; 

(v) a*(6-c), fe*(c-a) and c*(a-6) ; 

and so on. 

140. To factorise 

In this expression also the letters occur in eyelie order and we can 
at once proceed as in the last example. 

c*) + 5®(c® - a*) + c®{a* - 6*) 

- a®(6» -- c») - a“(fe® - c®) + b^e^ib - o) 

[ arranged according to powers of a ] 
*(6 - c)]a®(6 + c) - a®(6* + ^ + c*) + &*c*| 

* (6 - c)] - - c*) + Z>a*(a - c) + a*c(a - c)| 

[ arranged according to powers of 6 1 

- (6 - eXa - c)l - 6*(a + c) + 6a* + o*ci 
■« (6 - eXa - c)lc(a* - 6*) -I* a6(a - b)\ 

[ arranged according to powers of 0 1 
■* (6 - eXa - eXa “ 6) Wa + 6) + a6l 

* - (6 - eXc - aXa - 6X6c + ca + ab), 

141. To factorise (a + 6 + c)® - a® - 6® - c*. [ See Art. 189, Cor. ] 

142. To factorise 2b^c^ +2c*a* +2a®ft® - 
The given expression 

* 46*c* -(a* + 6* + c* + 26*c* - 2c*a* - 2a^b*) 
-(26c)*-(a*-6*-c*)* 

- i26c + (a* - 6* - c*)H26c - (a* - 6* - c*)l 

- la* - (6* - 26c + c*)tl(6* + 26c + c*) - a»l 
» la* - [6 - c)*| 1(6 + c)* - a*l 

-la + (6-c)Hfl‘-(6-c)H(6+c)+afl(6+o)-al 
■■(a + 6-cXa-6+cX6+c+aX6+c-a) 
■■(a+6+cX6+c—aXe+a“*'6Xfl+ft“‘d* 
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EXERCISE 78 


Besolve into factors : 

1. aHb *- c) + b^c - a) + c^(a - b), 

2n i*c*(6* - c*) + c*a“(c* - a*) + a*6*(fl* - 6*). 

8. a®(6 - c) + fe®(c - a) + c*(a - b), 

4. * c*) + ca(c® - a®] + aMa® - ^®). 

5. - c) + c*a“(c - a) + a*6*{a - Z?). 

6 . a?(i/ - «)* + y{z - x)^ + z{x “ y)* + Sxy;? . 

7. »*(!/ - «)® + y*{z - a;)® + £;*(a; - y)®. 8. (i/ - £)“ + (s - a;)* + (« - v)® • 

9. (a;* + 2a: + 4Xl/ - 0 ) + (l/* + 2i/ + 4X« - ®) + (ar* + 2£ + iXa^ ~ v). 

10. ia:* - (6 + c)x + bc\{b - c) + \x^ - (c + a)x + ca\{c - a) 

+ \x* “ (a + b)x + ab\[a - h\ 

11. (a; + hXx + cyj) - c) + (a? + c\x + aXc - a) + (a; + aX® + b)[a - b). 

12. db c)* + b{c'^ a)^ + c{a + b)^ - 3abc, 

13. 8a;®-(y-£)®-(£ + a:)®-(a;- 2 /)®. 

14. a«(Z^® - c®) + fe®(c® - a®) + c®(a® - Z>® ). 

15. a:®(i/® ~ ) + 1 /® (£® - a;*) + £®(a:® - y*). 

16. 8(a + 6 + c)® - (i + c)® - (c + a)® - (a + Z^)® . 

17 . vdv + «) + zx{z + a;) + xy{x + v) - a?® - 3 /® * - 2xyz, 

18. {x + l)®(y - £) + (y + 1)®(£ - a?) + (£ + l)®(a: - y), 

19. (x + l)®(y - «) + (y + 1)®(£ - jc) + (£ + l)®(a; - y). 

20 . a?(y ■“ £)® + y(£ - sc)® + £(a; - y)® . 

21. 26*c*y*£;® + 2c*a®£®a;® + 2a®Z?®a:®y * ~ a*x^ ~ 6®y® - c®*® . 

22. 72y®£* + 18£*a;* + 8a;®y» - a:* - 16y ^ - 8U®. 

28. Find the value of 2&®c* + 2c*a* + 2a®6®--a®-Z>®-c*, 

when 6+c~a = 7, c + fl-h*10 and a + h-c^S, 
24. Evaluate a*(Z? + c) + 6*(c + a) + c®(a + Z?), 

when a + (? + c “ 20, 6c + ca + * 18 and a6c * 87. 

26. Evaluate (a + 6 + c)® - a® - 6® - c® + 3a6c, 

when a + 6 + c=13 and a* + 6* + c*"69. 

143. Factors of Reciprocal Expressions. 

Definition. An algebraical ex])ression in which coefficients of the 
terms equidistant from the beginning and end are same, is called 
a reciprocal or recurring expression. 

Thus, x^+4a*+6x‘ + ix+l is a reciprocal expression. 
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Ezample 1. Resolve into factors x* + 2a;® + 3a;* + 2a; + 1. 

The expression « (a;® + (2a;* + 2ar) + 3a;* 

[ collecting terms with equal coefficients ] 

- Ka;* + D* 2a;®K 2a;(a;» + 1) + 3a;* 

- (a;* + 1)» + 2ir{a;* + 1) + 3a;* - 2a;» 

«(a;“ + l)» + 2(a;»4-l).a; + a;* 

](a;* + 1) + a;t* »= (a;* + a; + 1)*. 

Bzample 2. Factorise a* - 6a® - 12a* - 6a + 1. 

The expression * (a^ + 1) - (6a® + 6a) - 12a* 

[ collecting terms with equal coefficients ] 

« )(a* + D* - 2a*J - 6a(a* + 1) - 12a* 

- (a* + 1)» - 6(a* + D.a - 2a* - 12a* 

* a;* - 5xa - 14a* [ putting a? for a* + 1 ] 

»(a; + 2aXa;-7a) 

(a* + 1 + 2aXa* + 1 - 7a) [ restoring the value of aj ] 
(a + l)®(a* — 7a + 1), 

144. Factors by trial. 

Example 1 • Resolve into factors a;® - 2a;* - 5aj + 6. 

On inspection we hnd that the given expression can be split up 
into parts each of which is divisible by a;-!. 

Thus, the exp.=a;® -a;*-a;* + x-6a; + 6 

* (a;® - a;*) - (a;* - a;) - (6a; - 6) 

* a;*(a; - 1) - a;(a; - 1) - 6(a; - 1) 

* (a; - l)(x * - a; - 6) * (a; - iXa; + 2Xa? - 3), 

Note. II is imporiant for the student to observe that the given expression 
Vanishes when 1, -2, or 3 is substituted^ for ThuSt it may be remembered ai 
• aefieral rule that if any expreeaion involving x vaniehee when x""a, x^a is 
a factor of that cxproecion. 

The above general rule leads to the following particular cases : 

(1) If in any expression eontaining integral powers of x, the snm of the 
eoefflelents Is zero, x^ lisa factor of that expression. 

(2) If in any expression containing integral powers of x, the snm of the 
coefficients of odd powers of x is eqnal to the snm of the remaining eoeffielents, 
X 4*1 Is a factor of that expression. 

Thus, in example 1 above, the sum of the coefficients of the 
•xpreision -•l+(-2)+( -6)+6“l-2- 6+6-0. 

Hence, e-l is a factor of the expression. 
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Again, inlhe expression x* + 8a;‘ + 3a; + 1, the udd powers of a m 
X* and X. 

The sum of their coefficients =* 1 + 3 ■■ 4 and the sum of the 
remaining coefficients *34-1*4. 

These two sums being equal, the expression x* 4- 3x* 4- 3x 4- 1 must 
have (x4-l) as a factor. 

Example 2. Resolve into factors x® 4- 6x* 4- llx 4- 6. 

The sum of the coefficients of odd powers of x" 14- 11 — 12 and the 
snm of the remaining coefficients=6 + 6*12. 

These two sums being equal, x4-l must be a factor of the given 
expression. Now, grouping the terms into parts each of which is 
divisible by x 4-1, we have 

the expression — x® 4- x* 4- 5x* 4- 5x 4- 6x 4- 6 

- (x® 4- X*) 4- (5x* 4- 5x) 4- (6x 4- 6) 

* x*(x 4- 1) 4- 5x{x 4- 1) + 6{x 4- 1) 

- (x 4- iXx* 4- 6x 4- 6) * (x 4- iXx 4- 2Xx 4- 3). 

Example 8. Resolve into factors 8x® 4- 16x ^ 9. 

Putting y for 2x, the given expression 

- (2x)® 4- 8.2x - 9 * 1 /® 4- 8y - 9. 

Now, the sum of the coefficients of y® 4-8y-9 

-14-8-9*0. 

Hence, i/-l is a factor of this expression. Next, arranging it into 
parts such that each part is divisible by v — 1, we have 

y® 4- 8y -9 «j/® - 1/ 4- 9y -9-y(y* - l)4-9(y - 1) 

- (y - l)li/(y 4- 1) -I- 9f * (y - iXv * 4" y 4- 9) 

— (2x — lX4x® 4-2x4- 9). [ restoring the value of y 1 

Example 4. Resolve into factors x® 4- 4x* - 13x® - 13x* 4- 4x + 1, 

We notice that the sum of the coefficients of odd powers of x 
-14-(-13)4-4--8. 

and the sum of the remaining coefficients 
-44-(-13)4-l--8. 

These two sums being equal, x4-l must be a factor. 

Now, grouping the terms into parts each of which is divisible by 
X 4- 1, we have the given expression 

-(x® 4- x^) 4- (3x® 4- 3x*) - (16x® 4- 16x*) 4- (3x* 4- 3x)4- (x 4- 1) 

- x^(x 4- 1) 4- 8x® (x + 1) - 16x*(x 4- 1) 4- 8x(x 4- 1) 4- (x 4- 1) 

-(x 4- iXx* 4- Sx® - 16x* 4- 3X 4- 1). 



252 ALGEBBA MADE EASY [ OHAP. 

The factor + 3x^ - 16x^ + 3x + l is a reciprocal expression. Henoe 
proceeding as in Art. 143, we have 

aj^ + 3a:“-16aj* + 3rr + l 

■* (x^ + 1) + (3ir® + 3ir) — 

[ grouping terms with equal coefficients ] 
» \{x^ + 1)"* - 2ir»l + 3x{x^ + 1) - 16a;* 

«(a:* + 1)“ + 3(a!* + lU - 2a;* - 16a;* 

■= y * + 3yx - 18a;* [ putting i/ for a;* + 1 ] 

*(y-3a’Xl^ + 6a;) 

(a;* 4* 1 - 3a;)(a;® + 1 + 6a;) [ restoring the value of y ] 

« (a;* - 3a; + iXa;* + 6a; + 1). 

Hence, the given expression * (a; + l)(a;* - 3a; + iXa;* + 6a; + 1). 

Example 5. Resolve into factors x® + a;* - 21x - 38. 

By trial we find that the given expression vanishes when x* —2. 
Hence, x-(“2) = x + 2 is a factor. Thus, we have 

x* + x*-23x-38=(x® + 2x®)-(x* + 2x)-(l9x + 38) 

[ splitting into parts divisible by x+2 ] 
* x*(x + 2) - a;(x + 2) - 19(x + 2) 

“(x + 2Xa;*“a;-19), 

145. Factors of Homogeneous expressions of two dimen- 
sions. 

The following examples will illustrate the process : 

Example 1. Resolve into factors 6a* + lab + 26* + llac + 76c + 3c*. 
If a-'O, the expression becomes 26* + 76c + 3c*, 

which *=(26+c)(6 + 3c). *••(!) 

If 6“0, the expression reduces to 6a* + llac + 3c*, 
which*=(3a + c)(2a + 3c). ••• (2) 

If c*^0, the expression reduces to 6a* ■*-7a6 + 26*, 

which*(3a + 26X2a46). ••• (3) 

Now, comparing the results (1), (2) and (3), we ^ notice that the 
given expression must be * (3a + 26 + c)(^ + 6 + 3c), [since it is these 
Actors which reduce to the form (1) when a = 0, to the form (2) when 
6"0, and to the form (3) when c = 0 ]. 

Alternative Method : Arranging the terms in descending powers 
of any one of the letters, say, a, we have 

the given expression * 6a* + (76 + llc)a + (26* + 76c + 3c*) 

* 6a* + (76 + llc)a + (26 + cX6 + 3o)i 
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Now. split the product of ( the coefficient of a* ) and ( the term 
independent of a ) into two factors whose sum » the coefficient of a. 

Thus, split 6 X (2ft + cXi + 3c) into factors whose sum * 7ft + Ho. 

By trial, the factors are 2(2ft+c) and 3(ft+3c). 

Hence, the given expression 

* 6a* + 2(2ft + c)a + 3(ft + 3c)a + (2ft + cXft + 3c) 

■=2a{3a + (2ft+c){ + (ft + 3c)l3a + (2ft+c)[ 

(3a + 2ft + cX2a + ft + 3c). 

Example 2. Factorise a:* - ^xy + 2i/* ~ 2yz - 
The given expression is homogeneous in x, y and z. 

If aJ^O, the given expression reduces to 22/* - 2^5: - 42f*, 
which * 2 ( 2 /* -yz- 2z^) = 2 ( 2 / + z){y - 2z) 

^{2y + 2z)iy-2z), ••• (1) 

If i/*0, the given expression reduces to a?* -42*, 

which = (-a; + 2i?X“‘®““2£j). ••• ••• (2) 

If «=0, the given expression reduces to a;* - 3a?i/ + 2y*, 

which=(-a; + 22/X*“a:4-i/). ••• ••• (3) 

Now, comparing the results (1), (2) and (3), the given expression 
is evidently equal to ( - a; + 22 / + 2z){ - a; + 2 / - 22 ?) * (a: - 2i/ - 2z\x - y + 2s). 

Alternative Method : Arranging the expression in descending 
powers of any one of the letters, say, x, we have 

the expression * a;* - 3ya; -h (22/* - 2yz - 4s®) ■= ar* -- 3ya; + 2(y + sXy - 2s}. 

Next, splitting the product of (the coefficient of a;®)x(the term 
Independent of x ), i.c., 2(y + sXy“‘2s) into two factors whose sum 
■=the coefficient of x, t.e„ -3y, 

we notice by trial that these factors are -2(y + s) and ~(y-2s). 

Hence, the given expression 

» a;® - 2(y + s)a; - (y - 2s)a; + 2(y + sXy “ 2s) 

•ajjaj - 2(y + s)f - (y - 2s)jaj - 2(y + s)| 

“ (a; - 2y - 2sXa; - y + 2s), 

146. Factors of general expressions of the second degree in 
two or more letters. 

Example. Factorise 6a* + 7aft + 2ft* + 11a + 7ft + 3, 

Arranging the expression in descending powers of any one of the 
letters, say, a. 

the given expre ssion * 6a* + (7ft + 11 ja + (2ft* + 7ft + 3) 

- 6a* + (7ft + ll)a + (2ft + iXft + 3). 
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Now, split the product of ( the coefficient of a* ) and ( the term 
independent of a ), i.s., 6 x (26 +1X6 +3) into two factors whose sum* the 
ooeffioient of a, t.s., 76+11. 

The factors are evidently 2(26 + 1) and 3(6 + 3). 

Honce, the given expression 

- 6a» + 2(26 + l)a + 3(6 + 3)a + (26 + lX6 + 8) 

- 2ai3a + (26 + 1)K (6 + 3)i3a + (26 + iH 

-(3a+26+lX2a + 6+3). 

147. Factors found by suitable arrangement and grouping 
of terms. 

There are some expressions of which the factors become obvious 
after re-arrangement of the terms in a certain way, but there are others 
again which do not exactly come under this category. Hence, no definite 
method can be specified as applicable to all oases that may be practically 
included in this article. We must, therefore, content ourselves only 
with directing the student’s attention to a few Important oases, more 
or less isolate, which will fairly introduce him to the subject under 
consideration. 

Bzample 1. Resolve into factors (Sa?* - 46“)a + (3a* - 4fl5*)6, 

The given expression *3a;*a-^46*a+ 3a* 6 -4a*6 

* (3a;*a + 3a*6) - (46*a + 4a*6) 

[ taking the 3rd term with the 1st, 
and the 4th with the 2nd ] 

* 3a(a;* + a6) - 46(a6 + »*) 

-(a?* + a6X3a-46). 

fixamido 2. Resolve into factors sc* + sc*y* - y*s* - 1 *, 

Oombining the 4th term with the 1st, and the 2ad with the Srd, 
we have 

e* + a?*y * - y *s* - s* - (sc* - s*) + (sc*y * - y *s*) 

-(®* + s*Xa?*-s*)+y*(a?*-s*) 

- (sc* - s*)K«* + «*) + y*^ 

-(« + sX« ~ «X«* + y* + «*). 

Example 8. Resolve into factors x* + 7sc* - 21sc - 27. 

The given expression * (sc* -27) +(705*- 21sc) 

- (sc - 8X«* + 3sc + 9) + 7sc(sc - 3) 

-(sc- 3)i(®* + 8»+ 9)+ 7srf 

-(«- SX«* + 10a?+9)-(a?- 8XaJ+9X«+ 1). 
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Example 4. Besolve into factors 4a* + 12a& + 96* - 8a - 136. 

The given exp. - (4a* + 12a5 + 96*) - (8a + 126) 

-(2a + 36)*-4(2a + 36) 

-(2a+36)K2a + 36)-4( 

-(2a + 36X2a + 36-4). 

Example 5« Besolve into factors 2a* - 26c + 66* + oc - 7a6. 

We observe that the 1st, 3rd and 5tb terms are of the second 
degree in a and 6, whilst the 2nd and 4th terms are of the firsi 
degree in those letters. 

Putting the former set of terms in one group and the latter In 
another, we have 

the given exp.«(2a*-7a6 + 66®) + c(a“26) 

« (a - 26X2a - 36) + c(a - 26) 

«(a-26)(2a-36+c). 

Example 6. Besolve into factors a;* - y * - s* + 2ys + « + y - 1 . 

The given exp. ■“ (a; * - y * - s* + 2yr) + (a; + y - s) 

-ia;*-(y-r)*( + ((c+y-s) 

«(a; + y-jE;Xa;-y + s) + (® + y-s) 

*(a; + y-r)i(a;-y + s) + l[ 

“(aj + y-sX^-y + ^ + l). 

Example 7. Besolve into factors 

a*®* + a* - 2a6a;* 4* 6*®* + a*6* - 2a*6. 

We observe that the Ist, 3rd and 4th terms have got ®* for 
a common factor, whilst the others have got a®. 

Hence, putting the 1st, 3rd and 4tb terms in one group and the 
remaining terms in another, we have 

the given exp.*(a*®®-2a6®® + 6*®®)+(a®+a®6*-3a®6) 

- ®®(a* - 2a6 + 6*) + a®(a* + 6* - 2a6) 

-(a* - 2a6 + 6*Xa?* + a") 

» (a - 6)*(® + aXa?* - ®a + a*). 

EXERCISE 79 

Besolve into factors : 

1 . ®® + aj* + ®+l. 2 . ®® + ®*-®-l. 

а. «*-®*-®+l. 4. 6c(a* + l)+a(6* + c*). 

б. «®-a6® + «6®-®®a. 6, a6(®* + y*)+a?y(a* + 6*}. 

7. a:*+(ry-yf --«*• 8. »6-ao-a?c+a6. 
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9. 

{2®* + 36*)o-(2o* + 3a:*)6. 

10. 

a(a+c)-6(6+c). 

11. 

4a* + 8ac — 126c — 96*. 

12. 

a*®* + ac®« - 6*2/* - 6c2/«. 

13. 

a;*-v®« + D*!E*-y*«*, 

14. 

16®*-15a6+126®-26a*. 

16. 

o*(a+26) + 6*(2a+6). 

16. 

m® “ 2wi*n + 2mn* - n®. 

17. 

a* + 2a*6-2o6»-6*. 

18. 

®®(® - 22 /) + v®(2® - y). 

19. 

a* + 5a* + 10a + 8. 

20. 

®®- 17®* + 86® -126. 

21. 

8a* + 18a*6-27a6*-276‘. 

22. 

®*-2®y + 2 /*-a? + l/. 

23. 

4a*-4a6+6*-6o + 36. 

24. 

®* “ 2a®* + 2a*®* - 2a®® + a*, 

25. 

a* - 3a*6 + 4a*6* - 6o6® + 46*. 



26. 

a* + 3a6 + 26* + ac + 26c. 

27. 

®* - 4®2/ + 3y * + ®« - 3yz, 

28. 

m* + 2pm - 5mn — 4pn + 6m*. 

29. 

a*-10a6-166c + 216* + 6ac. 

30. 

2a:* + 4a(46 - 3o) + x{46 + 5a). 

31. 

a*“3a(26-l) + 46(26-3). 

32. 

3aXa: + 2)-2i/(4a:-l)-3i/». 

33. 

26c + a — 6 — 0. 

34. 

flj* — + 12yz + 4® ~ 8i/ + 12z, 


35. 

9a:* - 42* - 24a:i/ + 16i/* + 201/ - 

15a: +102. 

86. 

2a*a:* - 6a*a:* + 3a* - 26*a:* + 6a*6*a:* - 3a*i*. 

37. 

2sc* + (2a * 36)®* “ (26 + 3n.b)x + 36*. 


88. 

(a* + 6*)®* ““ a^b{2a + 6) + a(2bx* — a' 

'). 

89. 

2a*-5a* + 6a*-6a + 2. 

40. 

a* - 4o* - 13a* + 13o* + 4a - 1, 

41. 

2®* + 6xy + 4y * + ^xz + &yz + 2i 

,1 


42. 

2®* + ®i/ - 32/* - ®0 - iyz - 2*. 

43. 

o* — 6a* — 12a* — 6a* + 1 . 

44. 

4®* - 4®2/ - 32/* + I2yz - 9^*. 



45. 

X® - a®* + a*®* - a*®* + a*® -- 

a*. 

46. a:* + 7a:* + 14a: + 8. 


148. Miscellaneous Examples. 

Example 1. Besolve into factors a' + 7ab‘—22b*. 

We find that the expression can be split np into parts each of 
which is divisible by a - 21) in either of the two following ways : 

(i) (a*-86*) + 71)*(o-26): 

(ii) o(o*-41)»)+116*(a-21)}. 

Hence, choosing the former way, W3 have 

a* + 7ab‘ - 226* - (a* -Qb*)+ 7b’‘{a - 25) 

- (o - 21))|(a* + 2o6 + 46*) + 76M 
-(o-26Xa*+2a6+116*). 
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Bzample 2. Besolve into factors + 2(a* + 2)*] + Soa; - 6(80 + 6a). 

Arranging the expression according to descending powers of s?. 
we have it - «* + 3(a - &)» + (2a* - 6a6 + 26*) 

“ a;* + 3(a - 6)» + (2a - 6Xa - 26) 

- ® * + «2a - 6) + (a - 26)iaj + (2a - 6Xa ~ 26) 

* rrlx + (2a - 6)[ + (fl - 26)la; + (2a - 6)f 

» la; + (2a - 6)|')a: + (a - 26)t 
*(a; + 2a - 6)(5C + a - 26). 

Example 8. Besolve into factors a:* - ^xy + 8y * - r* + 2yf . 

The given expression -= (a;* - ^xy + *) - (y * -I- s* - 2ys) 

«(a;-3y)*-(y-s)* 

- Ka; - 3y) + (y - s)H(a; - 3y) - (y - s)l 
■= (a; - 2y - s)(a5 - 4y + s). 

Example 4. Resolve into factors (a* - 6*XflJ* “ y*) + 4a6a^. 

The given expression * a*a;* - a*y * - 6*®* + 6*y * + 4a6a5y 

»(a*aj* + 6*y* + 2a6a^) - (a*y * + 6*05* - Babaev) 

« (aa? + 6y)* - (ay - 6«)* 

» Koaj + 6y) + (ay - hx)\ \[ax + 6y) - (ay - 6a;)J 
• }(a - 6){C + (a + b)y\\{a + 6)a? - (a - 6)yi. 

Example 5. Resolve into factors a?* + 6a:* + 4a?* - ISa: + 6. 

The given expression "(a:* + 6®* + 9a:*) - (6a:* + 15a:)+ 6 
-(a:* + 8a:)*-6(a:* + 3a:) + 6 
-Ka:* + 8a:)-2H(a:* + 3a:)-3l 
-(a:* + 3a:-2Xa:* + 3a:-8). 

Example 6. Resolve into factors a:* + 2a:*y + Sx*y * + 9xy* + y*. 

The given expression - (a;* + 2a:*y * + y *) + a:*y * + (9a:*y + 2Bcy*) 

-(a:* + y*)* + {xy)^ + 2(av)(a:* + y *) 

“ K«* + y*) + a:yf •-(«*+ ai^ + y *)*. 

Example 7. Besolve into factors (x - iX® “ 2Xa: + SXa: + 4) + 4. 
(*-lXa:-2X« + 3Xa:+4)-Ka:-lXa?+3)H(a:-2Xa:+4)i 
« (a:* + 2a: - 3Xa:* + 2a: - 8). 

Hence, putting r for a;* + 2a;, 

the given expression * (x - 3Xr - 8) + 4 *«*-! lx +28 *(f- 4Xx-7) 
*(a:* + 2a;-4X®* + 2a;-"7). . 

Note. The student must carefully notice why in multiplying together the fow 
tinomiala, e ~ li e-S, e + S, tB4-4, vjc combine «+8 vfUh «-l, and e+l wUh e-S. 


1—17 
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Buunple 8. <t+y*a and find the value of (1) + 

and (il) w* + j/® in berms of a and b. 

(I) + y* ■•te* + y*)* - Ste*i/ * * + y)* - 23cy\^ - 2a;*y*, 

and therB^iiired value*(a**-2fc*)*-26^*a*-’4a*6* + 26*. 

(II) flj* - aj*y - »y* + y “ - x^ix - y) - y *(» - y) 

- (« “ yXaJ* - y *) * (a; - y)®(a; 4- y) 

* K® + v)* - 4iry Ka; + y) =* (a* - 45*)a, 

Example 9. Find the value of a?* - a;® + a;* + 2, when «• + 2“*2flj. 
a;^ - a® + a;* + 2 - (a;^ + aj® + aj*) - 2(aj® - 1) 

- a;»(a;* + a; + 1) - 2(aj - iXa;* + » + 1) 

•(a;* + a; 1)1®* - 2(® - l)f 

«* (®* + a; + iX®* -'2® + 2)t 

and the required value*(®* + ® + l)xO*0. 

Example 10. Find the value of 

o® + 6* + c®-2^*c*-2c*a*-2a*6*, when a+6-c 

The given expression 

- - (26*c* + 2c*a* + 2a*6* - a* - 6* - c^) 

- -(a + 6-cXo-5+cXa + 6+cX6 + c-“a), [ Art, 142 1 

and —0, when a+ 6*c. 

EXERCISE 80 

Eesolve into factors : 


1. 

«• 

+ 8b* + 19b+12. 

2. 

b*+9b*+26b + 24. 

8. 


-6b* + 11b-6. 

4. 

b* + 5b*-2b-24. 

5. 

b’ 

— 4®* + B + 2. 

6. 

b* + 5b*-2b-6. 

7. 

(T* 

- 6b* + 13b -10. 

8. 

b*-3b*-9b* + 12b + 20. 

9. 

X * 

-3b*-b* + 13b-10. 

10. 

B* - 5b* + b* + 13b + 6. 

11. 

(t* 

+ 5a* -8b* -30b +36. 

12. 

X * - 7b* + 9b* + 26b - 66. 

18. 

«• 

- 7b* + 13b -15. 

14. 

B* - 5b + 12. 

15. 

B* 

-6b* + 32. 

16. 

2b* - 3x* - 4. 

17. 

B* 

-9By*-10w*. 

18. 

a* + 4a*6-95*. 

19. 

5a' 

•-3a*6-286*. 

20. 

8b* + 4b — 3. 

21. 

2b* + 6b* -4b -8. 

22. 

B* - 3b - 2, 

28 . 

2a 

•-a*6-6*. 

24. 

3b* + 8b* -8b -3. 

tf. 

B* 

-6bv*+9i>‘. 

26. 

B* + 6e - (a* - 3a6+ 25*). 
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n. 

+ 4a6a?*y * - (a* - 6 *)*y 



28. 

+ 2 (®* + y^)a^b^ + (a* - y 


2 ». 

a* + (« + y)a - 2 a?* + 6 icy - 2 y*. 

30. 

aX® + o) - 2a* + 3i(a + ») + 96*. 

81. 

oj* + 4a?y + 3y* + 2ys - s*. 

82. 

®* + 2w 8 v* - 4** + laiff . 

88 . 

a* + 2 a 6 -c* + 25c. 

34. 

®*+ 2 ®-tf*+ 2 v. 

86 . 

a;*+ 6 a;-y* + 4y + 5. 

36. 

a* + 4a6 — 6 fe* “ c* + 660 . 

87. 

ir* - Giry + 5y * - s* + 4yjs. 

38. 

s* - lOav + 16y* - 4** + 12ys. 

89. 

a*-12a6-13fc*-9c» + 42^. 

40. 

®* + 12a!V - 9«* + 36i«. 

41. 

- I4a?y - 15y * - 25^?* + 80ys. 

42. 

4a*-4ai>-3i* + 12«>c-9c*. 

43. 

05* + 6 a;® + 8 a:* + 6 a; - 9. 

44. 

a* — 4a*6 - 6 o* 6 * + 6 a 6 * - b*. 

46. 

4a:* - 20a:® + 24a;* + 6 a; - 9. 

46. 

a* - 2 ®* + at* - 2 *+!. 

47. 

a*-9a* + 90a-25. 

48. 

o* - 2 abt - (oo - 6 *)®* + box*. 

49. 

a;*y* + a:*y*-s* + 2a:ys + l. 

60. 

®*(»* - «*) + 4®v« -»*+«*. 

61. 

(a* - 6*Xa5* + y *) + 2 (a* + b*)xy. 



52. 

a;*-4a;®-a:* + 10a: + 4. 

63. 

a* - 6 a* + 16a* -18a +6. 

64. 

4a;* + 12a;® - 5a;* - 21a; + 12. 

66 . 

«* - 5®“v + 6®*v* - 6 »v* + V*« 

66. 

05* - 6a;* + 14a;* 20a;+ 16. 



67. 

a* - 7o»6 + 14a*6* - 14o6* + 46‘. 


68 . 

a,* + 4a,«-iia,» + 30a:+25. 

69. 

a* + 4a*6-l0o*6»+4a6*+6‘. 

60. 

«*+8!r*+24ir* + 32a!-20. 

61. 

(« + IX® + SX® ~ 4X® - 6 ) + 13, 

62. 

(* + 2 X« + 3X® + 4X® + 6 ) — 360. 

63. 

®( 2 * + IX® - 2 X 2 * - 3) - 63. 

64. 

Find the value of xy(x-^y)-^yz{y + z]+ zx(z+x) + 3xyZi when 

*■ 0 ( 6 - 

c), y^Ufi-au s*c(a-W. 




65. Find the value of + + + when 

66. Find the value of ® * - 2(i/ - 2)x - 3y * + 20y - 32, when sc + y ■ 4. 

67. Find the value of a;*-y* + 4fl5 + 14:y -45, when a?+v*26 and 
flj-y-6. 

68. Find the value of Bxy{x* + y*)t when a+y* ^/3 1 

when x-y^ J2 I 

II. Identities 

149. We shall in this section consider some important identities 
of a somewhat harder type than those treated of in Chapter XIII and 
establish their truth with the aid of the foregoing formulae and prineipleSi 

The following general method should be remembered : 

Reduce the more difficult side of the identity to the form of the other 
with the help of the preceding formula. 
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If both the sidet of the identity are complex, reduce each to its 
simplest form and establish their equality. 

Sometimes an identity follows easily by transposition of terms or 
addition of some terms to both its sides. 

Sometimes an identity may be proved very easily by substituting 
a n$u> letter for a group of Utters occurring in the identity. Make such 
jubstitutions wherever necessary. 

The following examples will illustrate the process : 


Bumple ]• Pro've that 

(®-aX«“W(a“fc)+(sc-hXa;-cXfe-c)+(aj-cX®--aXc-a) 

- - (h - c)(c - aia - b). 

Substituting p for sc - a, for 2 C - 6 and r for sc - c, we have 
q-p'^a-ht r-q^b-c, p-r^^c-a, 

. the left side ^pq[q - p) + qr{r - g) + rp{p - r) 

“-(g-pXr-gXp-r) 

- - (a - b\b - cXc " a). [ restoring values 

of g-p, r-g.p-r } 

Auimple 2. Prove that 

[y + s)*(2a5 + 1 / + s) + (s + sc)*(a; + 2y + s) + (sc + y)*(sc + p + 2«) 

+ 2(i/ + «X«+»)(»+y)*(2sc+y+sX»+2v+fX«+y+2»)* 

Putting a for v+*. 6 for s + sc, c for sc +y, we have 

6+c-2sc+y + «, c + a-sc+2y + s, a + 6*a;+y + 2s. 
the left side * a*(6 + c)+h*(c+ a) +c*(a+ 6) +2a6c 

-(h+cyc+aXa+h)«(2sc+y + sX» + 2y + »X«+y+2«). 


Bzample 8. Prove that sc* + 6(y + s)sc* + l%y + s)*sc + 8(y + «)* 

■■4(3sc+2v+6£i)y* + (sc+6i/ + 2£;X® + 2«)*. [M. M. 1881] 
The left Bide-sc* + 3sc*,i2(y + sH + 3.sr.i2(y + «)l* + i2(y + «)l* 

“ isc + 2(y + sX* » (sc + 2y + 2s)* iSy + (sc + 2£)[* 

■* (2y)* + 3(2y)*(sr + 2 jc) + 3(2yXsc + 2s)* + (sr + 2s)* 

- By* + 12y •(« + 2s) + 6y(sc + 2s)» + (sc + 2«)* 

- 4y*)2y + 3(sr + 2z)\ + iSy + (sc + 2 jc)Ksc + 2«)* 

- 4(3sc + 2y + 6s)y* + (sc + 6y + 2sXsc + 2s)*. 


Example 4. Prove that 

sc* + y* + s* + 24scys “(sc + y + «)* - 3}sr(y - s)* + y[z - sc)* + «(sc ~y)*K 
By transposition of terms, this identity is equivalent to the form 
3lsc(y - je)* + y(0 - sc)* + Msc - y)*l + 24scyf 

“(sc+y+*)* -sc* -y*-2;*. (l) 



zzn. ] 


HABDBB FAOTOBS AND IDBNTITIBB 


981 


It bbe latter identity can be established, the former can be deduced 
by transposing terms. 

Now, SlicCy - «)* a)* + r(a5 - y)® [ + 2ixyz 

* 3 Wv * “ 2y2f + «■) + y(£* - 2zx + a?*) + z{x^ - 2xy + y *)} + 24fl?y« 

* 3l®{y * + «*) + y(«* + a;*) + z[x ^ + y *) - ^xyz 

- 2y saj - 2;?a^ + 8a?yrf 

* 3la;(y* + «*) + y(«* + a:*) + z{x^ + y ®) + 2a?y«f 
*3(y+«X«+2cX®+y)“(a5+y+«)*“«“"y*-i»"» 


/.by transposition, 

oj* + y® + «• + 24rryi? * (a; + y + if)® - 3 Wy - 0)* + y(« -«)• + «(«- y)*l« 
Example 5. Prove that 

-a<6-cXc-aXa-b)*a(b-c)(aj-fcX»-“o)+Mo'”flX»"cXa5-a) 

+ c(a-6X«-aXcc-6). 

The 1st expression of the right side 

- a(fc - c))a;* - aX6 + 0) + feci 

- a;*a(fe - c) - xa(b^ - c ®) + abdb - c). 

The 2nd expression of the right side 

» fe(c - a)la:® - aXc + a) + cal 

- a;*fe(o - a) - a?6(o* - a®) + afec{c - a). 

The 8rd expression of the right side 

* c(a - fe)la;® - aXa + fe) + afel 

- a?®c(a - fe) - »c(a® - fe®) + abc{a - fe). 
the right side (adding the columns vertically) 

-cc*la(fe - c) + fe(c - a) + c(a - fe)l - ®la(fe® - c*) 

+ fe(c® ~ a*) + c(a® — fe®)l + afec)(fe — c) + (0 a) + (a — 6)1 
-a;®.0 - ®Kfe “ cXc - aXa - 6)1 + a6o.O. [ Formulas XXllI 

XIV and XXn, Art. 188] 

« -aX6-cXc-aXa-h). 


Example 6. Prove that 

(1 - a:*Xl - y ®Xl - «■) - (« + V^Kv + *«X« + ajy) 

- (1 + irysXl - a?® - y® - 1® - Skeyi ). 


The left side 

- U -(»•+»• + *•) + vV + 

fiDyi 

+ («tr»)%c* +»•+••)+ (w*X»*** + • V + «*»•) + 
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-(1 - *■ - tf ■ - »■) + (V*** + »*®* + ®*V*) - - **!'■*• 

- + v“ + *■) - {»’*“ + + *•» ■) “ W* 

“ (1 - »■ - V* " *“) “ “ xydfc* + w“ + «“) - 2a:*y*a* 

_ 1 _ a,« _ - 2a:vz + ! ev* - ttvz{x* + v* + z*) - 2a!*y*z* 

« (1 _ a;* _ y - 2a5V2) + iri/z(l - *• - v“ - «* - aw*) 

-(1 + ®i/zXl - ®* - y* - - aw®)- 

IBO. Conditional Identities. We shall now establiBh ceitoin 
Important Conditional identities and deduce the truth ol other 
identities from them. 

151. If a+6+c—O, prove that 

(1) a“+6*+c“--2(ftc+cc+aW. 

We have (a+6+c)*-o*+6* + c* + a6c+2co+ao5. 

0*“a* + f)* + o*+2(i)c+co+oh). 

Transposingi o* + 6* + c* “ “ a(6c + co + aft). 

(2) o*+6*+c*-8c6c. 

We have o" + 6* + c* — Zaibo 

- (o + 6 + cXo* + 6* + c* - i»c - co - o6) 

“0 (o* + 6* + 0* ~ 6c “ CO ~ oh) “0. 

.* . transposing, o* + 6" + c* - 3o6c. [ See Art. 99, Bx. 10 1 

(8) (6c+cc+a6)““6*c*+c*a“+o*6“"l(a“+6*+c*)*. 

We have (6c + co + o6)* - 6*c* + c*o* + o*6* + 2o6c(o + 6 + o) 

- 6*c* + c*o* + o*6* + ao6o X 0 
«■ 6*0* + c*a* + a*6*. 

Also, trom (1) above, bc+ca+ab- -i(a* + 6* + c*). 

. (bfl + ca + a6)* ■* i(a* + 6* + o*)*. 

Hence, (6c + ca + a5)* • 6*c* + c*a* + a*6* Ko* + 6* + o“)*. 

(4) a^+6^+c^-2(&®c®+c®a*+a®ft“)-i(a*+&*+c*)*. 

We have 26*c* + 2c*a* + 2a*6* - a* - 6* - c* 

■'(a+5+cX6+c-*aXc+a-6Xa+6-c) 
-03<(6+c-aXo+a-“6Xa+6-o) [ Art. 142j 

-0. 

Hence, transposing, 

+ 6* + c^ - 26*0* + 2c*a* + 2a*6* -2(6*c* + o*a* + a*6*) 
»J(a* + 6^+e*)*. [from (8) 3 
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(5) -5c*f(6c+c«+o6) 

■■ |aftc(a“ + ft* + <?•) 
-f(c*+ft*+c*)(o*+ft*+c*). 


F i aoe, o + ft + c 0, we have, by transposition, o + 6 — - c ; 

{a + 6)»-(-c)«, 

or, o*+6o*ft+10a*6* + 10a*6*+5a6* + 6*- -c*. [Art. 137] 


By transposition, 

o* + ft* + c‘ - - 5a‘6 - 10a‘fc* - 10a*i* - 6o6‘ 


- - 5ab(a* + 2j* 6 H Soft* + ft*) 

- dal^a + ftXo* + oft + ft*) [ taotorising ] 

“ -5oft(-c)](o+ft)*-oft) [ sinoe, o+ft- -e ] 

" CoftcKo + ftX - c) - oft) 

— 6oftc( - oc - ftc - oft) 

— -6oftc(6c+co+oft) 

-^(o* + ft*+o*) [by(l)] 

“l(o* + ft* + c*).Softe 

■»4(o* + ft* + c*Xo* + ft* + c*). [ since, o* + ft* + o* 

-3aio] 


(•) o’+ft’+r’“7aftc(ftc+«a+«ft)* 

-A(a“+ft“+c*)*(a«+ft*+f*). 


Binoe, o+ft+o-0, we have, by transposition, o+ft - -e ; 
(o+ft)*-(-c)*. 

or, o* + 7o*ft+ 21o*ft* + 36o‘ft* + 36o*ft* + 21o*ft* + 7o6* + ft* 

- -cV [ Art. 137 ] 

Transposing, o* + ft*+c* 

- - 7o*ft - 21o»ft* - 36o*ft* - 36o*ft‘ - 21o*ft* - 7oft* 

- - 7oft(o* + 8o‘ft + 6o*ft* + 6o*ft* + Soft* + ft*) 

- - 7ai(o + ftXo* + 2o*ft + 3o*ft* + Soft* + ft*) [ factorising ] 

--7aft(-cXo*+oft+ft*)* 

" 7flfte(o* + oft + ft*)* 

•■7ofto(ftc+oo+oft)* [as in (6)] 

■ Kfto + CO + oft)*.3oftc 

-*(a*+6*+fl*)*(a*+ft*+«*). 
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Buunple 1. Prove that 

(v - «)* + (* - a:)* + (® - v)* “ 3(1/ - z'iz - *KiE - y) 

Patting a ior [y-z), b lor (a-®) and c for (®-y), we have 
a+b+o^y-z+z-x+x-y^O. 
a* + h* + c* “ 3 a 6 c. I by ( 3 ) ] 

Bestoring values of a, b and e, 

(y - *)■ + (2 - ®)* + (* “ v)® “ 3 (y - 2X2 - sX* - y). 

Bzample 2. Prove that (»-2)* + (2-®).® +„(*-y)‘ 

fy-al*-t-(a-®)* + (®-y)* (y- 2)® + (2-® >* + (»-»)* 
" 2 ■ “8 

Patting a for (y — z), b for (a — ®) and 0 for (® — y), we have 
o+6+c“y-s+a-®+®-y“0. 
a* + 6® + c'‘-|(o® + h® + c®Xa® + 6® + c®). [from (6)} 
o* + 6*+c*_a®+6* + c* o® + fc“ + c“ 

"■ 6 “ 2 ’ 3 

restoring values of a, b, e, we obtain 

(y-2)*+(2-g)®+(®-y)* _ (y-a)*+(2-g)* + (®-y)* 

6 2 

- (y - a)® + (a - ®)* + (g - y)* . 
8 

BKample 8. Prove that (y + a— ®)®+(a + ®— y)*+{®+y“a)* 

«8(y + a-®X2+®-yX*+v-s)“ - 24 ®ya, if «+y+a— 0 . 
Patting a lor y+a— »i 6 lor a + ®— y and c for *+y — a, 
wo have a+h+e"*(y+a— ®)+(a+®— v)+(®+y — 2) 

— ®+y+a“0. 

Hence, o® + 6® + c® “ Zabo. 

.*. restoring values of a, b, e, we obtain 
(y+a-®)®+(s+®-y)®+(®+y-a)* 

-8(y+a-®X2+®-yX«+y-2). 

Alan , since a+h+e— 0 , we have, by transppsition, 

a- -(6+c)»-K*+»“V)+(*+lf“*H" “2®, 

6- -(e+o)- -K*+y-2)+(»+a-*H- - 3 y, 

o—-(o+&)*" -i(y+a-*)+(a+*-y)f“-2a ; 

8flie-S(-2eX-apX-22)“ “Slaw*, 
or, 8(y+S“«X*+»”tfX*+»“»)“‘'M«». 
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Henoe, {y + s-"«)® + ( 2 i + a;~y)® f (a + y-g)* 

“ 3(y + 0 - xXz + ® “ y X® + y - «) * - 24fljy « 

Szample 4. If » ■* a* — 6c, y * 6* ca, « * c* — a6, show bhat 
®* + y® + 0® - 3rry0 * (a* + 6® + c® - 3a6c)®. 

We have aj + y + 0“a®“6c + 6®-ca fc'-a^ 

— a® + 6* + c®~6c-ca-a6 ; 
y-0*6®-ca-(c®“a6)*6®-c* + a6-ca 

*(6-cX6 + c) + a(6-c)“(6-c))(6 + c) + af 
“ (6 *” cXct + 6 + c), 

Sim ilarly , «-a;*(c-aXa + 6 + c), 

a5-y*(a-6Xa+6+c). 

Now, ®® + y® + 0 ® - 3 rry 0 

- 4 (a; + y + z)i(y - 0)* + (0 - a;)* + (a; - 

“4(a® + 6* + c® -6c-ca-a6)K6-c)®(a + 6 + o)* 

+ (c - a)*{a + 6 + c)* + (a - 6)®(a + 6 + o)*l 
“ (a* + + c* — be “-ca^ ab) 

41(6 - c)* + (c - a)* + (a - 6)® + 6 + o)* 

• (a + 6 + c)*(a* + 6® + c*-6c-ca - a6)* 

« l(a + 6+ eXa* + 6* + c® - 6c - ca - a6H® 

-(a® + 6® + c®-3a6c)®. 

Example 6. If « * a + 6 + c, prove that 

sis - 26Xs - 2c) + 3(5 - 2cXs - 2a) + 5(5 - 2aX5 - 26) 

- (5 - 2aXs - 26 X 5 - 2c) + 8a6c. 

The sum of the first two terms of the left side 

- 3(5 - 2c)1(3 - 26 ) + (3 - 2a)} 

— 0(3-2c)l2s“2(a + 6)}*s(s-2c)x2c ; 
and the third term • (3 — 2 c + 2 cXs ~ 2aX5 26) 

*(3 - 2cX 3 - 2aX5 ~ 26) + 2c{s - 2aX3 - 26). 

Henoe. the left side 

- 3(3 - 2c)2c + 1(3 - 2cX3 ~ 2aX« - 26) + 20(3 - 2aXa - 36)1 

- (3 - 2aX« -* 26X« - 2c) + 2cl5{3 - 2c) + (3 - 2aX< - 35)1. 
But 3(3 - 2c) + (3 - 2aXa “ 26) 

-( 3 ® - 2c3) + { 3 ® - 23(a + 6) + 4a6l 
“23® - 23(a + 5+ c)+ 4a6 
“ 23 ® - 23.3 + 4a6 “ 4a6. 
the left iide“(3-2aX3-26X3-2o)+8a66. 
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Example 6. If + show that 

(s - aXs “ ^)(s - c) = {a + 6 + c)(bc +ca + ab) - abc. 

The left side *s® — (a + 6 + c)6‘* + (be + ca + ab)s — abc 
* s® - s.s* + (be + ca 4- ab){a -f 6 + c) - abo 
•^(bc + ca + abXa> + b + c) - abc. 

Example 7. If a + 6 + c + =0, prove that 

(a + + eXo + d) = (fe + aXfc + + c) 

*=(c + £ZXc + aXc + ^) 

■= (ci + cX^i + bXd + a). 

Since, a + fc + c + (i*=0, we have, by transposition, 
a + i“ —(c + dZ), 
fl + c** “(fe+ti), 
a + cZ =■ — (6 + c) ; 

/. (a+hXa + cXa + d)»(a + &)}-(Z)+d)[l-(fc + c)l 

“ (fl + Z>X^ + ^^XZ> + c) 

*(i + aX6+d(X^>+c). 

Similarly, 

(a + Z^Xtt + eXa + cZ) « { - (c + fZ)Ka + c)i - (6 + c)J 
“(c + dXa + cXt+c) 

■=(c + cZXc+aXc+ 6 ) ; 

(a + bXa + eXa + cZ) =■ - (c + cZ)l - (6 + d)Ka + df) 

•*(c + cZXZ?+(ZXa + eZ) 

■= ((Z + cXd + bXd + a). 

Example 8. Prove that 

(y + x-a?)® + (£; + a;-y)® + {cc + i/-«)» + 24 fl?ys 

-(2a;+y-£!)® + (y+0)®-({c+y-*)®-6i»{aj-2x)(« + F), 
Potting a for 2sc+y--x, b for y + « and c for -(aj+y-x), 
we have a + b+c^x+y-hg, 

6 + c* 2 jei-jc, 

c+a-x, 

a + 6*2(a;+y) ; 

/. the right side 

- ( 2 ® + V - »)• + (v + ,)• + J - (® + y - » + 3g^2t - *).a(* + ») 

- o* + 6‘ + c* + 3(c 4- aXfi + eXo + 6) 

-(a+ 6 +o)* 

■■((e+v+*)* 


t restoring valnes of a. 6, a ] 
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"4(v+»"®)+(*+®“V)+{®+V-»)f* [ ainco, (y+a-ir)+(a+*-v) 

+(x+y-z)“x+y+z] 

•‘[v + z-x)* + {z + x-vy + {x+v-e)* + 3\{z + x-y) 

+ (a: + F-«)H(!r + V-*) + {v + «-a:)H(y + a-a:)+(a+a!-v){ 

[ Formula XVII, Art. 133 ] 
“(v + a ~ a)* + (a + a: - v)* + (a; + V - *)* + 3.2a;.2y.2* 

^{v + z-x)’+{z + x-y)‘ + {x + y-z)* + 2ixyz. 

EXERCISE 81 

Prove that ; 

1. a*a: + 5*v + c* 2 “(a; + v + aXo* + fc* + c*), 

if x*-yz’‘a*, y^-zx^b*, z*-xv“c*, 

2. oa!+6v+c*”(a+5+cXa:+v + a), 

if x^a'-bc, y—b* — ea, z“c’-ab. 

8. (as - a)*(6 - c) + (« - 6)*(c - o) + (* - c)*(o - 5) + (6 - cXc - a)(a - 6) "0. 
4. 27(o+i+c)*-(fl+2&)*-(6+2c)'‘-(o+2a)* 

- 3(a + 36 + 2cXf> + 3c + 2oXc + 3a + 25). 

B, 2(*-oXs-6X»-c) + a(«-6Xs-o)+6(«-cXs-o) 

+c(s-oXs-6)='o6c, if 2s“o+6+o. 

6. a(«-aX»~6)+s(«-oXs~c)+s{s+aXs-o)+c(s+oXa + 6) 

•“(«+aX« + 6X»+c), if 8 “o+6+c. 

7 . (s-o)*+(»-6)*+(*-c)*-3(s-oXs-6X«-c) 

■■i{o* + 6* + c*-3o6c), if 2s"'a+6+c. 

8. (Sa: + 2v + 6«)* - (8a: + 2 f - 5a)* - 30al(3a: + 2v)* - 25a*( 

•“ (20a: - y + 8a)“ + (v + 2a - 20a:)* + 30«(20a: - E + 8aXy + 2a - 20»). 
8. {x+y+2zXx+2y+zX2x+v+z)-(y+zXx+xXx+y) 

•‘a(x+y+z)‘ + 2xvz. 

10. (a+b+cXx+y+z)+(a+b-cXx+y-z)+(b+e-aXy+M-w) 

+ (e+a-bXf + x-y)^4(ax+by + ez). 

11. (y - aXl + xyXl +xz)+(z-xXl+ ya)(l + yx) 

+ (x- yXl +zxXl+ ve) - (v - aXa - xXx - y). 

12. (ic-lXa:*+a:+4Xy-a)+{y-lXy*+y+4Xa-a:) 

+ (a - l)(a • + a + 4Xa: - y ) - - (y - aXa - a:X» - yXa: + y + a). 

a:*+y* + «* + «)* + 3(y+aXa + a:Xa:+y)“0, if a:+y+a+tP“0. 
(6-c)«+(c-a)*+(a-6) » (6-c)«+(o-a)« + (o-6)« 

6 2 


18 . 

14 . 
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16. {x + yX» + “ v«) * (a? + y + z)ix - ztx^ + y •}, 

if a;-a* + a*, and z^a + h [ M. D. 1908 1 

16. (y + f-2a;X« + ®“2y) + (« + a;-2yX® + y-2£i) + (a5+y-2«Xy+ «-*2») 

• 3Ky - «X« -«)+(;?- a;X® “ y) +(«- yXy - «)f. 

17. (y~«)* + («-ir)* + (fl;-y)^»=2(a;* + y“ + «*-y£f-«a;-«y)*. 

18. (6~oX6+c-“2a)® + (c-aXc + a-26)® + (a-fcXG + 6-2c)®— 0. 

19. a;®(y - «)® + y ®(jg - a;)® + z^{x - y)® f= Sajy^Cy - z)(z - jrX® - y). 

20. a®(6® - c®)® + 6®(c» - a®)® + c®(a® - 6®)® 

— 3a®6®c®(5 + cXc + aXa + bXb - cXc - aXa - 6). 

21. (6 + cX^ ” c)® + (c + aXc - a)® + (a + bXa - 6)® 

-2(J - cXc - aXa - 6Xa+ &+ c). 

22. «(y - «)® + y{z - a;)® + z(x - y)® *= (y - «X« ” aX» “ yXa? + y + «). 

28. 4(o® + aft + ft®)® - (a - ft)®(a + 2ft)®(2a + ft)® - 27a®ft*(a + ft)®. 

24. 2ft®o® + 2c®a® + 2a®ft®-a*-ft*-c* 

■■16s(s-aXa“ftXs“c), if 2s*a+ft+c. 

26. (8-a)® + («-ft)® + (s-c)* + 3aftc»s®, if 2s»a + ft+c. 

(ft - o)® + (c - a)* + (a - ft)® (ft - cy + (c - o)^ + (a - ft)^ 

20. 3*7 

. j (ft-c)®+(c-a)®-K a-ft)®|® . 

27. (aaj + fty + c«)® + (fta; + cy + a«)® + (ca? + ay + ft«)® 

- Xfta; + oy + a^Xca; + ay + ft«) + (ca: + ay + ft^Xaa? + fty + c») 

+(aa;+ fty + c«X6«+ oy + a«)i 
“ (a® + ft® + c® — ftc — ca — aftXa?* + y ® + »® — y« — «a5 — xy), 

28. (aa: + fty + c«)® + (ft® + cy + azY + (cx + ay + bzY 

- 3(ax + by + czXbx +cy + azXex + ay + fti) 
•(a® + ft® + c® - SaftcXar® + y® + «® - 3xyz), 

If a + ft+o—0, prove that 

29. ca“-ft*“aft-“c®**ftc“a®"®ftc+ca + aft* — 4 {g* + ft* + c*). 

SO. ft* + 6c + c® “ c® + ca + a® * a® + aft + ft* ■■ — (fto + oa + aft). 

81. a(c+aXG+6)“‘ft(a + ftXft+c)**c{a+cX6+c)*"aftc. 

82. a(ft + c)* + ft(c + a)® + c(a + ft)® “ Saftc. 

88. a(ft-c)® + ft(o-a)® + c(a~ft)®-0. 

84. Z® + r* + ^**3Xr^, where X“a«+fty + o«, 

r-6e+oy+a« and Z^cx+ay^b/L. 
86. (2a+6+o)*+(a+2ft+c)®+(a+6+2c)* 

- 8(3a + ft + oXa + 26 + cXa + 6 + 2o). 
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W. Prove that (3fl;+y + «)*+{fl5+3y + «)*+(a5+y + 3«)* 

- 3(3flj + y + + 3y + «Xa; + y + 3i?) - 20(05® + y* + «•- 3a5y«). 

87. If a + fe + 0 ■■ 1, prove that 

(a + bcXb + c) ■■ (6 + caXc + a) * (c + ab){a + 6) “ (1 — aXl ~ iXl “ c). 
Prove that : 

88. (a;+y)®(y + «-fl5Xje + «““y)+(a?“y)*(®+y + «XaJ+y-*) 

“ + (y * - z^AV^ + y ®£* + « ®) + («* - a5®X** + «*«* + «*) 

+ («* - y ®Xfl?^ + »*y * + y *). 

89. 2ic(y + *-a;) + (« + 05-yX®+y“«) 

-2y{jei + a:“y) + (a; + y-«Xy + «”») 

'■2£f(a; + y-«)+{y + 0-ajX«+aJ“y) 

»(y +« -{ eX« +® "!/)+(« ■*"»"'yXa?+y"”«)+(a+y“«Xy +*“”»). 

40. oj® + y® + K® * a® - Bab + 3c, 

when a;+y + «“a, y« + »aJ + »y-fc, O5ys"'0. 

41. y«(y + «) + + a;) + icy(a? + y) + 3a?y« * Up^ ^ PQ*)> 

when a; + y+»*p and »® + y* + «*"fl*, 

42. fl5^+y^ + 0’'-7gr®, when ®+y- y« + «»+W"f. 

48. fl 5 ® + y® + «®"ig®, when fl5®+y® + «®-g*, a5+y*13, i - -13. 

44. (c + v+«Xy« + «« + «v)“(y + «X« + a:Xo5+y)«120, 

when y«*46, «a5»64, fl?y-6. 


OHAPTEB XXIII 

THE REMAINDER THEOREM AND DIVISIBILITY 


152. important Theorems in Division. 


Theorem I. If px^-^qx+r m divided by x- a until the remainder 
doze not contain x, the remainder will he pa^-^qa-^r. 


fic-ai 


By actual division, we have 

t \ p® ® + v® r / pa; + (ap + gf ) 

/ pa;®-apa; \ 

(ap+g)a;+r 
( ap + g)a;-a(ap4-g) 

a{ap-»-(z)+r 


the remainder 

“a(ap + g)+r-pa® + ga + r. 


Note. Observe that (he remainder is of the same form as the dividend with a 
in the place of as. 
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Theorem 11. If px* + qx*-^rx+s is divided by x- a until the 
remainder does not involve x, the remainder will be po*+fla*+ro+s. 

By actual diviBioui 

as — o \ px‘ + 5®* + ra + 8 / pa* + iap + fl)a + (pa* + ga + r) 

jj^^^apx* \ 

(op + g)a*+ra + s 

lap + 3 )a* - o(ap + q)x . the remainder required 

(^•+ 5 o + r)x + 8 ^ -pa*+go* t-ro+8. 

(pg* + g a + r)a~ a(pa* + 3 a^r) 
pa* + + ra + s 

Not®. Here also, notice that the remainder is of the same form as the dividend 
with a in the place of x. 

EiZa.xiple 1. Find the rem.iiader Independent of x when 
+ 6a!+9 is divided by aj-2. 

. By Theorem II, the remainder required 

= the value of ar® - 5®* + 6a: + 9, when a: ■•2 
*=2* -5.2* + 6.2+9=8-20 + 12 + 9=*9. 

Example 2. Find the remainder independent of a? when a5®-2l6 
is divided by a: -6. 

The remainder required* the value of a;® — 216, when a?* 6 
-6® -216*216-216=0. 

NotB. The student is recommended to verify these results by actual division* 

153. Rational and Integral Expressions. We shall now 
establish a more general theorem known as the Remainder Theorem 

by dividing an expression of the type px^ + ^a:”^”^ +ra:"”* + + te + i« 

by 05 - a, n being a positive integer and p, q, r, 1* m being constants. 

An algebraic expression of this kind in which every power of 05 is 
a positive integer is called a rational and integral expression in x. 

Thus, a:*-3a:+ 13, a:® +pa: + r, etc. are each a rational and integral 
expression in x. ^ ^ 

154. The Remainder Theorem. If any rational avA integral 
expression in x is divided by x-a, the remainder independent of Xi is 
obtained by putting a for x in the given expression. 

Let px" + Qx”"* + rx’‘“® + + Zx + in be the rational and integral 

expression. Lot Q be the quotient and R, the remainder independent of 
X when the above expression is divided by x-a. 

Then, since, ( Dividend )=( Divisor )x ( Quotient ) + ( Bemainder ), 
we have 

fM5**+Q^x**'“‘+fx’‘“"*+*^*^**+lx+w=(x“a)Q+B ( identically ). 
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SinoSi B does not contain it remains the same whatever value 
be given to If a is put for x in the above relation, we have 

pa* + + + Za + ?» »(a ~ a)Q' + B, 

( where Q* is the value of Q when a is put for a?) 

-OxO' + B*0+jB*B. 

. the remainder E^pa* + Qa*'~^ + + + Za + w. 

Thus, the remainder is of the same form as the dividend with a in 
the place of x. 

Hence, the theorem is established. 

Cor. If any rational and integral expression in x he divided by 
at the remainder independent of x is obtained by putting -a for w in 
the given expression. 

Since, a; + a"“«-(-“o), the above corollary follows at once from 
the Bemainder Theorem. 

Note. If any rational and integral expression in x is divided by aC't'b, the 
remainder independent of x is obtained by putting — ^ for x in the expresHont 

Etiampie 1. If a?*- 5® + 9 be divided by a; + 2, find the remainder 
independent of x, 

From the corollary, the remainder required * the value of the 
expression a;*“5a: + 9, when-'2 is put for x 

“(-2)*-6(-2) + 9-4 + 10 + 9-23. 

Exampla2. If 2a;® -8®* + 7a; + 5 be divided by 2a; + 3, find the 
remainder independent of x. 

From the note above, the required remainder — the value of the 
expression 2a;® 3a:® + 7a; + 6 when - 5 is put for x 


Examples. Ifa;* + pa: + g be divided by a; + o, find the remainder 
independent of x. 

From the corollary above, the remainder required 

-the value of x* + pa; + g, when a;— -o 
-(“a)*+p(-a)+g-a*-pa + g. 

Note. The student is advised to verify these results by aetual division. 
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Example 4. Find, without actual BubstitutioDi the value of 
«• - 19a;* + 69a;* - 151a;* + 229a:* + 166a; + 26. when a; - 15. 

By the Eamainder Theorem, the value of the expression, when 16 
is put for X, ■=the remainder on division by a; -15. 

But the given expression 

- a;* - 15a;* - (4a;* - 60a;*) + (9a;* - 135a;*) 

- (16a;* - 240a;*) - (11a;* - 165a;) + (a; - 15) + 41 

- x‘(x - 16) - 4a‘*(rr - 15) + 9ir*(a; - 15) - 16a;*(a; - 16) 

-lla;(a;-15) + (a;-15) + 41. 

Evidently, the remainder on division by a; -15 ■■41. 

Hence, the value required = 41. 

155. Divisibility and Factor Theorem. 1/ any rational and 
integral expression in x vanishes identically when a is substituted for 
(t, the expression is exactly divisible by X“~ a and contains a; -a as a 
factor. 

Let the given expression be px^ + qx^~'^ + ra;’^"* + + fa + m. 

The remainder on division by a;-o 

-the value of the dividend when a is put for x 

[ by the Bemainder Theorem ] 
— + ra^"* + + fa + 7n. 

The given expression is exactly divisible by a;- o if the remainder 
is aero, i.e., if + +ra’‘'“* + + fa + m-0. 

Also, .* ( Dividend )— ( Divisor )x( Quotient ) + ( Bemainder ), we 
have the given expression 

-(a;-a)xQ + (pa’' + ga’‘"^+ra’*"* + + ia + »?i) 

[ Q being the quotient } 

•(ir~a)Q, if pa’* + ga""^ + + fa + T»-0 ; 

a;-o is a factor of pa;" + ga;’*""^ + + fa + »», 

if pa" + ga""^ + + Za + ?n — 0. 

Thus, the theorem is established. 

Cor. a; + a is a fpctor of pa;" + ga;"'*^ + ra;"“* + + fa+»i, if 

p(-a)" + g(-a)"''+r(-a)""*4- — -i-i(-a) + w-0 

Since, a? + a = a; - ( - a), the corollary follows at once. 

Note If any rational and integral expression in x vanishes when 4f 

a 

substituted for x, the expression is exactly divisible by ax+t and eontains ax+b as 
a factor 
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Example 1. Show that So;® — 2£c* + fl; — 18 is exactly divisible by 
B 2 and contains a; - 2 as a factor. 

The value of 3a:® - 2a?* + a; -18, when 2 is put for x 
-3.2®-2.2* + 2-18*24-8+2-18«0. 

Hence, by the above theorem, 3a?® ~ 2a?* + a? - 18 is exactly divisible 
by a: - 2 and contains a: - 2 as a factor. 

Example 2. Show that 3a?® - 2a?*y - 13a?y * + lOi/® is exactly divisible 
by a? - 2y and contains a? - 2i/ as a factor. 

Putting 2y for a? in the given expression, wo have 
3.(2i/)® - 2.(2y)*,y - 13.(2i/j.y* + lOy » 

“ 24y ® - 8y ® - 202/® + lOy® « 0. 

by the above theorem, the given expression is exactly divisible 

by a?-“2y and contains a?-2y as a factor. 

« 

Example 3. Find the condition that the rational and integral 
expression aa?'‘+foc^“^ + ca?“"* + -'^-‘* + Za? + m may be divisible by a?-l. 

The value of the given expression, when 1 is put for a? 

-a.r + i.r-^ + c.l"”* + + l.l + m 

-«a+6+c+ +l+m 

[ since, 1”*1 x 1 x l’**to n factors*! 
and similarly -l^*—*** — ! J 
the given expression is exactly divisible by a?-!, 
if a + b+c+ + i + m*0, 

e.s., if the algebraic sum of the coefficients of the expression be zero. 
Example 4. Prove that x + 3 is a factor of a?® + 4a?* + 6a? + 6, 
a? + 3*a?“("’3). 

The value of a?® + 4a:* + 5a? + 6. when a?* -3 

*(-3)® + 4.{“3)* + 5.(-'3) + 6* -27 + 36-15 + 6*0. 
Hence, by the corollary of the factor theorem the expression is 
exactly divisible by a? + 3 and contains a? + 3 as a factor. 

Example 5. If the 'expression !r® + 3a?* + 4a?+p contains a? + 8 as 
a factor, find p. 

a? + 6*a?-(-’6). 

The value of a?® + 3a?* + 4a? + p for a? * — 6 

-(-6)® + 3.(--6)* + 4.(-6) + p* -216 + 108 - 24+p*p-132. 

By the above theorem, (a? + 6) is a factor, if p — 132*0 ; 

,the required value of p*132. 


1—18 
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Examples. Find the oondition that x^^[p + q)x+a is divisible 
byttj+p + ff. [P.D. 18961 

The divisor + If x+p + g-O, cc- -(p + g). 

Henoe, if the expression (vis., dividend) vanishes, when -(p + g) is 
put for X, it is exactly divisible by x+p + g. 

Therefore, 1 - (p + g)l ® + (p + g)i - (p + g)l + a *0, 

or, (p + g)*+(p + g)“*a : or, (p + g)**(p + g + l)»a. 

the required condition is (p + g)*(p + g + l)=*a. 

Example 7. Find the condition that x* + 3x + p and + + g 

may have a common factor. 

Let X ~ a be the common factor. 

Putting a for x, the value of 

x* + 3x + p*a* + 3a + p*=0, ••• ••• (i) 

[ since, x-a is a factor of x* + 3x+p ] 

Similarly, a" + 4a + g=0. ••• ••• (2) 

[ since, x - a is a factor of x* + 4x + g J 

Prom (1) and (2), by subtraction, we have 
(a* + 4a + g)-(a* + 3a+p)«0, 

or, o + g-p*0, or, o»p-g. [transposing] 

Substituting this value of a in (1), we have 

0«a* + 3a + p»(p-g)* + 3(p-g) + p 
-p*-2pg + g* + 4p-3g ; 

. the required oondition is p* - 2pg + g* + 4p - 3g —0. 

156. Important Theorems on Divisibility. In Chapter X we 
have already considered the divisibility of expressions a’* + 6^and 
by a+b and a- 6 in particular cases. We propose now to establish the 
propositions generally. 

Theorem 1. The expression u always divisible by a -6, ii 
n ts uny positive integer, odd or even. 

Divide by a~6 until the remainder is independent of a 

Let Q be the quotient and R, the remainder. 

Since, ( Dividend )*( Quotient )x( Divisor ) + ( Remainder ), 

we have — &*** Q x(o — 5) + R [identically). 

Now, since B is independent of a, it remains the same whatevei 
value be given to a. 

Let in the above relation. Then, we have 

6^ — 6"— Q x(6~6) + R, [ Q* being the value of ( 

when h is put for a 

or. 0-Q'xO+B-O+jB; JJ-O. 
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Henooi the remainder being zero, is exactly divisible by a -6. 

Thus, if the division be actually performed, we have 
- 6--(a - + a’*“*6+ + + 

EKxampla. Each of the expressions a*-b*, a®-b*, a*-b*, a*-b*, 
etc. is exactly divisible by a - b. 

Theorem II. The expression is exactly divisible hy a + b, 

when n is any even positive integer, but not if n is odd. 

Divide a^-b^ by a + b till the remainder does not contain a. 
Then, if Q be the quotient and B, the remainder, we have 
a** - b** * Q X (a + b)+ B ( identically ). 

^ Since, B does not contain a, it remains the s^e whatever value 
be given to a. Putting - b for a in the above identity, we have 

(-b)*-b~-0'x(-b + b) + B. [iQ' being the value of Q 

when -b is put for a ] 

-O'xo+B-B; 
when n is even. (-bf-b’^-b^-b’^-O ; 
when n is odd. (-b)’‘-b’‘- -b^-b*^- -2b’^ ; 

JS*0, when n is even ; 

but, since -2b’^, when n is odd, the remainder is not zero, when n le 
an odd integer. 

Hence, a*-b^ is exactly divisible by a+b, when n is even, but not* 
if n is odd. 

Thus, by actual division, we have 

a’*-b"*(a + bXa^*^“fl’*"*b+a^’*b*-'- + ab**"*-b’*”*^), when n is even. 

Example. Each of the expressions a*-b*, a^-b*. a®-b®, etc. is 
exactly divisible by a+b; but a^-b^, a®-b®, a^-b , etc. are not 
exactly divisible by a + b. 

Theorem in. The expression a^ + b^ is exactly divisible bp a+b, 
if n is odd, but not if n be even. 

Divide a’^+b^ by a+b till the remainder does not contain a. Let 
Q be the quotient and B, the remainder. Then, 

a’* + b’*“0x(a+b)+B ( identically ), 

Since, B does not contain a, it remains the same whatever value 
be given to a. Let a*” -b in the above identity. Then, we have 
(-br+b’‘-«'x(-b+b)+B-«'xO+B-B, 
when fi is odd, (-br+b*- -b’*+b*-0. 
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But, when n is even, (-6)*^+ 6” “5'*+ 6’^- 26", which Is, therefore, 
not zero. 

Hence, B“0, if n is odd, but not if n is even. 

a" +6" is exactly divisible by a + 6, when n is odd, but not 
when n is even. 

Thus, by actual division, we have 

a" + 6" » (a + 6Xa"“" - 

when n is odd. 

Example. a® + 6®, a* + 6*, a’ + 6^ are all exactly divisible by a + 6, 
while a* + 6*, + 6^, a* ^ 6* are not so. 

Theorem IV. The expression a" + 6" is never divisible by a- ht 
whether n is even ^r odd. 

Divide o" + 6" by a — 6 till the remainder does not contain a. 
Let Q be the quotient and B, the remainder. Then, 

a" + 6" “ 0 X (a - 6) + B ( identically ). 

^ Since, B does not contain a, it remains the same whatever value 
be given to a. Put b for a in the above identity and we have 

6»» + 6*‘-Q'x(6-6) + B-0'xO + B-B. or, B-26". 

Since, B does not vanish for any value of n, a" + 6" is never 
divisible by a -6. 

Example. Thus, o* + 6®, a® + 6®, o® + fc®, etc. are never divisible 
by a-6. 

Example 1. Show that 8**^ -4®" is divisible by 17, if n is any 
positive integer. 

The expression S®"-4®^‘-(3®)"-(4®)"-(8ir-(64)" ; 

by Theorem I, Art. 166, the given expression is divisible by 
81-64, t.A, 17. 

Example 2. Show that the last two digits of 2®" -6®" are O's, 
n being any even positive integer. 

The given expression -(2®)" -(6®)" -(64)" -(36)". 

Since n is even, the given expression is exactly divisible by 64 + 36 , 
•.s., by 100. [ Theorem II, Art. 166 J 

Hence, 100 being a factor of the given expression, the last two 
digits must be 0 *b. 

Example 8. Show that 

(a;® + 3arr® + 3a®ar + a®)®»"+^ + (a;® - 3aa?® + 3a®a! - a®)®"*+® 
contains 2aJ as a factor, m being a positive integer. 

The given expression • i(ct + a)® [ ®*"''’*^ + \[x - a)*l •’"**’* 

- (a? + a)®<®»"+‘J + (a; - a)®^'»"+^ J. 
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Since, Z[2m + 1) is an odd positive integer, the given expression is 
exactly divisible by (a; + a) + (aj - a\ i.fl., 2a;. [ Theorem III J 

Example 4. Show that + + is divi- 

sible by (6-cXc““aXa^6), n being any positive integer. 

The given expression is a rational and integral expression in 
a, b and c. 

If we substitute c for h in the expression, we have the expression 
« (c - + (c - + (a - 

- + (c - - (c - a)[ 

-0 

Since, 

to (2n + l) factors 

* ( - 1) X ( - 1) ^ ( - 1) to (2n + 1) factors 

x(c-a)^(o-a)x(c-a)*** to (2n + l) factors 

. * . the expression * 0 ; 

by Art. 165, the given expression is divisible by 6-c. 

Similarly, putting a for c, in the given expression, it may be shown 
that the expression is divisible by o-a , and putting h for a, it may bo 
shown that the given expression is divisible by a -6. 

Hence, the given expression is divisible by the product 
(i-cXc-aXa-i). 

Example 5. If n be any positive integer, show that 

- [bclT + {cd)^ "• ida)^ is d i visible by a6 - ^ + cd - da, 

[M.M. 18731 

Evidently, aft - 6c + cd - da * 6(a - c) + d(c - a) * (c - aXd - 6). 

Now, if we put a for c in the given expression, we have the 
expression *= (ab)^ - {ba)”' + (ad)” - (da)” 

«(a6)”-(a6)”+(ad)”-(ad)”-0 ; 
by Art. 155, the given expression is exactly divisible by c-a, 

Similarly, putting b for d in the expression, it may be shown that 
the expression is divisible by d-6. 

the expression is divisible by the product of c-a and d-6i 
•.fl., by (c - aXd - 6), t.e., by a6 - 6c + cd - da. 

Example 6. Show that is exactly divisible by 

(n-1)*, when n is any positive integer. 

The given expression - cc*^^ - a?” - a? + 1 - 1) - (as - 1) 
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ThxiBi a-1 is a factor of the given expression. 

Since, by Theorem I, Art. 156, rr"-l is exactly divisible by 
. the given expression is divisible by (a? - 1) x (« - 1), i ,a., (a: - 1)*, 

Example 7. Find the continued product of 

{x + aXflJ* + + a*Xa?® + fl*). 

Let A denote the continued product required. 

Then 4*(a;+flX»* + a“X«* + fl*X®* + fl®)« 

Multiplying both the sides by rr-a, we have 

(a; - a)A - i(a; - aXa; + a)Ka;* + fl“XaJ* + a*X»" + «*) 

Ka;* - a*X»* + fl*)Ha?* + a^lix^ + a®) 

-l(a;*-a^XaJ^+aW + a«) 

«(a;®-a®Xa;®+a«)-aj^®“a^® ; 

/. *a;^* + a;^*a+a?^*a* + + 

x^a 

Examples. If x+a be the H.C.F. of a?* + pap+g and aJ* + p'flJ+flf\ 
show that a*® — —/• 

p-p 

Since, aj+a is the H.C.F. of the two exuressions x*+px+g and 
x^+p'x'^q'i these expressions must be exactly divisible by x + a, 

/. by the Divisibility Theorem, we have 

(-fi)*+p(-a)+g-0, f.a., a^-pa+g-O, 

and f.s.. a*-p'a+g''-0. 

by subtraction, (a*-p'a+ff')-"(a**pa+c)*0, 
or, a(p-p')+g'"g*0. 

Transposing, a(p-p')*g“g^ I 


EXERCISE 82 

Find the remainder, without actual division, when 

1. a?*+3aj*+^* + 4aj+6 is divided by aj-S. 

2. 8a?® + 605^ + 11 ifi divided by a? + 1. 

8. 3«® + 7a:* + lla?+2 is divided by 8a?-l. 

4 . 4fl?®+5a?*+9a?+7 is divided by 2a?+8. 

6, (Kc®+6a?*+oa?+d is divided by ax+b. 
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In the following examples, show that the first eripresBion ia 
divisible by the second : 

6. 6a;® + 13T*4 17T + 6 by 20 ^+ 1 . 

7. apx^ 4 (^-1 4 aq)i * 4 (2^ 4 a'^'k 4 2r by ax 4 2. 

8. 4 4 ® 4 4 10^/^ by Sx 4 2y, 

9. a" ’ 4 ^ by a 4 6. 10. - 729y® b^ 22 ; 4 3y. 

11. by j4y (w being a positive integer). 

12. *y ® - a;®y ^ * by x^y^(x -* y). 

13. (3a 4 4 by 6 4 1 (n being any positive integer). 

14. 4 by (a; - a)\ 

16. 64 4 32a; 4 2a;® 4a;® by a;*44a;44. 

16. Find the condition that (i) a;*^ 49a;^-7a;*411aa;46a* may 
contain a; 41 as a factor. 

(ii) aa;® 4(&4c)a;4d may contain a;4fe4c as a factor. 

17. For what values of a will 3a;* 49a;® -7a;*- 6a;*- 4aa; 4 3a* 
contain a; - 1 as a factor ? 

18. What must be the form of m in order that a’”-a;’^ may have 
both a^4a;^ and a’^-a;'"' for divisors, n being any positive integer ? 

[ M. M. 1876 1 

19. If n be any positive integer, show that 

(a;*4 7a;46)’»-(24ir)*«. is divisible by 3a; 4 2. 

20. Show that the quotient of 3a;* 4 a;* -11a; 4 7 when divided by 
«-l is exactly divisible by a;-l. 

Show that each of the following expressions is exactly divisible by 
(a-6)(6-cXc“a) ; 

21. a*6*(a - 6) 4 6*c*(6 - c) 4 c*a*(c - a). 

22. a*6*(a - 6) 4 6*c*(6 - c) 4 c*a*{c - a). 

28. a*(6-c)*46*(c-a)*4c*(a-6)*. 24. (a-6)*4(6-c)*4(c-a)*. 

25. a'b^(a - 6)® * 4 b^c^b - c)® * 4 c'a^c - a)® * . 

26. Show, hy the principle of divisibility that (a 4 6 4 cY,ah 4 6o + Ott) 
^abc oontains the factors 64c, c4a and a 4 6. 

27. Shew that (aa;46yX6a;4cyX«P+fly)“{ay + 6a;X6y4ca;Xcy+o») 

contains the factors x-y, a-b^b-c and c - a. [ M. D. 1874 ] 

28. Shew that a*(6-c)46*(c-a)4c’®(a“6) contains each of the 

taotors a- 6, 6-c and c-a. [ P. U. 1918 1 

20. Eesolve a*(6*-“C*)4 6*(c*-a*)4c*(a*-6*) into factors by the 
principle of divisibility. 
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30. Shew that is divisible by 

(6 + c)(c + a)[a + 6){a - h\b ~ c)(c - a). 

31. Siiew that the last digit in (41)’^ -1, where n is any positive 
integer, is zero. 

32. Shew that 7*”* - 1, where m is any positive integer, is divisible 
by each of the factors 2, 3, 4, 6, 8, 12, 16, 24 and 48. 

33. Shew that 17® + 13’ -5® + 2’ is divisible by 3. 

34. Shew that x®- a; -6 and a;® -11a? + 14 contain a oomnaon factor 
of the/om a’-w. 

35. Shew that the expression (8l)"*.(12l)'” - 1, where m is any 
positive integer, is divisible by 100. 

36. Find the continued product of (1 + rcXl + + aJ*Xl + 

37. Shew that IS’^ * 12(13"-^ + 13’‘~® + + l) + l. n being any 

positive integer. 

38. Find the continued product of 11 x 101 x 10001. 

39. Shew that a;’' - na; + n - 1 is exactly divisible by (a; - 1)*. 

40. Shew that a”‘(a-l) + 6"*(6“l) is not divisible by a+6. m being 
any positive integer. 

Write down the quotients in the following divisions : 

41. a?® +1^® by aJ + ?/, 42. a:® -y® by a? + i/. 43. a?’ - y ’ by ac - 

44. a;^®-y‘® by a?® + y®. 45. a?^® -y^® by af-y, 

46. If a;+3 be the n.C.P. of aa:® + 5a;+2p and aa:® + 3a?+p+Br 
find p and a. 

47. If a? “5 be the H.O.F. of 6a?®-2?a? + 5 and 6a?*-2a;“2p, prove 
that p *5 and h-i, 

48. If a? -a be the H.C.F. of ga?* + 2a; + p and ga:* + a5 + r prove 
thata=r-pand q(r-p)® + 2f-p*.0. 

49. Find, without actual substitution, the value of — 3x® + 6®’^ 
- 16a?® + 13a?® - 39a?® + 7a?® - 21a?* + 17a? - 61, when a? * 3. 

50. What is the value of 32a?® - 48a:® + 40a?® - 60a?* + 26a; - 38, wheo 
«-r6 7 



CHAPTEB XXIV 
HARDER H.C.F. AND L.C.M. 

157. In Chapters XIV and XV we have explained the method 8 
of finding the H.C.F. and the L.C.M. of compound expressions, whoso 
iJactors can be determined easily. We shall now proceed to consider 
more difficult cases. 

1. Harder Highest Common Factors 

158. If the H.C.F. of two or more compound expressions be 
A compound expression, it cannot generally be found by inspection. In 
such cases the following methods should be adopted. 

159. The ordinary method of finding the H.C.F. of two multi- 
nomial expressions which have no monomial factors. 

Rule. Arrange the two expressions according to descending powers 
of some common letter ; divide the expression which is of higher degretx 
in that letter by the other ^ or if they he of the same degree^ either of them 
by the other ; if there he any remainder^ take it for a new divisor and 
the preceding divisor for the dividend, and continue the process till there 
no remainder. The last divisor will he the H.G,F. required. Of any 
divisor and the corresponding dividend either may he multiplied or 
divided hy any number which is not a factor of the other. 

This method is similar to ‘Division Method’ of finding H.C.F. in 
Arithmetic. 

It depends on the principles ; 

(a) When an expression contains a particular factor, any multiple 
of the expression is exactly divisible hy that factor ; and 

[h) if two expressions have a common factor, that common factor 
will exactly divide their sum and difference, and also the sum and 
difference of any multiple of the expressions. 

This rule may be proved as follows : 

Let A and B stand for two such expressions both arranged accord- 
ing to descending powers of some common letter* and let the index of 
the highest power of that letter in A be not less than the index of the 
highest power of that letter in B. 

Divide A by B, and let Q be the quotient and C, the remainder. 

Then, we must have C =* A -BQ, •••(!) 

or, A-J50+C. ••• (2) 


The lettee Is oalled the letter of reference* 
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From (1), it ifi clear that every common factor of A and B is 
a factor of C [ for if and B^pb, we have C^p(a-bQ)], Hence, 

if E denote the H.C.F. of A and B, E also is a factor of C, and is, 
therefore, a common factor of B and G. 

It is clear, therefore, that the H.C.F. of B and C is either E or 
an expression of higher dimensions than E, (a) 

Now, from (2), it is evident that every common factor of B and C is 
a factor of A, and is, therefore, a common factor of B and A. Hence, 
the H.C.F. of B and C also is a common factor of B and A^ and 
therefore, cannot be of higher dimensions than H. 

Hence, from (a), the H.C.F. of B and C is E. 

Thus, the H.C.F. of B and C is the n.C.F. required. 

Similarly, if B be divided by C, and D be the new remainder, the 
H.C.F. of C and D is the same as the H.C.F. of B and C, and is, 
therefore, the H.C.F. required. 

Now, divide C by D, and let there be no remainder. Then D is 
the H.C.F. of C and D and is, therefore, the H.C.F. required. 

Cor. /. As the H.C.F. of any divisor and the corresponding 
dividend is the H.C.F. required, it is clear that, for the sake of con- 
venience, either of them may be multiplied or divided by any mono- 
mial expression which is not a factor of the other. [ See Note 8, Art. 100 ] 

Cor, 2, In dividing A by B if we stop before the complete* 
quotient is obtained so that g is the partial quotient and C' the corres- 
ponding remainder, then the H.C.F. of B and C' just as the H.C.F. 
of B and C is the H.C.F. required. Hence, by Cor. 1, in dividing O' 
by B (or if convenient, B by C' when O' is not of higher degree than B) 
we can multiply or divide either of them, if necessary, by any monomial 
expression which is not a factor of the other. 

The following examples will illustrate the process ; 

Example 1. Find the H.C.F. of 3a?® - 7®* - 18® - 8 and 2a;® -Sa:* 
-17a; -12. 

The H.C.F. required is evidently the H.C.F. of 3a;® - 7a;* - 18aj 
- 8 and 3(2.t® - 3a;* - 17a; - 12) [ Cor. 1 ]. Let us, therefore, multiply the 
2nd expression by 3 and divide the product by the 1st : 

2a;® -3a;* -17a; -12 

__ 

8a;®-7a;*-18a;-8\6a;®- 9a;* - Sla; - 36/ 2 
/^^-14ir*j:36ff-16\ 

5a;*-16a;-^ 

Hence, the H.C.F. required is the H.C.F. of 8a;® -7a;*-18aj-8 
and 6a;*-16a*-20*6(a’*-3ar-4), and is, therefore, the H.C.F. of 
3a;® -7a;*-18a;-8 and a;*-3a;-4. [ Co r. 1 ] 

* The quotient obtained Is said to be oomplete when the remainder la of lower 
degree In the letter of reference than the divlaor, 
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We moEt proceed then as follows : 

6)S x»-15g -20 

e*-3x-4\ 3x"-7x*-18x-8 /3x + 2 
/ 3x*-9x*-12a; \ 

2a:*- 6x-8 
2a:_*r 6a;r8 

Hence, the H.O.F, required =x® — 3x- 4. 

Tht work of finding the H.C.F. in compact form ; 

3x f 3x*-7x*-18a:-8i 2a;‘ -3x*-17x-12 

!_8x*-9x*-_12a; [3 

2 2a;*- 6x-& to®- ^*-61x-36 2 

2a;«- 6a--8 6x®-14x«-36g-16 

j 5)5x»-15a;-20 
I 4 

The given expressions are arranged according to descending powers 
of B. As the coeflScients of the highest powers of x are 3 and 2 and 
therefore, one is not exactly divisible by the other, sic* is multiplied by 3. 
The product is divided by 3x“ - 7i* - 1^ - 8 and the quotient 2 is written 
to Ine right. Since 5 is a factor of the remainder and not of the first 
ttlvisor, it is reinoved and **-3x-4 is taken as the new divisor and 
1 ® .7 ° divided by it. The quotients are written to the left. 

AS there is no remainder, x*-3x-4 is the required H.C.F. 

With detached coefiScients the work would stand as follows : 

3 3-7-18-8 1 2- 3-17-121 
3-9- 12 3 j 

2 2-6-8 6- 9-51-36; 2 

2-6-8 6 -14-36-16 

6) 6-15-20 
1- 3- 4 i 


BumHe 2. Find the H.C.F. of 

22a:* -78x*-16x* and 2®* -78a:* -44a:. 

The 1st expression ■•2a:*(lla:*- 39a:* -8). 

The 2nd expression ■•2r{»*- 39a: -22), 

Hence, by Note 7, Art. 100, H.C.F. required 

*( the H.C.F. of 2a:* and 2a: ) x( the H.C.F. of 
lla:*-89a:‘-8 and a:*-89a:-22 ) 

«2a: X X putting X for the H.C.F. of the multinomials. 
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NoWi let U8 find X, as in the last example : 

39a;®- 8/11 

jllx^-mx -242\ 

-3)- 3?a;® + 429a; + 234 
13) 13®®-il43^-JB 
a;®- 11a;- 6 

a;®-lla;-6 la;® -39a; -22 / a; 

6a;\ 

11 ) lLg® -33a;-22 
a;*- 3a;- 2 

a;* -3a; -2 la;® -11a; -6 /a;+3 

3a;® -9a; -6 
3a;® -9a;- 6 


Thna, X'-a;*-3a;-2. 

HenoCi the H.O.F. required =2a;(a;* - 3a; - 2)* 

KiampUa. Find the H.C.F. o! 12a;®a* + 64a;®a® + 8a;*a®-72fl;a* 
«Dd 8a;®a + 60a;®fl® + 160a;®a® + 180a;®a® + 72a;*a®. 

The Ist expression *6a’a®(2a;® + 9a;®a + a;a*- 12a®), 

The 2nd expression * 4a:*a(2a;® + 15x®a + 40a;®a* + i5xa* + 18a®), 

Hence, if X denote the H.C.F. of the multinomial factors of ihe 
given expressions, we must have the required H.C.F. “(the H.O.F, 
of Gxa* and 4a;*a ) x X*2a;a x X. 

Now, to find X. 

2a;® + 9a;*a + a;a® - 12a® I 2a;® + 15a;®a + 40a;*a* + 45a;a® + 18a® / x 

I 2a;® + 9a;®a+ a;®a*-1 2a;o* \ 

3o ) + 39a;*a® + 57a; a* + 18a * 

2a;® + 13a;®a +19a;a*+ 6a® 

Hence, Xis the H.C.F. of 2a;®+9a;®a+ara*-12a* and 2a;® + 13a!*a 
+ 19a;a* + 6a*, and as they are both of the same degree we can divide: 
either of them by the other. 

Q«®+9a5®a+a?a*-12a® \ 2a;® + 13a;*a + 19a;a*+ 6a® / 1 
I 2a;® + 9a;®o + a;a®-12a* \ 

2a ) 4{g®a + 18a?o® + 18a® 

2«® + dxa + 9a® 
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a**+9iEa+9a* \2ir*+9a!*a+ xa*-13a‘l x 

l2x* + 9x‘a + 9xa‘ ( 

- ia* ) -S igg*- 12a* 

■ ^ + 3o 

2!r + 3a \2a:* + 9a!a+9o*/ »+3a 

l2x* + 3xa \ 

6a;o+9a* 

6iBa +9g* 

Thus, Z“ 2® + 3a 

Hence, the H.C.F. required =2®a(2!r + 3a), 

Example 4. Find the H.C.F. of 

4®* + 11®* + 27®* + 17ic + 5 and 6®* + 14®* + 36®* + 14* + 10. 

The second expression =2(3®* + 7®* + 18®* + 7® + 5), but 2 is not 
• factor of the Ist expression. Hence, the H.C.F. required Is the H.O.F. 
of the 1st expression and 3®* +7®“ + 18®* + 7® + 5. 

4®* + 11®* + 27®* + 17® + 6 

3__ 

8«* + 7®* + 18®* + 7® + 6\12®‘ + 33®* + 81®* + 61® + 15/ 4 
/1 2®* + 28® * +72® *+28®+20\ 

5®*+ 9®* + 23®- 6 
3®* + 7®* + 18®* + 7® + 6 

A 

6®*+9®* + 23®-6 U6®* + 35®*+90®* + 3to+26/ 3* 

h 5®* + 27®* + e9®*- 18® \ 

8®* + 21®* + 50® +26 

6_ 

4ftr* + 105®* + 2«)®+i25/ 8 
40®*+ 72®* + 1 8 4®- 40\ 

33)33®*+ '66® + 166 
®‘+ 2 ® + 6 

a;* + 2fl:+5 \5fl?®+ 9a;* + 23a5-6/ 6«-l 
;^l±10ar*.4-25i^ \ 

-a;*- 2a;-6 
2ir"-5 

ThuB, the required H.C.F.*a?* + 2a; + 5. 

Bzample 5. Find the H.C.F. of 

“ 16a;* + 108 and 6a;* - 14a;* - 40a;* I- 36 
The first expression * 4(a;* - 4a;® + 27). 

The second expression -2(3a;® -7a;* -20a;* + 18). 
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Henoe, it X denote the H.G.F. of the mnltinomial laolors of the 
given ejcpressions, the H.O.F. required =*2X 

Let UB then find X, 

ir*-4a!* + 27\3a:»- 7a!*-2(te* + 18/ 3iE+12 
JSx* - 12x* + 8 1x 1 

iar*- 7x*-20x*-81x+ 18 

12a:‘-48!r* +324 

41a:*-20»*-81x-3()6 
®*-4a;* + 27 
41 

41*» - fiCx* - 81a: - 306 \4 Le* - 164x* + 1107 / x 

Mix* - 20:^ -81x«- 306x1 _ 

- 9 ) - 144x*f81x* + 30to +ll07 
16x*- 9x*- ' 34x- 123 

41 _ 

666x* - 36^* - lM4x- 6043/ 16 
6^x* - 320x« -1296x-489G\ 

-49) - 49x* - _.?8x- 147 
x*+ 2x+ 3 

x* + 2x+3\41x*-20x*- 81X-306/41X-109 

/ 41x*+82x « + l^x \ 

-102x*-204x-S06 

-102x«-a04x-S06 

Henoe, the H.O F. required - 2(x* + 2x + 3). 

EXERCISE 83 


Find the H.G.F, of : 

1. 2x* + 5x-3 and 2x“ + 3x*-32x + 15. 

2. 3x* + 16x-12and 3x'‘ + 4x*-28x+16. 

3. 2x* — 3ax - 20o* and 2x* + 3ax* - 45a*x - lOOo*. 

4. 3x* + 7x*-14x*-24x and 6x*-10x“-24x*. 

6. 6a*-llo*-3o+2and 3a*+20o*+23a-10. 

6. 6a* - 25a*6 + 32a6* - 126* and 4o* + 12o*6 - 7a6* - 306*. 

7. 3x* + 5x*+6x + 2 and 2x* + 5x* + 6x + 3. 

8. 4x* - 7x*y + 7xv* - 3y* and 3x* - 7x*v + Ixy* - 4tf *. 

9. fix* + 7«* + 6x* + 2x and 4x* - 18x* - 8x* - lOx*. 

10. 3x* + 10x* + 7x* + 4x+l and 2x* + 3x*-7x-S. 

11. ix'^ldx'-Sx-d and 3x*+13x*+9x*+9x+2. 
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12. 12a® + lla^x + 6aa?* + a;* and 21a® + 17a®aj + 9a«* + «®. 

13. 35a® + 31a*® + 13aa5? + 2®® and 65a® + 54a*® + 22a®* + 3®®. 

14. 70®® - 9a®* + 11a*® + 6a® and 91®® - 25a®* + 20a*® + 4a®, 

15. 75®® - 35®* + 24® + 4 and 85®® - 36®* + 25® + 6, 

16. 35®® - 34® * + 3® -f 2 and 49®® - 49® * + 5® + 3. 

17. 4®® + 2a®* + 14a*®* + 10a®®® + 24a*®* and 

6®® + 21a®* + 30a“®* + 24a®®®, 

18. 4a* + 32a® + 72a* + 44a + 8 and 6a* + 54a® + 138a* + 78a + 12. 

19. 2®* - 19®* + 21® - 6 and 6®* + 21®® + 3® - 6. 

20. 12®* - 30®* + 126® + 90 and 15®* ~ 25®® + 145® ~ 75. 

21. 18®* + 117®® + 162®* + 72® + 9 and 12®* + 68®® + 72®* + 108® + 20. 

22. ®*-5®* + 6® + 12 and ®* - 8®* - 24® - 32. 

23. ®* + 5®® + 3®* - 14® - 40 and ®* - 4®® + 45® + 75. 

24. 4®* - 8®®a* + 28®*a® - 24®a* + 24a* and 

6®* + 24®®a - 12® *a* - 24®a® + 96a* . 

25. 9®* - 18®®y - 13®*!/* - 38®!/® “ 12!/* and 

6®* + 4®*y + 5®®v* + 4®*!/® + 8y*, 

26. 2®* - 11®* « 9 and 4®* + 11®* + 81. 

27. 32a* + 104a® - 20a* - 122a + 30 and 60a* + 10a* - 45a® + 45a* - 60a. 

28. ®*+2®*“5®*-7® + 3 and 3®* -3®*- 18®® + ®* + 2® + 3. 

160. In some cases the H.C.F. may be found more easily by 
the application of the following principles : 

If A and B denote two expressions having no monomial factors^ and 
if wi, n, p, g he any four numerical quantities such that mq-np is 
not equal to zero, then the H.C.F. of A and B is the same as the H.C.F. 
of mA + nB and pA + qB, numerical common factors, if any, being left 
out. This may be proved as follows : 

Let H denote the H.C.F. of A and B, and H the H.O.F. of 
mA + nB and pA-^qB, after removal from them of any numerical 
common factors that may occur. 

Now, since every common factor of A and B is a factor of mA-¥nB 
and also of pA-^qB, therefore, H is a common factor of rnA-^nB and 
pA-^qB. Hence, H' is either equal to H or is an expression of higher 
dimensions than H. *** **• ••• (a) 

Again, since q[mA’^nB)-n(pA’¥qB)^(mq-np)A. 
and rr^pA + qB) - phnA + n^) - ( w- np)B, 
it is dear that every common factor of mA + nB and pA + is a factor 
of {mQ-np)A, and also of {mQ-np)B. Hence, as mq-np is only 
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a numerical quantity, every common factor of those expressions other 
than numerical must be a factor of A as well as of B. Hence, is 
a common factor of A and B, and therefore, cannot bo of higher 
dimensions than E, 

Hence, by (a), EC-Ei which proves the proposition. 

Cor. /, The H.C.F. of A and B is the same as the H.C.F. of 
A-^B and A-B, Here 7»«1, m = 1, p — 1 and -1, 

Cor. 2. The H.C.F. of A and B is the same as the H.C.F. of 
A±B and B ; here w=±l, p=0 and g = Similarly, it is the 

same as the H.C.F. ol A ±B and A, 

£umple 1. Find the H.C.F. of 

+ + 2 and + a:“ + 3a;-2. 

Let A=^x^ + x^ — 5rr* — 3rr + 2, 

and B^x^- 3ir® + + 3ir - 2. 

Then, + -2a;® -4a:* = 2a:^(fl:*-a;-2), 

and i4-B=4a;®-6a;“-6a;4-4=2(2a;®-3ir*-3fl; + 2). 

Hence, by Cor. 1, the required H.C.F, is the H.C.F, of 
- a; — 2) and 2a:® - 3a;^ — 3a; + 2, and therefore, of flp*—*-'2 anl 
2a;®-8a;“-3a; + 2. 

Let il'=a:*-a;-2, and B' “ 2a;® - 3a;* - 3a; + 2. 

Then, il' + B' = 2a;®-2a;*-4a;=2a<a:*-a;-2). 

Hence, the required H.C.F. 

*the H.C.F. of A* and A' ^B' [ Cor, 2 ] 

*a;*-a;-2. 

Example 2. Find the H.C.F, of 

ix* + 11a;" + 27a;* + 17a; + 5 and 3a;^ + 7a;® + 18a:* + 7a; + 6. 

Let A^ 4a;* + 11a;® + 27a;* + 17a; + 5, 
and B*=3a;* + 7a;® + 18a;* + 7a;+6. 

Then, J - B * a;* + 4a;® + 9a;* + 10a; * a<a;" + 4a;* + 9a; + 10), 
and 3i4 - 4B = 6a;® + 9a;* + 23a; - 5. 

Hence, the H.C.F. of a;® + 4a;* 4- 9a; + 10 and 

5a;® + 9a;* + 23a; — 6 is the H.C.F. required. 

Let .4^=a;® + 4a;* + 9a; + 10, and B'==5a;® + 9a;* + 23a: — 5, 

Then, A' + 2B' * Ha:® + 22a;* + 66a; =* J la*(a;* + 2a; + 5), 
and 6 J - B' * 11a** + 22a; + 55 » ll(a;* + 2a; + 6). 

* . Hence, ihe H.C.F. required is the H.C.F. of a;(a;* + 2a; + 6J and 
a?*.4'2i + 5, and is, therefore =* a;* + 2a: + 5. 
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BnmplcS. Find the n.C.R of 

3x‘-ll«*-9Mid 4a:‘ + lla*+81. [0.0.1866] 

Let 4-4a:» + lla:*+81. 

and B’^2x^-llx*-9. 

Then. i-2B-lla!* + 22®*+99“ll(a‘ + afl!» + 9), 
and 4+9£-22ir' + ll»*-99a*-lla!*{2ir*+x*-9). 


Hence, the required H.G.F. is the same as the H.C.F. of 
a* + 2** +9 and a*(2a:* + a*-9), and, therefore, of a* + 2** +9 and 
aa:» + x»-9. 


Let 4'»a*+2!r*+9 and B’~9x*+x*-9. 
Then, il' + JS'»'a* + 9!r“ + 3a*“a*(a* + 2!t+3). 


Hence, the H.G.F. of 


and 


3** + a* -9 (-S') 
a* + 2a + 3(”C' say) 


I is the H.G.F. required. 


Now, since B'+3C'=2a® + 4ir* + 6a: 

“2!r(a*+2®+3) ; 

.• . the H.G.F. reqd. - the H.G JP. of C and B' + 3C' 
— a* + 2!r+3. 


EXERCISE 84 


Find the H.G.F. of : 

1. x*-3a:*-4!r+12and »*-7a* + 16»-13. 

2. 2a!* -17a +12 and 4a;* -2®® -34a* +41* -12. 

5. 4a* + 13a* + 19a+4 and 2a® + 6a* + 6a-4. 

4. 3®®-6a* + 7 and 6®*-7a®-6a* + 14a+7. 

6. 6a* - Ha® + 16a* - 22a + 8 and 6a* - 11a® - 8a* + 33a - 8. 

6. 2a* + 19a® + 20a* -31a + 8 and 2a* + 7a® -64a* + 62a -16. 

7. 3a* -7a® -27a* -6a +2 and 3a* -13a® -40a* -9a +3. 

8. 6a* - 18a® - 7a* + 12a + 3 and 5a* - 23a® - 9a* + 16a +4. 

9. 9a*— 6a* -17a* -2a +2 and 6a* + 23a* + 34a® + 21a* — 3a -2. 

10. 6a‘+9a*-13a®-4a*+9a-3and9a® + 12e*-18a*-6a* + 19B-4. 

11. a*-a®^■8 and a* -a.* + 4. 

12. 8a* + 139a* -44 and 39a* + 139a* -16. 


1-19 
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161. The H.C.F. o! three or more expreesions whose factors 
cannot be easily found. 

Let At B, 0 stand lor any three exprecsicns of which the H.O.F. 
is to he found. 

Let 0 denote the H.C.F. of A and B, and H that of 0 and C. 

Then 0 being the product of all the elementary common factors of 
A and B, every factor of G is a common factor of A and B, and therefore, 
every common factor of G and C is a common factor of At B amd C. 

Hence, H also is a common factor of A, B and 0, Therefore, the 
H.O.F. required is either H or an expression of higher dimensions 
than H. ••• ••• ••• (rt 

But, since every common factor of A and B is a factor of G, every 
common factor of A, B and 0 is a common factor cl 0 and C. Hence, 
the n.C.F. required is a common factor of (i and C, and therefore » 
cannot be of higher dimensions than JET. 

Hence, by (^i the H.O.F. required ■■JT. 

By a similar reasoning it follows that if 2) be a fourth expression, 
then the H.O.F. of H and D is the H.G.F. of A, B, 0 and D, 

Thus, we have the following rule : 

To find the H.O.F. of any number of expreesione A, B, 0, D, da., 
firei find the n.0.F, of A and B, then the H.O.F. of this resuU and 0, 
and 10 on ; the result obtained last of all is the H0.F. required, 

BiampUi 1. Find the H.C.F. of 2«*-7{r*-17«* + 58»-24, 

3»* + 14»*-lla?*-70*+24 and 6ap* + 9»*-47«*“81fl5+18. 

Let us first find the H.O.F. of the first two expressions. 

Put il-2aj*-7«*-17a?*+68{r-24, 

and B-3«^ + 14a?»-ll«*-7(te+at 

Then. 4 + B - 6a;^ + 7 b* - 28fl?* - 12« 

-B(6B» + 7a?»-28B-12). 
and -3i + 2B-49B* + 29B*-314B+12D. 

Hence, the H.O.F. of A and B is the H.0.F of 5 b* + 7b* -28b -19 
and 4te* + 29b* - 314b + 120. 

Let il'-6B* + 7B*-28B-12. 

and B'-49B* + 29B*-314B+m 

Then. lOi' + B'- 99b* + 99b* -694b 
-99b(b*+b-6). 

Hence, the H.O.F. of A and B is the same as the H.O.F. of 
6B* + 7B*-2aB-12(-il') \ 

and b*+b-6(»0', say). J 
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Now, 4'-2O'“5!C* + 5a5*-S0*“6!B{a!*+*-6) : 

the H.C.P. of A and ,B-the H.C.F. of G and 4'-2C' 


Hence, the H.O.F. required ia the H.C.E. of a;*+K-6 and 
6«* + 9** - 47a!* - Bla! + 18, which can be found as follows : 


*•+*-6 16®* +9®* -47®* +81® +18; 

/S®*+5®*-3Ct* I 

4®*-17®»-81®+18 
4®*+ 4®* -24® 


-3 y-21® *- 67®+1 8 
7®* + 19*- 6/ 
7®*+ 7®-4 2l 
T2T^+36 


®+ 3 


5®* + 4® 


7 ®+3\®*+ *-6/* 

/ ®*+ 8 ® \ 
-2a-6 
- 2®-6 


3 


Thus, the required H.0.7.~®+3. 

Example \ If (®+m) ia the H.0.F, of ®*+a®+& and e*-ai®+hti 
prove that 

(»+frJ 18 the of the given expressions ; 

. (x + m) is a factor of each of the expressions. 

/. by Bemainder Theorem, 

makes each of the expressions ■■0. 
f»*-aw+6-0, and w^+aim+fei-O. 

By subtracting, 

(ai + a) j»+(6i~6)*0, 

or, (ax+a)f»-6-6i ; 


EXERCISE 85 


Find the H. 0. F. of : 

1. 2®* + 7a;* -6a;- 4, ®* + 8a;* + ll®-20 and 2«* + 19®* + 49®+90. 

2. Sta;* + 3a;*+8a;* + 16®-10. 2a;* - 6a;* + 12a;* -25a; +10 

and 2a;* — 605 * + 10®* — 20® +8s 

8 . 2 ®* + 7®*-19®*-14®+30. 2®*+6®*-16®*-10*+24 

and 2®* + 6® * - 10®* + 6® - 12. 

4. 2®*-4®*-fi0**-2®-S6t2®*-6«*-65®*-3®-28 

and 2®* + 18®* + 41»*+9®+20. 
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6. 8a* + 28a"6+62a6*-486*. 3a* + 4a*6-2Ba6* + 166* 

and 3a* + 10a»6-44a6*+94t*. 
«. 6a* + 6a*6 - 34a6* + 166*. 6a* - 37a*6 + 57ai» - 20i>* 

and 3a*-8a*6-31a6* + 606*. 

7. 3a;* + lla;*-32a;*-44a; + 80, 3a;*-!r*-62»* + 124fl:^80. 

3»* + 2®*-20aj*-8aj + 32 and 3a?* + 2ir® -83aj*-60fic+900. 

8. 6®* + 14®* - 53a;* - 37a;* + 66a; + 24. 6a;* - 28a;* + 17a;* + 64a;* 

- 39a; - 18. 6a;* + 8a;* - 79a;® - 36a;* + 105a; + 36 

and 2a;* - 2a;* - 31a;* + 61a;* + 42a; -72. 

9. If the H.C.F. of a;*+pa; + g and a;* + p'a; + fl' is a; + a, sho^ 

fchat(p-p')a-g-fl'. [C.U.1941] 


II. Harder L.C.M. 


162. L.C.M. of two expressioDfi whose factors are not 
obyious by inspection. 

Let A and J3 stand for two such, expressions, and suppose their 
H.O.F, is found to be E, 

Divide A and JB by fl and let the respective quotients be a and 6 
Then, we have 

A^aE\ 

B^bE ] 


Hence, since a and h have no commoli factors, every common 
multiple of A and B must neoeeaarily contain a x J? ^ 5 as a ftactor. 

Hence, the L.C.M, required -aH&. 


But, aEh"‘alEb)’^^>^ B 
or, •‘{aE)b^‘A^^ 

Hence, the required L.C.M. xB, 


or-4 X 


B 


Thus, i\) find ^ht L,0M, of any two expressions we have to divide 
one of them by their E.C,F. and multiply the quotient by the other. 

Cor, If L denote the L.C,M, of A and B, we have L x E^A x B ; 
that is. the product of the L.CM, and E.C.F, of any two expressions 
is equal to the product of these expressions. 

Nota. If any two expreaaions have no ootnfnon faetort their L.O.Af. 4s evidently 
equal to their produoU 
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Example. Find the L.C.M. of 

6!r* + 25»* + 16it+7 and 6a!*-lla:*-8r-6. 

6e*-U!r*-8!E-6\6ar* + 26!E* + 16!r+ 7/1 
/ 6a;*-l lg*- Sg - 6 \ 

' 12)8tei+2te+12 
3a:*+ 2*+ 1 

3!r*+2!r+l\6!r*-lla!*- 

) 6a!* + 4fl!*+ 2a! \ 

-16a:* -10a: -6 
-15a;«-10a;-6 

Thus the H.C.F. of the given expressions ■ 3a:* + 2a! +1 
Hence, the L.C.M. required 

‘^^i^^~(6a:* + 25a:* + 16x + 7) 

« (2a: - 6X6a:* + 26a:* + 16a: + 7) 

- 12a:* + 20a:* - 93a:* - 66a: - 36 

EXERCISE 86 

Find the L.C.M. of : 

1. 3a:* + 2a:* - 11a: + 4 and 3a:* + 14a:* + 13a: -8 
t. 6®* + 17a:* + 9a: -4 and 6a:* -7a:* -27a: + 8. 

8. 12a;* - 4a:* - 25a: + 12 and 12a:* -28a:* + 7a: +12, 

4. 9a:* -12a;* -15a! +20 and 15a:* + 12a:“- 25a: -20. 

6, 4a:* -10a:* -18a: +45 and 6a;* + 8a:* -27a: -36. 

6 . 4a!* + 4a:* + 7a:* + 11a: + 4 and 6a:* + 7a:* + 4a:* + 5a: + 2. 

7. 8a:* - 6a:* - 8a:* + 9a: -6 and 16a:*-12x* + 20a!*-9a:+6. 

8. 4a:* + 8a:* + 21a:* + 18a: +27 and 3a:* + 6a:* + 17a:* + 16a: +24. 

9. The H.C.F. and the L.C.M. of two expressions are a: -7 and 

e* - 10a:* + lla: + 70 respectively; if one of them is a:*- 5a:— 14, what 
is the other 7 [ B. U. 1925 ] 

10. The H.C.F. and the L.C.M. of two expressions of second degree 
are c - 1 and z* - 7a: + 6 respectively. Find the expressions. 

[D. B.102T] 

11. If h be the Highest Common Divisor and 2, the Lowest 

Common Multiple of two quantities zand v, and if h+l“<e+y, prove 
thath* + 2*-z*+»*. [P.C. 1891] 

168. L.C.M. of three or more expressions whose factors are 
not obrions by inspection. 

Let A, B, 0 ttand for three such expressions ; to find their L.O.M. 
Lei L denote the L.O.M. of A and B, and 11 that of L and 0, 
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Then evidently wtfry oommon multiple of L and C is a oommos 
milliple of A, B, C \ ••• ••• ••• ••• (l) 

also every oommon multiple of A, B, C is a multiple of JIf . (2) 

From (1). JSf is a oommon multiple of A, B,C, Eenoe, either Hi 
or an expression of a lower degree than M is the L.C.M. of A, B, C. 

But an expression of a lower degree than M cannot be the L.C.M. 
of A. B, C ; because from (2), the L.C.M. of A, B, C is a oommon 
multiple of L and C. 

Henooi the required L.C.M. * AT. 

Thus, to find the L.C.M. of any number of expreseione A, B, 0, D, 
dc., we have first to find the L.C.M. of A and B, then the L.C.M. oj 
the result and C, and so on ; the last result thus obtained is the 
L.O.M. required. 


Example 1. Find the L.C.M. of a?®-2jr*-a:+2, 8a:®-7«* + 4 and 
to®-8a;* + l. 


X 

+2 

a!»-3a!*+2!r 

a®*-?** +4 

3!r*-6!r»-3a;+6 

1 

a;®-3®+2 

-1 l-®* + 3!r-2 


®*“8a;+2 1 

®*-3a:+2 


Thus, the H.C.F. of the expressions considered "a?* -Sa; + 2. 


Henoe, the L.C.M. of the first two expressions 


a;®-2g?*-fl;+2 

aj*-3«+2 




-(a+lX3«®-7{t* + 4)-3a:®-4«®-7»* + 4®+l 


Now, to find the L.C.M. of the result and 2aj®-8a?* + l. 


2®* -3®* + 1 

5 

3aj*-4a;®~ 7fl?* + 4a5 +4 

2 

lto*-15®» + 6 

10®*- 4®*- 6® 

6 ®* - 8 ®* -14®* + 8 ® +8 
6 ®* - 9 ®* + a ® 

-11®*+ 6®+ 6 
- 6 

®*-14®*+6« +8 

2 

66®*-80®-25 

6ft®*-22®-38 

2®* -28®* +10® +16 
2®*- 8w* +1 

-81 - 8®+8 

-61 -26®*+10®+16 


fix® •“ 2x 8 
fix®- fix 
ae-S 
a ®-8 


te 

S 
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ThuB, the H.O.F. of the expressioDB oons dered*®- 1. 

Hence, thoi: I X.M. + x (3x‘ - 4a:* - 7a:* + 4a- + 4 ) 

a - iy3a:^-4a;®-7u;* + 4x + 4) 

- - l_r* - lar * 4 19.^® 4 * llx* - 8® - 4. 

EXERCISE 87 

Find the L.C.M. t f : 

1. 6ir® + lla;* + 6a;4-l, 4rj»-Vr- 3 and 6cr® - »* - 10® - 3. 

1 . 6®® 4- 25®* 4- 16® + 7. 6®*-lxfl“-8®-5 and 2^® + 5®*-6® + 7. 

8. ®*«2®*-^19® + 23. ®*4-2®*-23®--60 

and ®* 4* 7®» - 4®* - 62® 4- 48. [ B. D. 1891 ) 

4. 2®*4-4®® + ®* + 6®--3. 4®^ + 8®»-7t.»-6®4-3 

aad 8®* + 4®*-2®*-S®-S. 


CHAPTER XXV 
HARDER FRACTIONS 


184. In this Chapter w.e ehall consider fractions of a harder 
type than those treated of in Chapter XVI. 


I. Reduction of Fractions 


185. A fraction is said to be reduced to its lowest terms, when 
its numerator and denominator have no common factor. In all oases 
where the numerator and the denominator can be factorised by inspec- 
tion, the reduction is effected by simply removing the common faotorf . 
Otherwise, divide both the numerator and the denominator by their 
highest common factor. 

Example 1. Reduce tc its lowest terms 

g® -f h®4-c®-3a5c 

a*(b 4- c) 4 h*(c 4- tt)4' c* (a + W + 3g5c 


The fraction 


(g4-6+cyg*4-5*4-c®-&c-cg"a5 ) 
(a 4- 5+ c)(6c4- CO 4- a6) 
o*4-h*4-c*-fcc-eo-"ob . 
6c4-oo4-o6 


Example 2. Simplify 


8(g4-y4-s)®-fe/ + s)®-(g 4-g)®-(®4-y)® 
8(2®4'y4-fX®+2^4-fX®4-y4-2i) 
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The (raotion 


3(2g+y+gXa;+ 2y4 ‘ 

3( 2aj + y + «: Xa; + 2^ + gX® + V + si) 

1 . 


Example 8. Beduoe to its lowest terms 
S^-_27a2c“ + 78a»fl;--72a» . 
2ar* + lOcKT* - 4a*ic - 48a* ’ 


The numerator - 3(a;® - 9aa?* + 26a*iE - 24a®). 
The denominator -2(a;* +5aa;® -.2a*aj “24a®). 
Now, to find their H.G.F. 

fl?*+6aa;’-' 2a*a?“24a® 
g® “ Qgg;® -I- 26a®g - 24a® 
14ag) 14ag ®“28a®g 

g“ ^ 


« - 2a\g® “ 9ag* + 26a®g - 24a* / g* - 7aaj + 12a* 

\ 

“7ag* + 26a*g“24fl® 

“7a a;*4‘1 4a*ff 

12ii?«“24a® 

12a*g“ 24o® 


[ Ex. 1. Art. 132 ] 


[ 0. D. 1889 ) 


Thus, the H.C.F, required »g“ 2a. 

Hence, the required result 

""^® + 6ag*“2a*g-24a®)-*'(g“2ay 2(x* +■ 7ag + 12a*) 


Example 4. Reduce to iis lowest terms. 

[ 0. U. 1870 ) 

The H.G.F. of the numerator aud the denominator of the given 
fraction can be fou:id as follows : 

Sto?®— g®— 9g* + 13g—6 [ See Oor, 2, Art, 160 ] 

7g®“ 39g*- H7g“5 
2g) ito®-8a?*4‘iC g* “ 4g 

0?*- ic*4* 5g-2 

g®-4g*+eg“2\7g®“19g* + 17g- 5/7 
9) 9g*-“l^-i’ 9 

g*- 2g+ 1 

g*“2g + l \g* - 4g* + 6g “ 2/ g“2 
; g*-2g*4- g \ 

-2g* + 4g-2 
-^^ + te-2 
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Thus, the H.O.J. required”**— 2a: +1. 

Heuee, the required result 

_ (2**-* *- 9**4-13g-5)-«- (** - ?A! +■'.)_ 9** + 3* - 5 
(7**-iar* + 17*-5)-<-(*»-2«+l) ' '7*^^' 


EXERCISE 88 


Beduoe to the lowest terms ; 

f c* + 4** + * -6 
*“+®-2^ 

, a»4- 2a«t-2g 5*4-3?)» 

®’ a*-6a*i+6ao*-4t>*' 

K 3 ** 4- 4 **v - 7xy* + 2iy* 

2** + D®^V + 8*»* - 6f* 

. ** -**-*+ 1 

**-2**-**-^+'l‘ 

0 _2** + 3 o** + f ix** 

4** - L\j** + li)a** - 15a‘ " 

I ^ 9**_ - 7 i*r - 

9** + 6<m* - Ca** - ' 

„ 9*^+ ICxM- 1 2**-6* - 45 

8** + 2^* + 16** - 4* - 48 ' 

.. 6a*-!Vfc+a*6* + 3o*6*-o*6* 

4a‘-6a*5+3o*o*-a6* 


2 **-7* + 6 

*» + 2 **- 12 * + 10 ’ 

i !r* +(2&*-a«)g« +5* 
**+2o** + a»**-6*' 

« 1 + 3* — * * —3 ** 

1 — * + 2** + ** + 3** 

K g*+**+26 

**-9*»+30*-26‘ 

in 2**+g* -3g*+2*4 3 
3**+®*— 4** + to+4* 

14 2^-16o*5+44a5*-42fc* 

3a* + 6a»6 - 24a5* - fiS6* 


15 24 ®* 4 16®*v - 28®*y * - 24®*y* - 12®y * 

45®*v 4 30®*y* - i5®*y* - 20tEy* - lOv* ' 
in (fe 4e)*(ii- c) 4(c 4 a)*{^o) 4 (a 4 b)^^b) 
(i 4 e)‘(b - c) 4 (c 4 a)*(c - a) 4 (o 4 6)* (a - b) 

17 (1 ~ g*Xl - V*X] - g*) - (yr 4 ®Xz® 4 yXxy 4 g) 

l-®*-y*-g*-2®y* 


1 fi (g4y-2g)*4(y4g-2 ®)* 4(z 4g - ^* 
12(® 4 y - 2gXy 4 rXy 4s- 

19 (» - g)* 4 (g - a;)* 4 (® - y)« 

(® - yX® “ g) 4 (y - gXy - g) 4 (* - ®)(g - y) 

•A 7®* - 2g*y - 6 3®y* 4 18y* 

6®* — 3®*y - 43®*y* 4 27®y* — 18y* 


[ P. U. 1912 1 


21 . 


(g* - 6*)* 4 (5* - e«)» 4 fc* - g*)* 
o*(6 - cj* 4 i*(c - a)» 4 c»(g ^ 


[ B. D. 1895 1 
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n. Addition and Subtractioi oi Pn edoiu 


136. We know ^ — + — , gg jjjgj jjjg g^gj 

a a .a ^ a 

of any number of fractions which have a common denominator is 
£ fraction whose denominator is the same a^d whose numerator it tne 
•urn of the numerators of the given fractions. 


Eenoe, tc obtain the sum of any number of fractions which have 
not the Same denominator we must first of all reduce them tc equivalent 
fractions having a common denominator by the method of Art. 136, and 
then proceed as above. 


Example 1. Simplify + [M.M.18651 

mi >.• _ a* , 2afo-“a) g (ir-a)* fl* + 2a(£c-al+(r-a)* 

The expreBB.oi.-(^^y„+ 

* (a;-a)“ 


Example 2. Simplify -^ 3-^2 

To simplify examples like this, we combine two suitable terms ; 
then the result thus obtained with a third, and so on. 


'PV.no moK.™ i ,(g + 2)-(g- 2)^ 4_ . 

ThnB, wehaTe^_2 3,._4 x»-4 ' 

4 _ 4(g* + 4)- 4(a!*-4). 


32 


r»- 


4 e*+4 


x*-16 


x*-16 


r 32 . 32 32(x* + 16)+S2(»‘-16) 

LaBtly, iT-ie + ii+Te ^-256 

64a;‘ 


which 18 the required result. 


Example 3. Simplify ah>~ i^'%- 

Instead of simplifying all the terms together, it is convenient 
to combine them by groups. 

Thus, the given expression 

-mm ^ 1 + 26) - (tt + fe) b « 

Now. wehave ^^j -^^26 (o+iXo+ 2 o) (a+«{a+ 2 h) 

. _1 1 _ (o+A6)-(a+8&) , b 

““ 0+36 0+46 ( 0 + 86 X 0 + 16 ) (a+36Xa+46) 
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(., + 6Xa+2i) ■ (fo + Sd\a 4 45) 

_ t; c 4- S Xa 4 4’>) - Ma 4- fcX a 4- 2.0, 

(a 4 5)‘^o4'£jX‘‘'+3tXtt+4iT~ 


ot whioh the iramentor»6(o*4-7oi4-125*)-6(o*4-3c.54-25*) 
-fc(4a5+ l(»*)-25*(2a4- 65). 

a’ *(20165) 

■ (o4-5Xa + 2^ 4- 3'jXa4-45) 
a; 4-2 . a!4-l 


benoe. the. reqd. result 

SxaBqiAe 4 




a)“-4rc+3 a?*-6s; + 6 


[P. D. 1^] 

The first denominator *=x^-3cs + 2^(x- iX® - 2). 

!Phe second denominator *a;*-4aj + 3*(fl?- SX® - 1). 

The third denominator*®* -6a; + £*■(&•“ 2X®“ 3). 

.* . the L.C.M. 0^ the denominators * (® - IX® - 2X® - 8). 
hence, the given expression 


._®+3_ . _® + 2_ . g-f 1 
(a:-lXa!-2) (*-8X® -!) (*- 2 X!e- 3) 

« (a!4-SXg-3)4-(a!4 -2Xg ^) + (a !4-lX{g-l) 
{a:-lX*-2Xx-3) 

^ir^94-!t*-44-®*-l Sa!*-14 

((r-lX<t-2Xar- ^ - iX® - 2X!^' 


Bxaaple 6. Simplify 

x- v . v-t ■ z -x 

(o+«Xo4-v) (o4-yXo+») (o4-bXo4’®)' 


[ A. U. 1916 ] 


The L.C.M. of the denominators > (a 4- xXa + yXa 4- s). 
ttie given expression 

_ (o4-rX®-v)4-(o4-!eX» - >s)4-(o4 -vX»-®), 

(o4-a!Xa4-yXo4-») 

The niunerator">oK®-y)4-(y-*)4-{*-a!!)| 

4- s(® - ») 4- <r(p - *) 4- »(» - ») 
"O. [ simplifying ] 

■ the given expression 


(«4-»X«4-yX«4-s)“®* 
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OthiTwise : Sinoe, 

1 1 ^ [a -^x)-{a^ry) ^ x-y . 

a-^y^a+x [a-^xta-^y] (a+xXa+y)’ 

1 1_ ^(a+y)- (a-f g) ^ y-% ^ 

a+f a+y (a+y)(a+g) (a+yXa+») 

, 1 1 _ g ) --(a + ») « « * ^ , 

a+aj"a + g (g + gX^+o^r (g+iXa+^ 

We have fche given expression 

+ i..O, 

g+y g + a; g + g g + y g+a? g + g 

OL- ■ « r«« g I 2 g* , 4 g*h* 

Biampk «. Simplify j+a*+6*'^?-6i' 


Saoh expressions are easily simplified by adding and subferaefelog 
a suitable fraction. Thus, adding and subtracting the givan 


expression 

ro? 7 , 

Again, 

and 


-A x-A. x_?g!Lx_^*^* g . 

"g-b a +6 g* + 6 * g*-b^ g-b 

g . _g_ g (g+ 6 )^-(g-- 6 )g ^ . 

g -6 g+b* g*-b* g*-b* 

x- 2 ^ gglaj-i- b») + 2 a»(g» - b») , . 

g*-b* g‘ + b** g*-b* g*-b* ’ 

X 4 g*-l- 4 g»b» ^(gl+ b*) ^ la* , 

a"-b‘ g"«b" g*-b* 


. . the given expression 

4g* g tW — — 

"a*-b*’'a-b" g*-b» ~ a*-b* a*-b* 


EXERCISE 89 

Simplify ; 

. 1 I + ._ 12 o®_. 

ac*-6aa:+9ft* 2!E*+6^+9a* 4**-81a* 

• 1 _._ + -J + 1 . 

*■ {a;+oX»+ 2 o) (x+^)^+ 8 a) (i+ 3 a)(x+ 4 a) 

• a-h 6-0 I 0-^ . 

* (x+oX*+ 6 ) {x+ 6 X»+o) (x+cXis+ii) 

• 1 + ^ +8 

*• a*- 3 a + 2 a*“ 6 o + 6 a*— 4 a +8 
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(ir + l)*(a; + 2)* («+!)* ’*’a? + l‘“a; + 2' [A. D. 1912] 

ft 2(a;-3) x-1 a;-2 

4Xa; - 6) “ (« - 3jx ~ 4) (ir-5)(»-3)‘ [A. D. 1911] 

7 2c r ^ ^ , 

o*c-c" ' a(a + c) a*-c** [C.D,1869] 

ft - L . + 4 . __8 16 . 

1 + 0 1 + 0* l + a'* 1 + a® l-g^® 

*• (V-r- >/.:/-(-/. tB.D.18!») 

|A ® + ^ I C 

(fl-iXo-c) (b-a)(b^c) {c-aXc-6) 

11 -i 2 j 1 ^ 

®*-6a; + 6 a;*-4rr + 3 ic®“3iC + 2 

12 1 4. I ^ j. eg* 

g-g (x-aXx-b) {x-a)(x-bXx-c) 


{x - gXg - iXg - cX® - d) 

!• + fe*~( c "-g)* . c* - ( g-fc )* 

{o+c)*-6* (o + 6)*-c* (6+c)*-o* 

11 o* + g + l I 6* + 6+ 1 , c*4-c +l 

(o-«(^'^(6-cX6-g)'*“(c-aXc-6)’ 

IR i.-J- , 1 g"6 

9 g-l"g*-7g + 10 2 g*-9g + 18' 

ift _ _?L+ ® + g-g , 2g* 

o* + gg + g* g*-gg + g* g* + a*g* + g*’ 


[ C. U. 1937 ] 
[ A. U. 1892 ] 
[ C. D. 1864 ] 
[ B. U. 1892 ] 


111. Complex and Continued Fractions 

187. Complex Fractions. A fraction which contains a fraction 
In its numerator or in its denominator or in both, is called a complex 
traction. 

g g 

Then, f ^ complex fractions, which are, therefore, 
merely divisions of fractions. 



809 


ALQBBBA MADB BAST 


[03AA 


We have already oonsidared simplifioatioDS o( each tn iMosf in 
Art. 111. 


168. Continued Fraetions* 
Fractions of the type 


« + ■ 


6 + 


are called continued fraetiona. 




/+ etc. 

To simplify suoh fractions, begin from the bottom and proeesi 
upwards sUp ^ step as in Arithmetic, 


Examidal. Simplify -1+ 


2(a+6) — 


1 - 


a+b 


Sinoe, by simplUyiitg ^rwa the 

bottom, the jiven expresBion 


--1 + - 


9(o+J) 


--1 + 


ia+b) 
a 
a+b 
a 


2(a+j)-l^ 


- 1 + 


a 


_ . . o* _-o*+«.*+a»_ b* 

a‘-b* a*-b*' 


Bnmple 2. Simplify 


1 +' 


[A.n, 19 ia] 


1 + 


1 + 1 


Prooeeding from the hottom, the giyen expresBion 
1 1 1 


1+-^ 

t 

1 


i+- 


1+ 


1+ 


i+*. 


l+t+x 

1+x 


J _l±to 

. 1+x l+ax+l+x 2+Sx’ 
1 1 + Sai 1+Ste 
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Bsunpk 8. Solve 


1 


1 + - 
1 + 



3 

4‘ 


By example 2 above, we have 

the left-hand side “■ 2^^ “■ ^ • 

or, 8(2+3»)-4(l+2a:), i.«., 6+9a!-4+8e, 
or, 9#-ar“4-6, [transposing] 

or, *--2. 


EXERCISE tiO 


Simplify 

1 . 



1 / 1 . «\/® . ¥\ 

\* vl 

'\g «/\y g/ 

/-I - M 

/1_1U1_ 1\ 

W* 

U* Wl** vV 

--r + 

Jl + ^ 

a-b 

O-g 


^+L+c+c±a + 3 

a— i 6-c c-a 


s. 


a 6+0 


1 + 


6«+c«- 

26e 




5. 


1 + 


1 + 0 + 


2o* 

1-0 


_«_ + ^+-e_ 

g-g h-x c-x 

3 ^ J 1 1_ 

g g-g g-6 g-c 


[ B. U. 1996 ] 


g« , , c« 

g-g g-fe g-g 


gg 


&g 




»-o *-6 *-o 


[ 0. U. 1921 ] 


1+J^ 1_ l + _i_ 


6* 


[ C. U. 1870 1 

1-1 

£. 


/a_6\/o . 6 1 . 1 . 1 

\6 oil 6 o ) o* 6* 06 


- 1 _L + _JL 

2fiB^ g-2 2(g!-l 


f- 9 )(i 8 -r)‘^(«-li»- 3 )*(*- 9 X«- 8 ) 


9 , 
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r+v I 

10. ^-v 

g - y !r“-y* 
g+y g* + y» 


18. o*+- 


a* + 6* 


16. . 16. 

x + y , 

x + y 

a* 4. X c* 

17 g x^c 

^ + J» 4 c 
g~a sr-i a;-c 


4a;+8 + 


g*(g+2) 

“+'^fe-2Krf 

g + 2 


(*-!)(>-:)"(*- sH'-fj'RF 
^(HFlFIRFir 

^ [C. U.1946] 


[ C. U. 1926 ] 


[B. D. 1B97] 


[C. U. 1880] 


Solve : 


2S. 1 + - 


160. Fractions involving Cyclic Order. Certain {raotions are 
oidly simplified when the oyolio order of letters is maintained. 
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Bxmpta. + 

Considering the denominator, we see that the Cactor o~c is not 
In oyclio order. 

Since, a-c“-(c-a), [a-V^a-c)^ -{a-bXc-a). 

. be 

Hence, the first fraction ■■ - 

ca 


Similarly, the second fraction - 


and the third fraction — - / 


ab 


ic-aXb-c) 

The L.C.M. of the denominators * (5 - c)(c - a)(a - i). 

/. the given expression 

. ca . ah ] 

(a-i)(c“a) (a-6)(6-c) (c-aX6“"c)J 
» _ 6 c(6-c) + ca(c- a)+ alja-^h) ^. (fe-cXc-aXa -fc) - 
(6-cXc-aXa-^ (6-cXc-a)(a“6)"^ 

170. Important Results in Cyclic Order. The following results 
can be easily verified and are very useful in simplifying many harder 
-examples in fractions involving cyclic order. 

tbra {i)X+r+^“0: (ii) aX+tr+c^“0 ; 

iii) o*Z+i*r+c*.?-l : (iv) bcX-^eaY-^abZ~l ; 

(v) o*Z+5*r+c*.2'=a+5+c; 

(vi) o*X+6*r+c*.8'“a*+6* + c* + 6c+co+o6. 

. < „• !•» a,*-hc , b*-ea . e*-ah 

Bxampla 1. Simplify 

The given expression — (a* - bc)X + (6* - ca)Y + (c* - ah)Z 

[ adopting above notations ] 
-a*Z+ 6*r+ c^Z-(hcX^ car+ abZ) 

- 1 - 1 [ Results (iii) and (i v) ] 

- 0 . 

Bsjunple 2. Simplify 

pa* + ga* fcc+ m , vb^ + gah^c + rb , pc^-^qabc* 4- rc. 
(a-fcXflt-c) [b- ci})’- a) (c-aXc-6) 

The given expression 

■* (pu* + ga^bc + ra)X + (ph* + gab^c + rb)Y + (pc* + gabc^ + rc)Z 

[ adopting above notations ] 

-p(a*Z+ 6* r+ c^Z) + ga6c(aZ+ bY-^oZHriaX^ iF+ c.2i 
■■p(a + 6 + c) + qabc,0 + r,0»p(a + 6 + c). 


t QA 
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Example 8. Show fehati 

1_ -t- 1 - , 1 

(i - mXi “ n)(x +1) (m - nXm - + wi) (n - JXb - »»X« + ») 

1 . 

" (a: + iXx + mXx + n)* 

Putting a for 35 + 2, 6 for a; + w and c for a5+n, we have 
a-6*2~m, etc. 

The given expression 

_1 . 1 . 1 

a(a - bXa - c) ^b-aXb-c) ^o(o- aXc - b) 

« A. r_ fcc . eg . ab 1 
abclia - bXa - c) (fc~aX6-c) (c -aXc-6)J 

- (&cZ+ car + abZ) 

"A*“r»+'lX!S+»»X*+n)' f value, of a. 6, o I 

171. Fractional Identities : MiBcelianeous Examples. 

Example 1. Show that 

X _ 1 _a*^g* a*j_ g* 

e*+a* X X* »* x^ »’(«*+ o*)' 

Let ns divide » hy »*+o* : 



a» 


X' 
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Henoe. proceeding no further with the division, we have 


g , 1 g* .a* a* ■ (a;*) 
t* + a* * »• ** *■ + « 


a* a* 


X I M ■i. X __ ** , 

X 05® 05® a;^ + 


Bxample 2. Find the value of 


g4-2a . g^-26 
fl5-2a 05-^* 


when 05 “ 


4a6 , 
a+6 


[C 


The given expression 

^lx+^ ^A.l x+Qb tWo, ^ -1--^^ 

“0+2 [ '.■ (o+6)!r“4a6 ] 

- 2 . 


BxampU 3. It 


1+i + l L 

a 0 0 


a+6+o 
1 


show that 
1 


JL.i + i. 

(a+6+cr"a" + 6" + 0’' 

Bioee. -1 

a + h+0 a b 0 abo 

(a+6+cX6o+oa+a6)-aho, 

or (0+6+0X60+ ca+a6)-a6c"0, 

or, (6 + 0Xc+aXo + 6)*O ; 

any one of these factors, say, 6 +c* 0 . 

Henoe, 6 * -c. 6 ^»(- 0 r“ -c\ or, 6 ’^ + o’^*0, 

Also, since, 6 - -c, f " “ ‘ 

0 0 


•■■ H-J)'-; 


Hence, 


1+1 +1.1 .1+1.1. 1__. 

'^^6^ 0^ o^ 0 ’ . 0 ^ o’ (o+6+0r 


. 0 " 
1 


[V 


Similarly, “ a» “o» + + o’ ' 

Henoe, the Identity is established. 


[V h» + o» 


I. U. 1E06] 

+ 2 


6+e“0 ] 
-OJ 
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Bzample 4. Beduoe to its Bimplest form 

g*-(p-g) * . y*-(g-z)* . g* -(g-y)* 
(g + g)*-y* (®+y)*-g* {y + z)*-x* 


[ C. U. 1866 ] 


We have, the Ist fraction 


}a!+(y-a)Hg- ( y-«)} 

i(a!+«)+vt|(a!+s)-y} 


_(! g+y-eXg-y+ gJ_ g+y 
(®+B + yXg+g~y) g+v + g' 


Simiiariy, the Ond fraction 


(y+g-gX y-g+g) ^ x+t ^ 
(g+y+«X®+y~g) g+y+g' 


and the 3rd fraction 


(g+g-yXg-T+y ) __ g + g-y^ 
(y+g + gXy+g-g) g+y + g' 


Henoe, the given 

x+v + i a?+y + f ^ 


Bxample 6, If ® + y +«» «!/£;. prove that 

.y±J. + + _s^y ^ y±z . g + a; ir ^ 

1-yg l“gaj i-fljy 1-yg 1-ga; l-jry 


Binoe, x+y-^ z^xyz ; we have y + *««{ryf — aj*»(y*“'l). 


Henooi 


y+g , g(yg -l) 

l-yg 1-yg 




Similarly, and - g. 


the left Bide-f^-? + 

1-yg 1-gg l-gy 

g-y— g“ — (g+y + g)" — gyg 

-(-®).(-y).(-g) 

m -!fiA . g +.® . ^ y. 

i-yg 1-gg l-gy 


Bzample 6. 


Show that 

I 0. U. 1887] 
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We have 

. ‘ . the given expression 

Example 7. If 2« =■ a + 6 + o, show that 

+ +_1- - 1 « .. 

s-a 5-6 ^«-c 8 sts-aKs-bXs^’c) 

rrr L. 1 J. I 2s-a -b 0 , 

We have s-6"(7-a)(5-^ (s-aXs-^ 

j 11 - g-(g ^c)_ __c . 

8-C 8 «{8-c), «{8-^ 

Henoe, the given expression 

c ■ c sfg-d + t s-flXs-fc) 

"(s-aXs-M 8(8-c)""^* 8(s-aK«~6X«*'c) 

28 ‘-8(a + b + c) + a 6 

Example 8. Show that 

^V+6*-e‘)+^V+'o*-a*)+^(c*+a*-6*)-a(a+6+o). 
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PnttLag 2** lor o* + 6* + c*i we bAve 

a* + 6* - c* -{a* + i» + c») - 2c* -2(»* -c*), 

6* + c* - o* « (a* + b» + c*) - 2a* - 2(s • - o*), 

0* + o* - i» » (o* + 6* + c*) - 26* - 2(« * - i*). 

Hence, the given expression 

“il + + + l)(s*-a>) + 2 (l + i)(.*-6*) 

-2[ i (as* - 6* - c*) + I (2s* - c* - o*) + ^ (2s* - o* - 6*)) 

“2(o + 6+c). 


Rnunple 9. Show that 


o . a 
a*-l'*‘a 


< — 


1 o*-l 


... a _ 1 _ 2o 
a*-i 2 o* — 1™ 


o* ^ 1 Ja* 
o«-l 2V-1” 


g* _ 1 2fl* 
o’-i 2 a*-!" 


i./a+i_g®±l\ 

2 U-1 0*-lA 
l. (o + l)* -fa* + li 
2 o*-l 
l./g + l a* + l\ 

2 \a-l a*-l/ ■ 

2 o‘-l 
,l./a* + l g‘ + l\. 
2 \a*-i"a‘^;‘ 
lV + l) *-(a» + l) 
2 ■ a* -I" “ 

o*_tl\ 

2 W-l~o*-l/ 


Hence, the given expression 

- I Jh-iJ _ a* + l \ . /a* + 1 
2 Ua-l a*-V‘*'lo®-l 

■ i Ja±i_a_*±l\ 

2I0-I 


^+l\j./o* + l o* + l 
o*-l/^\a*-l o*-l 


)} 


example 10. Show that 

Since, 6-0- -(a-6), 

and (e-oXc-6)-[-(a-o)]x[-(6-o)]-(o-cX6-o) : 
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the given exproBsion 

^ ia-bja-e) (a- bB (a-cX6-c) 
Ma + dtb - c) - ac(b -f ~ c) • ^ab{c + d){a - W, 

{a-b)[a-c){b’^ 


N ow, the numerator * abc\{b - c) - (a - c) + (a - Ml 

+ d\b(ib - c) ^ ac{a - c) + ab{a - b)\ 
■= d\b(ib - c) - ae{a - c) + ab{a - Z?)f 

- d{a*(fe - c) + 5*Cc - a) + c*(o fc)l 

— d(a “ bXa *“ c)(fc - c). 


Hence, the given expression *^£2. 


Example 11. Simplify 

flL*. - , b» , c« . 

fa-iXa-cXx-T^ (b-aXb-c)(xi^ (c-oXc- W(« + c) 

The given expression 

_ a* . - , c* 

"'(a~i](a-c)(a;+^*^ra-^)(6-cXa;+6)^(o“cX6-cXa; + c) 

» - c Xx + ?)X g + c) - b^(a - cXg ^ cXx + a) + c*{a - fc»^)(g •¥ aXx h) ^ 

(a-bXa-cXb - cX® + aX« + fcX® + c) 

Now, the numerator 

- a*(6 - c)ia;* + x{b + c) + + fe*(c - a)\x^ + {r{c + a) + caf 

+ c*(a - b){x^ + aXfl + 6) + flfcl 

-flj*ia*(fc'"c) + 6*(c-a)+c*(a -6){ 

4* aia*(fe* - c*) + - a*) + c“(a* - 6*)l 

+ a5cla(6 - c) + 6(c - a) + o(a - 6)1 

- «*la*(6 c) + 6*(c - a) + c*(a - 6)1 - »*(a - 6Xa - cX6 - c). 

Henoe. the given expression 
Example 12. Simplify 



The given expression 

— 4 . ’~’b ^ 4 . _ c® 

(a-6Xa-c) ib-cXa-b) Ca^6~c) 
. 6*(a~c)4-c^(a-6 ) 

(a-6l(o-cX6^cr 
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Now, the numerator - a*(6 - c) +6*(c- a) +c*{a- 6) 

• (a - b)ia - ctb - cXfl+ 6+ o), 

Hence, the given expression “a + 6+ c. 
f Alternative Method : 

1 _ 1 1 . 

(a - bla - c) " (a - bib - c) {a - db - c) 

the given expression 

l(a-feX^-c) {a-c)(b-c)i (a-bip-c) (a-cXi-c) 
"'(a-6)(6~c) (a-cX^-c)" i-c 6-c 

0 — C 


Example 13. If + i + Jj - J - prove that a=fc-o. 

i + l+.l_l_ l_.l .0 

a* 6* c* tc ca a6 * 

[ Formula XXIV. Art. 188 1 

Now, as none of the terms of the left-hand expression is negative, 
this equation cannot hold unless each of those terms is zero. 

Hence, | ^ "0 ; 6*c, 


b 

a-6-c, 


Prove that : 


EXERCISE 91 


ax+x* bx-i-x^ cx+x^ x a+x 6+® o+o? 


[B. 0.1920] 


»V»+«t+av-I 


t This method ia due to my friend and papil Babn Blmala Ohann Bhoma, 
Bead AaalBtant, Forest Barreya, Dehm Dnr. 
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|o+6+c||^ + ^ + i j=ii + (j+c)(c+jj)(a+ ifo6c-l 

'^^bc+ca + ab^O. 

I y-^ zx . z - ^xy ^ 

(l/ + £rX« + a;) (i/ + 0)(y+®) (0 + a’X^ + v) ^ 


— j. « _ 42P1I/2 

l-x» 1-V* 1-2* (l-®*){l-ll‘')(l-2^ 


if a;4-y-»-f — jri,s. 


+ ®- + -L+-M-9. ifx + v+.-O. 

\ « V z l\y-z 2 -X x-yl * ^ ' 

i+i+i 1 1 , if 1 1 1 1 1 _ 1 

a’‘*b<‘*o‘ a» + b’‘ + o‘ {a+b+cr^^a*b c a + bTc 
ih -c)» . Je-a)\ . Ja.-A)*-. o 
(c-oXa-i) (a-6X6“c) (6-cXc-a)"^' 

{bt- e‘‘) « + (e‘'-a «)« + (a« - 6»)» _ (fc + c)(c + aXa + 6) 
o»(i - c)» + fioCc - a)» +'c»(a - 6)* ” ab^ " 


g* yz + a:v *2 + a;yz*^ 1 1 . 1_. 

g*»*«* va zx ry 

!Ey *z* + yg * g* + zg*v* _ 1 x 1 4. 1 , 

“ X ^ y ^ ' 

3a-6 1,1, 

(o - iXa - 2)(a - 3) (o - 2){a - 3) (o - 3)(a - 1) ( 

3 g* - 14 x-1 . X -2 . 

[x + iX® + 2X® + 3) " (g + 2) (g + 3) (x+ 3)(g + 1) (i 

_ a _ . + fl* . Ol + 

a:*-a* x* a;* a;*(a;*~a*) 

a* a* a® ,a® 


a;® + a®“a;® ®® + a*)“‘^ a* a* a® ■*" a®^a;® + a® )* 

K.a the v.l„, ol + 
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22 . 

28 . 

24 

25 . 

26 . 

27 . 

28 . 

29 . 

SO. 

81 . 

82 . 

88 . 

84 . 


Show that + 

x-a x-b x-c 


^ _ Gab c ^^^{ ab+bc+ ca) 

{x-aix-bix-c) “ ® a + 6+c ’ 

T# ft. — fee Cd 1 av i. 

a + 2ii!^. fc+2a ; . c + 2x . Babe 

a~2x b-2x c-2a; (a - 2a:Xi - 2a;)(c - 2^)' 

Find the value of 

fi~(fe+c)!r . a!«-(c+a)ir + <>-*-{a + b)x, . 3abe 

Find the value of 

x'‘-y* + x___, 0-6 , 0 + 6 


The given expression J 
Find the value Of 

X* + 7abx‘ + 10o*6* o* — 2o6 + 6* 

when x*“a* + b*. 

Find the value of 

y* + 9aby + 18a*6* o* + 6* 

wh«i ar»a + fe and V“fl""fe. 

Find the value of -o- o— / ? . a* + afe + fe* 

+ (a;* + 2y*)afe+ 2a*fe* a* -afe+ fe* 

when ®=a+ fe and y ■■a — fe. 

4. 4. L 1 


Simplify 


®® + l ®®-l a;® + l 


Simplify ^ 

(!r+6)*-o* (!r+o)*-6* (u+^*-** 

Rimnlifv K 4. ( a-6)«-46« (2o + 36)* - 6* 

Simplify 

(iE* + l)»-!r« !r*(a:+l)»-l^ a;‘-(a:+l)* 

If 2s*a + fe+c, show that 

1 - oj-l- fe»-c« ^ 2( s~aXs-fe) 

2afe 

®»pi» 
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». Bimplily ^{a+b-c) + ^{b+e-a) + ^[c+a-b). 

Se. Simplify + + 

87. Simplify ^^ia^ + b‘-c‘)+^{b» + c'‘-a>)+^-^^{c‘ + a*-b^). 

^ „ b* + c*-a* a* + c*-6* , o* + fc*-c» 

“* ’ V=--2ca ‘ - find in Its 

slmplesl form, the value of {b-^c)x + [c+a)y^{a+b)z. 

5#. If find the value of |)+^ + r + |)cr. 

■C“*C fcTil 

40. Show that + 

11 H».«Tn fV,o* 4 - ^ I 4 iC* I 8 ®* 1 ISg^* 

41. Show that + + l_j.-l_j.ie 

Simplify : 

^ L + 1 I 1 

(a-6Xo-c) [b-a){b-c) (c-aXc-6) 


b^ 

(a - b)(a - c) ^ (6 - aXb - c) ^ (c - a)(c - 5 ) 

II _ ■*■ 4 . ** + g v . 

* [x-yXx-z) (y-zXv-x) [z-x)(z-v) 

III 2a* -6c . 26* - eg , 2c* - a6 
(a-6Xa-c) (6-cX6“a) (c-aXc-6) 

x*^yz , y*-^zx , z^-^xv 
{tc-y){x-z) (v+e){y-x) (z-xXz+v) 

„ L. . 1 . 1 

«(»-vXa:-*) v(v-xXv-z) ziz-xts-v) 


[ A. tJ. 1926 ] 


[ C. U. 1866 ] 
[ 0. U. 1872 ) 

« 1 I . 1 . .. 1 

{a-6Xo-cX®-o) (b-aXb-c)(x-b) (c-aXc-bKie-e) 

**■ (o^^^6)(o^^!r-a)'*'(6-aX6-c)(*-6)^(c-oKc^^^A)(i^) 

«, g * 6^ . c? , 

(a-bXa-eXx-a) (b-aXb-oXx — b) (c-aXe—bXx — o) 
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52. 

63. 

64. 

65. 


a* + h a +k . t* + hb + fe . o* + k 

la-bXa-oXx-a) (b^aXb-cXx-b) (o-aXo-6X*-c} 

,, . o®(6*-c*)+6®(c*-o*)+c*(a*-6*) , , 

Show that ab+be+c^ 

a(a+6Xa + c) . 6(6+a)(6+c) . e(c+o)(c + 6) . . . 

Show that +-{^X6^) 


Prove that 


a{a»“- 6*Xa* - c») 6(6* - - o*) 

. ah 


c(c* - b^Xc^ - fl*) abc 


Simplify 


bc[ x-a )^ . ca(rr -6)* . 
(a-iXa-c) (6“cX6-a) 


MISCELLANEOUS EXERCISES V 
I 

1. Express the following as the difference of two squares : 

(i) (a; + 7Xir+9Xa;+llXaJ+13); 

(ii) {x + iXiT + %[x + 3Xa; + 4) - 15. 

1, Factorise: (i) 7(s + a;)®-“(ir*-y)®-(y + 2 f)*. 

(ii) 14a®-46® + 9a®fe. 

$• Simplify (a - 6)*(a + 6 - 2c)* + (5 ~ c)*(5 + c - 2a)* 

+ (c-a)*(c+a-25)*, when a+6+c-Q. 

4. If fic + y + «=* 4 a?y 2 , show that 

+ _V _ 4. » iSg l/g . 

l-4a;* l-4v* l-4s* (l-4a;*Xl“4i/*Xl-4f^ 

B. If 25- a + 5+ c, show that 

1 _ /5*+ c*-a*\*_45(s-aXs“5X«“c) 

26c / ” 6*c* 

6. Show that 

26c 2ca 



MISOEUiANBOCrS BZBBOISEB V 
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8. Show that + + is divisible by each 

of the expressions and 


II 

1. If a; + i/+;5 = 15, a:]/ + i/j8; + sa:“76, find the value of a;* + y* + s® 

-Sfrys. 

2 . Show that (a+h — 2c)® + (h+c — 2a)®4 (c+a^26)® 

“3(a + h-2cX2>+c~2aXc+a-2h). 

8. Show that (6-c)(i+c-2a)* + (c“-aXc+a“2h)* 

+ (a-5Xa + Z^-2c)*-9(a-fcX^-cXa-o). 

L Simplify - a) ca(c - iX^^ - 6) ^ ab{a - c)(6 - c)' 

5. Find the value of ^ when®*---, and y*~TT 

® ® + l a^b a+o 

6. Find the H.C.F. of ah+2a*-36*-4hc-ac~c* and 9ac+2o“ 
-6a6+ic* + 86c-126®. 

7* Find the L.O.M. of 6®® - 11®* + 6® - 3 and 9®® - 9®* + 6® - 2. 

8 . Besolve into factors : (i) ®® + (®-l)® + (l-2®)®, 

(ii) (a - hKb + cXc + a) + (fc - cXc + aXa + 6) + (c - aXa + 6Xh + c). 


HI 

1 . Expand series of descending powers of ®. 

2. Show that (a+6+c)® — a®^h® ^c**3(a + fcXi^+cXc+a). 

HeneOi prove that 

(® + y + s)*-(y+s-®)®-(s + ®-v)*-(»+ 2 /-«)“'" 24 ®ys. 

8. Find the value of a® - h® + c* + Sohc, when a **4278, h *1*2345 
and e*‘8067. 

4. Show that (®-a)*(h-c)+(®- t)*(c-a)+(®-c)*(a-fc) 

*(a-hXa-c)(5-o). 

5. Find the H.C.F. and L.G.M. of 

6®® - 26®* + 23® - 6. 2®* - 7® + 3 and 6®* - 7® + 2. 


6. Find the H.C.F. of ®® + 11® - 12 and ®* + 11®* + 64. 

7 . 


o®(5+c) . 6®(c + a) L c®(a + 6) 

Simplify b) + 


I. Show that a®(6*-c*)+6®(c*-*a*)+c®(a*-6*) is exactly divi- 
sible by each of 6-c, C'-a and a-6. 
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IV 

1. If a + 6“2, a6*7, find the value of + 

2. Resolve 2(a® + 6*) - a6(a* + 6*X2a6 - 3a* + 36*) into five factors. 

3. Find the value of a* + 6* + c* - 3a6o, when a **2658, 6 *>2064 
and c**2678. 

4. If a;-6+c-a, i/-c + a-6 and s-a+6-o, prove that a;*+f* 
f I “ - 3icys “ 4(a® + 6* + 0® - 8a6c). 

6. Find the value ol when and 

0. Show that 8(a + 6 + c)* - (a + 6)“ - (6 + c)* “ (c + a)* 

•■3(2a + 6+ cXa+ 26+ cXa + 6+ 2o). 

7. Find the L.O.M. of aj*-8a5y-10y*, ®* + 2a?y - 36if* and ap*-8«|f 
+ Ifiy* ; and resolve into simple factors the quotient when the L.O.M. 
of the above expressions is divided by their H.G.F. 

8. Find, without direct substitution, the value of ®*-18»® + 47** 
- 81«* + 1905 - 60, when 05 * 16. 

V 


1. If »* 


■ show that 




a — 6 6*“0 3 C“~a 

me m—a m^b 

®+y + s+fl?ys“0, 

-+- -prove that + 


S. 


Find the value of when 


4. If show that the value of 

the same for all values of a and c. 

5. Resolve the following into factors : 

(i) 6a® + 43a®6-56a*6* + 43a6*+€6® ; 

(ii) 1205^ - 3705* + 4505* - 3705+12 ; 

(iii) abx*‘ + (ac + 6*)o5® + (2a6 + 60)05* + (ao + b*)x + 06. 

6. Show that (o5 + y)® - (y + s)® + (s - 05)® - 3(fl5 + yXv + «X« - 1 ). 

7. Find the H.G.F. of ; 

(i) fl5®-'(a + p)o5* + (g + ap)o5-ag and 05 ® + ao5*-3a*05+a* ; 

(ii) fl5 ®-"y®-s®- 3o5ys and 05*-2o5y+y*-2fl5s + 2ys+s*. 

8. Show that, if a rational and integral expression in 05 vanishes 
a* is put for 05, the expression contains 05 -a as a factor. 
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VI 


1. Show that (a*-o+lX6“o)+{6*-6+lXc-a)+(c*-o+lXo-b) 
- (a* - a + iXh* - c*) + (6* - 6 + iXc* - o') + (c* - o + iXo* - 


2. Show that ^(jX®-h) ^ (it-hX® - ^ ^ (®-cX*-o) ” 

8. Prove that a(ft-c)® + 6(c- a)* + c(a- 6)®- 0, when a+6+o*0. 

4, ExpreBB (a:* + y* + je* + 2iEi/)*-2(»+y)*2f® as the sum of two 
perfect squares. 


5. 


Simplify 


y*-yg + gi g® 
X y-^z 



2 + 2 
... y 

i+— + — 

yz zx xy 


8. Find the H.G.F. of 

(i) a;® + (5m-3)a:® + 3m(2m-6)a5-18m® 

and aj® + (m-3)®*-wi(2m+3){r+6wi*. 

(ii) lOo;® “54®® + 87® -45 and 5®® -36®® + 87®® -90® +54, 

7. Find the H.G.F. and L.G.M. of 

2®* + ®® “9®® + 8®— 2 and 2®® -7®® + 11®® -8® +2. 

8. Show, without actual division, that ®**-y** is divisible by 
®~y ; and that the remainder when it is divided by ® + y is — 2y® , 


VII 

1. Divide the continued product of l + ®+y, l-® + y, l + ®“y and 
x + y-l by l + 2®y-®*”y*. 

_ n* 1*# 5c(®“'Cl) , C(2i(® — 6) , ttb(X’~c) r n TT IROfi I 

2. Simplify (^)(^) + (f-aX^ + F^SX^h)’ ^ ^ ' 

8. Prove that 21(6 + c — 2a)* + (c + o — 26)* + (a + 6 — 2c)*l 

-|(6+<!-2a)*+(c+a-26)* + (a+6-9c)*l*. 

4. Bednce the following to their lowest terms ; 


(i) 


o*+6* 

a+6 


-6 


a» + 6* 
0+6 


(ii) ir 


1-*+®“ . l-» 

a ■> , 


®+®^^l + ®' 


1 + ®+®® 1“® 
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Express 41x^ - GOiCi^ + 1042/* in the form of [px + qy)* + 4(ff« - pyY% 
fincfing the numerical values of p and q, 

6. Find the H.C.F. and L.C.M. of 

Bx® - 17a;* + llx - 2 and 12a;* - 4a;* - 3a; + 1. 

7. Show that - w is a factor of 

(a + Z/Xw* + n*) + am[7i - 3w) + hn(m - 3w). 

For what value of a is a;* + 5a; 4- a divisible by a;~3 */ 

8. Show that the last digit in + 2**^’^* is 5, if n be any 

positive integer. [ M. M. 1868 J 

VIII 


1. Show that 

(a - hX« “ aXaJ - 5) + (5 - cXa; - 5Xa: - c) + (c - aXa? - cXa “ a) 
“(a-hX^-cXa-c). 

1 . Show that 4(a* + ah + h*)* - (a - h)*(a + 2h)*(2a + h)* 

«27aMa+h)*. [M.M.1888] 

8. If 2s * a + h + c, show that 16s(s - aXs - hXs “ c) 

«2a*h* + 2a*c* + 2h*c*-»a*-h^-c*. [ C. D. 1867] 

4 . Beeolve into factors 

(a* - 6*)* + (c* - d*)* - (a + h)*(c - c?)* - (a - h)»(c + d)*. 

[ M. M. 1876 1 


5 . 


6 . 

7. 


(y"gXi/ + g)*4-(g-a;Xg-l- a;)* + (a;-i/Xa;+i/)* 

Simplify ^ ^ ^ _ ^jB + ^ yj. 

[ M. M. 1892 ; B. M. 1888 ] 

Show that 2*”-l U divisible by 15, ii n be a positive integer. 

[ M. M. 1875 1 


8. Find the H.C.F. and L.C.M. of 

e* + 2<r*+l, g*+x*-x*-l and ®*-l. 


[ 0. C; 1869 ] 
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SIMPLE EQUATIONS AND PROBLEMS 


1. Simple Equations 


172. We have already explained the process o( solving easy 
simple equations in Chapters V and XVll and shall now consider the 
sabiect more fully. 

17S. Solution of equations facilitated by suitable transposi- 
tion and combination of terms. 

The following are typical examples. 


Example 1. Solve + 1)* + 9(x + 2)* - 13(2 + 3)*. 
Simplifying the sides, we have 

4(2* + 2a + 1) + 9(2* + 42 + 4) - 13{2* + G® + 9), 
or, 132* + 442 + 40 -132* + 782 +117, 
or, 13®* + 44® - 132* - 78® — 117 — 40, [ transposing ] 

i.e., -342 - 77; 2--H“~2iPi. 


Example 2. Solve (2 - 2)* + (2 - 6)* + (2 - 10)» - 3(2 - 2Xa - 6X® - 10). 
Transposing, we have 

(2 - 2 )* + (2 - 6 )* + (2 - 10 )* - 3(2 - 2X2 - 6X2 - 10) -0, 
or. il(2 - 2 ) + {2 - 6 ) + (a - 10)l[i(2 - 6 ) - (2 - 10 )[ * 

+ 1(2 - 10) - (2 - 2)1* + K® - 2) - (2 - 6)1*] -0, 

[ factorising the left side by Art. 134 1 
or. KB® - 18)1(10 - 6)* + ( - 10 + 2)* + ( - 2 + 6)*l - 0. 

or, 4(3a-18).96-0 ; 3®-18-0, or, 2 - 6 . 

174. Fractional Equations. 


Example 1. 


Solve 


72-11 

6 


312-41 7®* -4 

24 662 - 47 ' 


By transposition, we have 

72* -4 312-41 72-11 (31 t-41)-(282-4 4)_. 3(2+1) _2+1 

662 - 47 ” 24 6 24 24 8 


1-21 
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[OHAP. 


Multiplying both sides by 8(562—47), we have 
8(72*-4)-(2+ 1X662 - 47). 
or, 662 * -32 - 662* +92 - 47 : -32-02-47. 

Hence, 02 —— 32+ 47— 16 ; 2— V“*U, 

. « 25-i2 . 162+4i_ 23 

Example 2. Solve ^Tr + -^2 2 -n^®* 

By transposition, we have 

25-ia; _ 

3fl; + 2 ^ ir+l ir+l 3®+2 «+l 

Hence, («-6iX®‘*‘l)“(ifl5“2X3fl5+2), 
or, a5*-(4t)sc-“6t-a;*-(6i)a;-4. 

Hence, (6i - 41)« - 5| - 4, 

or. ®-fxV-V-34. 


Bimui. Soi™ Jj- 

8 3.^6 . 3,6 3l6 

Since, x+3 x-2*w-6'‘x+S'*'»+9 

Hence, by transposition. *!r2“^+3“iF^ ‘i-s’ 

16 -« 

(2-2X2+3)“(2+3X2-"6)' 

Multiplying both sides by sr+S, and dividing by 16, 

we have j^ 2 “ 2^6 

Hence, 05-6" -“3(«— 2) 

4fl5"12, or, aj«3. 


Bxa]nple4. Solve- ^ + 


We have 


8 . 9 , 4 , 3 , 

205-1 3a5-l 05+1 a5tl' 


Hence, {^l-^Tl}'^{stl“^+l}“0* t by transposition ] 

12 . 12 n 

(92-i)^4D^(to-lX2+D *'• 

1.1 > 


or, 
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SSI 


Moltlplying both sides by (2is-lX3a;-l), we have 
(3«-1)+(2sb-1)-0. 

Therefore, 6*"2, or, e-l. 

Bol™ 

We have + a-o ■ h-o , 

26+® 2a+® a+6+« a+6+® a+6+» 

Hence, by tranepositiion, 

^^{ 26 +® a+6+®}*^^’"^Ha+6+® 2a+®}* 

" ®^'(2^Xa+i^+ i) ‘’^■(a+ b+ »X2a+ i)" 

Hence. hi,ir~t~r-' 

2b+x 20 +* 

(o-cX2fl+*)-(5-cX2i>+*) i 
*i{o-c)-(6-c){“26(6-c)-2a(a-c), 
or, *(o-J)“2(6*-o*)-2o(i-o) 

-2(6-oX6+a-c) 

-2(o-6Xo-a-i): 

*“'2(o-o-6). 

EXERCISE 92 

Solve the following eqnations ; 

1. S(*+l)* + 4(*+3)*-7(*+2)*. 2. {*-oX«-6)-(*“0-6)*. 

8. (* - o)* + (* - b)‘ + (* - 0 )* “ 8(* - oXaf - bX* ~ «)• 

4. (*+o)*+(*+b)*+(*+c)*-{*-2o)*+(*-2W*+(»-2o)*. 

- 96*-73 ^14 *-9 13*-16 

*•21 3 " 16*-9 

- 96g-159 19g-29 17to-47 , 91g-21 ■ 2A*~93 _ 18g+9 , 

*• 35 7 "23»-f59' *' 66 35*-138 8 

« 117*-96 . 16a-77 _18*+4 ^3|. 

*• 135 2S*-llfl ■ 16 27 

6*-7i . » .1+164 12I-8* 

-- ar+8i 13*-2 .* 7*_*+16. 

9 “l7*-32 8 12 " 86 

„ 41-86* 7-2e* , 1+8* as-SR 

106 "l4(»-l) 21 8 
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_ 1 JO 2 y _L_ 

K-1 it+7 7(a!-l] 5(3a:+4j 2!E+3 Sse+A 

8 6 7 2 

^-5 ~ 7(te^)"9{3!E-6) * ix-Y 

11 , 7_ _ 3 2 

12(lir-19) 9(13!t-14) 14a:-19 13x-U 

JQ_ .37- 4r__35_ , 49-Aa- 
ar-1 iar-1 12a:-l 3a:-l 

(iDi t+m? iai+8_2 01j-(14)g ■ (ll)g-9 
2a; + 6 a; + 8 2£c + 6 2(a; + 8) 

(9tf)a;-32 . 65g?+4H . 75fl;4-5 H . (4»)a; -29, 

4a; + 7 8ir+29 * 8ir+29 4fl;+7 

+ 20 . 

flj“l a;*“2 a;— 3 * 43?+! 4a; + 5 

_15 8_._7_. «« ^ i 

305+11 305+17 3o5+6 5o5+7 605+ 13 

8 _12 5 9 

205+17 2o 5+25 2a5+26“”2o5+33‘ 

3“4o 5 405+13 405+6 5-6o5 Go: 

- ? - 4- 1 M -_§ — , 27 — 45— + — J 

3-705 7o5+15 12-7o 5 * 2o5-6 05+ 

9 ^ 20 8 . on 12 ! 


90 ^ * == 

6o5+7 6o5+ 13 605+ 13 
9 

2o5+33‘ 


7 

’605+19 


50. 

05— C 05“ a 05—6 
m(05+a) . »(a5+6)^ , 

^ 2fi — 36 ^ 26— 3 cl ^ 6(ct— 6) . 

• fl;-a+6 fl5+a-6 05+a+6 

175. Solution of fractional 


diyision of each numerator by its denominator. 
UL- 14 0 1 05+1 . 05+2 2205+30 

BiampLl. Solve 


'”• 5-6® 6a: +19 6ir+7 

557 — 15_ + _1_ _ , 

2a:-6^a!+6 3a!-6 

00 ^ 20 L. 

'“• 3a!-8 4a:-13 a!+9 

01 g* + ^ 

oa:-i fac-o aj+o 

83. 

o:+a 05+6 a:+c 

qc l _i. 2 . 8 6 . 

a5-6a^fl5+3a fl5-2a »-« 

equations facilitated by the 


w.b.™ 

05 — 1 05— a 




ILe-lS 
_ 66 _. 
11®- 18 


*-1^8-3 


llir-18 
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safi 


Hence, by transposition, 

2 22 44 4 

1 ~ iii -l8 “ iix^ ” 5^2’ 

-14 -16 

(®- iXila;- 18) (11a;- 18Xa;-2) 

Therefore. 


or, 7a!-14=8a:-8 : x^-S. 

Di 4®* + ? . 6a;*-8a!+ll 4fl:'' + 3!E+6. 

BiampleZ. Solve — 

We have 

(4a!«-l) + 8 . 2! E(3a!-l)-2(3 g- l)+9 „ 4g(g+l)-(a!+l)+7 , 
2®-! Sst-l B+l 

or, 

Hence. 

For the suhsequent part of the solution the student is referred to 
Kample 4 worked out in Art. 174. 

o o , 7a;--55 , 2a;-17_6a;-71 , 3a;-U 

Biainple 3. Solve 

We have 

7(g-8)+l . 2(a;-9)+ l_6 ({E-12)+l . 3(g-6)+l , 
a;-8 a;-9 " a;- 12 a;-6 

• 1 ,1^ 1 , 1 , 
a;-8 a;-9 a;-12 a;-5 


Hence, by transposition, 



1 L. 

ic~8 x-5 aj-12 a;-9 

3 3 

or, 

((E-8Xa!“6) (®“12){®-9) ’ 


(« - SX® - 6) “ (* - 12Xa: - 9), 

or, 

«•- 1385+ 40-a:*-21iB+ 108 : 

• 

• • 

8«“68, or,' *-8i. 
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EXERCISE 98 


Solve the following equations : 

^ 3a!-l . Sir •:i4 _ ^-12, 

’ w-1 x-2 ®-3 

25a!- 40 7g+9.6a;-l « 
*• Sx-e x+2 3x+4 “• 


6 . 


8+ 


3 + 


6 + 


x+2 


214 

25 


, 2x+7.4fl:+29 6x-10 „ 

x+2 x+6 " x-3 


4. 9+- 


2 + 


2 + 


2 


See Ex. 3 worked out in Ark. 168. ] 


6 . 2 + 



2x+7 

2+x 


7 16x-7 , 4x+3 8x+l 

6x-4 ■^4x-3“2x-l 


a 4x-7.15x+ll 12x+l , ^ 4x »+4x»+8x+l 2x*+2te+l 

“• 4x+6 6x+7 8x+4 2x*+ar'+8 #+l 

12x* + 1 6x* + 29x-l _ 4x« + 20x-l . 

3x*+4x+8 x+6 


11 . 

12 . 

13. 

14. 
16. 


x*-x+l,x*-2x+l n . 2. 

2x+^_3* 

X* ±3 . x*-x+l _ 2x«-4x+l . 
x-1 ^ x-2 x-3 

2x*-3x+7 . 6x*+2x+21_3x*+8x+7 
2x-l 3x+l' x+3 

8+2x 6+2x . 4x*-2 

l+2x 7+2x ^'7+16x+4x* 

2x -3 ^ 3x- 20 _ x^3 ^ 19. 

x-2 x-7 x-4 x-6 


m 3 x-8 , 4x-36 2x-9 ■_6x-34. 
x-3 ^ x-9 x-6 x-7 

17 3x-13 I 4x-41_ 2x-13 . 6x-ti^ 

x-i x-10 x-6 x-8 

4x+21 I 6x-69_3x-6 ■ 6x-41 . 

“• x+6 x-14 x-2 x-7 

10 6-6x , 2x + 7 _S l-12x . 4x+21^ 

“• 8x-l x+3 8x-7 x+6 

^ x*+3x+3 . x*-1 6_ x*+7x+ll I x*-4x-20 . 

"• ( 5+2 x-4~ x+6 x-7 
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„ 3h!+11 9ie-9 to+13 lfe-47 

"• (b+ 6 “3a!-4 x+3 “ to-10 

99 <c-3 t g-3_g-l j.g-4. 

*-3 «-4 x-2 s-6 

176. MiBcellaneoas Examples. 

KxampU 1. 

By kransposition, we have 


[0. D, 1800] 
[0. U. 18871 


£j , 3oi»c , o*6* ,(^+b)b*x „ ,bx 
^+6+(a+i)‘‘^ a(a+i)* 


ab 

a+ b\ 


-x{3c+|[: 

-x{ 

-x{ 


3c+t 


{2a+i)6l\ 

1 


a (a+^)*/ 


Therefore, 


ab 

U — • 

a+fe 


a^ ax* '^bx^ c _ax±b 

bamplas. Solve -.-4.--+- 

TO- h-™ ®i^±4±c _^+i . 

sc(jP»+fl)+r i«t+g 

Henoe, putting m for aaj+6 and n for px+Q, we have 
ww+e^w ; 
noj+r n 

mna5+cn— wiTKc+m ; cn^rm^ 

or, o(jw+o)-f(aa;+6) ; »(cp-ar)»6r-co ; 


(T 


bfzLM^ 

cp-oflr 


Example 8. Solve {x - 2a)* + (» - 26)® * 2(a; - a - 6)® . 

By transposition, we have 

(a;-2a)*-(a:-a-6)*-(a;-a-6)®-(sc-26)®. 

Patting X for oj - 2a, Y for a; - 26. and ^ for « - a - 6, we have 

z®--^®-^®-r®. 

or, (X- ZlX^ + XZ + X*) -(X - YlZ^ + 4* F*). 

But, X-Z^Z- F, because each of them*6-o ; 

2* + ZZ+^®-Z* + ^F+F®. 



Hence, by transposition, X*- F**^(F-Z). 

Removing the common factor X- F, 'which ■■Qfe-Sei, we have 
X+F--^. 

t.fi,, (cc- 2a) + (a;-26)= -“(ic-fl-6). 

Hence, 3a: = 3(a + ^A and x^a+b. 


Example 4. 


Sol Vi) 


xj^CL._ /2y-l- + 
x-^ h \2£C + h+ cl 


Since, 


® t 

tt + 6 a; 4- h 


1 + 


a-b 
® + 


j 2a;+a + c 
and 1 . L _i_ ' 

2iE+6+c 


^ ( 2rr 4 ^4 c )4(fl~ /j) 
2a;464c 


-14 


a-b , 
23? 4 &4 c 


, n . f-. , . 2(a-6) , (a -6)* 

we have l+ ,7“U+r .T.“f — 14 -ttitts 

a;4o [ 2x4ft4cJ 2£r4fe4c (2a; + c>4o)* 

Hence, transposing and dividing both sides by a-h, we have 


1 - 2 ^ 
aj4fe 2a;464c (2a;4fe4c)* 

c-b 

(flj4iX2ir4 64c) (2a;4ft4c)* ' 
a-h . 

(t46 2a?464c' 

2x{c - h) + {c* - b^)^x{a - b) + bia - b) ; 
. x{a+h-2c)-c^ - ah \ 

c^-ah ^ 

^ a + b-2c 


Example 5. 


Solve 


4t_ b^x*:zl 

3 (5.r~l)fa4 5) ^®~3‘aj4 6 


Since, 


_mT“-5_ ^ 5( 25y»~-l ) ^ 5(5y 4l\ 
(5® - l)(rr 4 5) "" (St - iXoJ 4 5) "" a; 4 5 


5 1 _ - 1) ^ 5.r “ - § , 

3 !r45 " a?45 cp46 


96 -4a? 
3 


we have 


4a?_5(5a?41) 
3 r45 


5a?- 


5.r*-J_95 . 4r 
*45 33’ 


Hence, transposing and dividing both sides by 6, we have 
K*-“ J-(5a;4l)^ 
a;4 5 ® 

Hence, «*-6a:-li-**-(li)*-31f ; 

(3})*-30i; /. OJ-tt-SA. 
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EXERCISE 94 

Solve the following equations : 

1. 2- 

»-4 x-^1 

o 3fl;4-5 4fl; + 8 . iQg+l . a 

ir+l"3a;"+3 6aJ + 3 
r 05 + 18 27“3a;^ft « 

- fl5 + 2fl t. g"’2a ^ iah « 

** 26-05 26 + 05 25““46* 

Q . 1 4. J. _ _ 1 

a5» + 3o5+2 fl5* + 4o5 + 3 fl5“ + 6o5+6 


ag + 4a + 6 ^ 4a5+a + 26 „^ 

aj + a + 6 a; + a-6 

605 + 8 205+38^, 

205+ 1'“ 05+12 

05—6 %a^b) ^ 

x-a 05-6"fl;“(a + 6) 

(fl5-jfl)(o5 - y ^ (fl5-c )(o5-d) , 

fl 5 -a“ 6 05-c-d 

i>i 60+4®, 

“ 14 _ . o 


g + g . CL~"X ^ 3 fl , 

g* + a® + ® “ ^ a* - a® + ® “ ®(a^ + a®® * + ® *) 

® . ®-9^® + l^ g-"8 , 

®-2^®-7 ®“1 ®“6 

1 1 _ 1 4. _J 

(® + a)®-6*‘^G^6)®-a*"®*-‘(a + 6)* ®*-(a-6)* 

3®* + 5®+8 _3® + 6 .58®!±87®±L«2®JJ. 

6®*>6®+12"6® + 6’ 87®* + 146®+ll 3® + 5 

a®(a “ 26) . 2^ ^ ^ . 2c® • , 

6(a-6)* ®^a-6 6 (a- 6)® 

(®-23)®+(®-27)»«2(®-25)®. 

4®-17 31-22®^^,. 6/, ®!\ 

9 3T”"® gr 54; \g^-26/ 


18. 

Ix-2a\ 

(x + Sb) 

20. 

/x-o\* 

\x+W 


4®-17 31-22®^^,. 6/, ®!\ 

17- 9 33 ^^1 gj lo- \a.-h26/ ® + 2o + 26 

.. x+jd /2®+33\®, 20 

®fl0 \2® + 24/ ’ W + W ® + a+26 

177. A simple equation cannot have more than one root. II 
terms oontainiDg the unknown quantity be transferred to one side of 
the equation and those involving known quantities to the other sidoi 
every simple equation can ultimately be reduced to the form o®""6. 

Thus, to make the equation true, ® must be equal to ~ and to 
lothing else. 

Hence, a simple equation cannot have more than one root. 

Otherwise : Every simple equation is ultimately reducible to the 
orm a® -6. Let this equation, if possible, have two different roots 
( and 

Thus, we must have 00*6 \ 

and also oj5"“6 J 

Hence, by subtraotion, a(a - ^)'“0 . 
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But this Ib impoBsible because a is nofc zero and by supposition 
4B-0 also is not zero. 

Thus, a simple equation cannot have more than one root. 

178. Two exceptions in the solution of a simple equation. 

(l) If a simple equation reduces to the form 

0>cfl;*0, 0*0. 

Evidently, the equation is identically true and has, therefore, any 
number of roots. 


Example. 


The equation 
2 1 ” 


gives, on transposition, (l~i“i)a;*|-2, 
or, 0>«a?*0, or, 0*0. 


The equation is, therefore, an identity and is true for every value 

of 0. 

(2) The equation 

t a;+6 \ flrM g-4 
8 /" 2 * 6 

leads on simplification and transposition to 

or, OxjE — 1, or, 0*1, which is absurd. 

This equation is, therefore, absurd and has consequently no root, 
Generally, if a simple equation reduces to i/ie/om 0 xa;*6, where 
6 is not zero, the equation is absurd and cannot, therefore, have any root. 


II. Problems leading to Simple Equations 

179. The general process of solving such problems has been 
explained in Chapter XVII. We shall in the present section consider 
a few problems of a harder type than those treated of previously. 

The following examples will serve as further illustrations. 

Example 1. At what time between 1 o’clock and 2 o’clock is there 
exactly one minute-division between the hands of a clock ? 

Suppose it is x minutes past one when the hands are one minute 
division apart from each other. 

Then, at the required instant the minute-hand is at a distance of 
0 ' minute-divisions from the 12 o’clock mark ; and since the minute-hand 
moves twelve times as fast as the hour-hand, the hour-hand moves 

pver ^ths of a minute-division whilst the minute-hand moves o\6v 
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w minute-diyisioDB ; therefore, at the required instant the hour*hand is 
at a distance of js 4* minute'di visions from the 12 o'clock mark. 

Henoei as the minute-hand is at the required instant one minute* 
division apart from the hour-hand, we must have 

«.-(6+^±l 

The upper sign being taken when the minute-hand is ahead of 
the hour-hand, and the lower when behind it. 

or, 4; 

or, 

Thus, the hands are one minute-division apart at 4A or 6A minutes 
past one. 

fiiample 2. A gentleman went out for evening walk between 
5 P.M. and 6 P.lii., and came back between 6 F.M. and 7 F.M. He found 
that the hands of his watch interchanged their places. When did he 
go out ? 

[ Interobange of places by the hands of a watch means that the minute- 
Stand has come to the place where the hour-hand was and the hour-hand to the plaoe 
where the minute-hand was. ] 


From the condition of the problem it is evident that the hour-hand 
was in between the marks V and VI and the minute-hand in between VI 
and Vn when the gentleman went out. 

Suppose the gentleman went out at x minutes past 6 P.M. 

At 5 P.M. the hour-hand was 25 minute-divisions ahead of the 

minute-hand and in x minutes it has moved ^ minute-divisions. So 

the hour-hand was ( 26 +^ minute-divisions away from the mark XII 
when the gentleman went out. 

So, when the gentleman returned, the hour-hand was 80 minute* 
divisions (when it is six, the hour-hand is 30 minute-divisions away 
from the mark XII) plus the minute-divisions which are passed by 
the hour-hand during the period in which the minute-hand passes 

(25 4- ^ minute-divisions, away from the mark XII. 

K inlnnte-aivi8ionB-80+ ^ (26 + ^ minute-divisions ; 
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or. 12ir-360+25 + || i or. “|!e-386 i 

.. ir=385*^“32jg' 

The gentleman went out at 32i^ minutes past 6 P.M 

^ Example 3. The distance from a place P to another place Q Is 
3i kilometres. Two persons, A and B, start together from P to go to Q, 
the former by carriage which travels at the rate of 6 kilometres an hour, 
the latter walking at the rate of 3 kilometres an hour. If A remains 
at Q for 16 minutes, and then returns by the carriage to P, find where 
he will meet P. [ 0. U. 1882 {aiapted) ] 

Lets? kilometres be the distance of the place of meeting from P. 

Then during the time that B travels x kilometres, A finishes the 
journey, remains at Q for 15 minutes, and then travels back 
kilometres. 

Now, the time in which A does ail these 

X 

and the time in which B travels x kilometres • g hours ; 

3j . 1 , 

6 4 6 3 

or, 7 + 3 + (7-2ir)-4ir ; 6a;*17 ; . x^2l 

Thus, A will meet P at a distance of 2i kilometres from P. 


Example 4, A landlord let bis farm for Rs. 200 a year in money 
and a corn-rent. When corn sold at Rs. 10 a bushel, he received at the 
rate of Rs. 10 an acre foi his land ; but when it sold at Rs. 13 50 paise 
a bushel, Rs. 13 an acre. Of how many bushels did the corn-rent 
consist ? 

Lot a;*the number of bushels the corn-rent consisted of. 


Then when corn sold at Rs. 10 a bushel, the annual income was 
(200 + lOa;) rupees ; hence, as the income in this case was at 

of Rs. 10 an acre, the number of acres must evidently be jq ' 


or, 20+ a. 

In the second case (t.e., when corn sold at Rs. 13 50 paise 
a bushel) the annual income amounted to Rs. 200+ Rs. (ISitei or, 

Bs. rupees ; but now the income was at the rate of Rs, 13 an 
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TT nni 4D0 + 27flJ, 

Hodopi 20 +»* — 26 — 

or, 620 + 26«-400+27«; /. aj-120. 

Thus, the oorn-rent consisted of 120 bushels. 

Bzample 5. A hare is eighty of her own leaps before a greyhound ; 
she takes three leaps for every two that he takes, but he covers as much 
ground in one leap as she does in two. How many leaps will the hare 
have taken before she is caught ? 

Let 3«*the number of leaps the hare takes. 

Then 2aj*the number of leaps the greyhound takes in the same 

time. 


The distance of the place where the hare is caught from the first 
position of the greyhound -*(80+ 3a?) leaps of the hare and is also 
* 20 ? leaps of the greyhound. 

But, 1 lean of the greyhound being equal to 2 leaps of the hare, 
2a; leaps of the greyhound*^ leaps of the hare. 

804-3a;“4a; ; a;-80. 

Hence, the number of leaps which the hare takes before she is 
caught* 3 X 80 * 240. 

Example 6. A banker has two kinds of money, silver and gold 
and a pieces of silver or b pieces of gold, make up the same sum s. A 
person comes and wishes to be paid the sum s with c pieces of money ; 
how many of each must the banker give him ? 

Let a?* the number of silver pieces required ; 

then c-o;* • » • gold » » 

The value of one piece of silver* ^ 

and that of one piece of gold * ^ 

Hence, since by supposition a; pieces of silver and (c- a?) pieces of 
gold are together equal in value to s, we must have 

i-a5*^+(o-®)*r I 
a 0 
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and 


X 

C-X' 



b(a-c\ 

a-b 


Thus, 



pieces of silver and 


b(a-~c) 

'a-b 


pieces of gold will be 


required. 


Example 7. AB is a railway 220 kilometres long, and three trains 
(P, Q, E) travel upon it at the rate of 25, 20 and % kilometreff per hour 
respectively ; P and Q leave J at 7 A.M. and 8-15 A.M. respectively 
and B leaves B at 10-^ A.M. When and where will P be equidistant 
from Q and B ? 

A Q P R B 

Let P, Q, JSt as in the figure, be the respective positions of the 
trains at the instant when P is equidistant from Q and B. 

Let this happen x hours after B has left B, t.e., x hours after 
10-9C A.M. 

Then, since P left A 3) hours before 10-30 A.M., it baa evidently 
been travelling for (3i't‘a;) hours up to the instant in question. 

Hence, clearly 4P*(34 + aj).26 kilometres, 
and <3 * (2J + a;).20 kilometres ; 

also BB * 30x kilometres. 

Hence, AF- AO 

“ i(3i + sc).25 - r2} + a;).20[ kilometres, 
and PB^AB-AP-BB 

■* 1220 - (3i + a;).25 - 30®! kilometres. 

But PQ-^PB; 

(3i + ®).25-(2j + ®).20 - 220-(3j+®).25-80a; ; 

60(3i + ®)-(2i + ®).20» 220 - 30®; 
e0ar-220-175 + 45*90; 

®-li. 

Thus, P will be equally distant from Q and B at li hours after 
10-80 A.M., t.e., at 12 A.M. 

Also, as P left A at 7 A.M., its distance from A at that instant will 
be 8 X 25, or. 125 kilometres. 
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Example 8. Two passengers have together 5 owt. of luggage and 
are charged for the excess above the weight allowed 5s. 2d. and 9a. lOd 
respectively ; but if the luggage had all belonged to one of them he 
would have been charged 19a. 2d. How much luggage is each passenger 
allowed to carry free of charge ? And how much luggage had each 
passenger ? [ 0. 0. 1877] 

Let X owt. ~ weight of luggage that each passenger is allowed 
to carry free of charge. 

Then, (5s. 2d.) + (9a. lOd.)- charge for (6-2^) owt. 

15 ^ 12 j I / 1 4. 

a.* charge for 1 owt. 


Also, 19s. 2d. “charge for (5-x) cwt., 
230 


6-a; 


d. “charge for 1 owt. 


230 


Cl 15 X 12 , 

Hence. 

18(6 -a:)- 23(5 -M 

or, 2ic-115 - 90 -25 : x-H. 

i.fl., weight of luggage allowed free of charge* JS cwt.-SJ ^4 >^28 lbs. 

-100 lbs. 

230 ^ _ 230 j 230 x 28 
“'5x23 


Now, charge for 1 d.-56d. 


And since charge for excess luggage of the first passenger — 68. 2d, 
■62d., and charge for excess luggage of the second passenger -98. lOd. 
ai8d., 


weight of excess luggage of the first passenger 
-II owt.-lix4x281bs.-124 lbs. ; 
and weight of excess luggage of the second passenger 
- W cwt. - W ^ 4 X 28 lbs. -236 lbs. 


Hence, the whole luggage of the hrst passenger 
-(100+124)158.-224 lbs, ; 

and the whole luggage of the second passenger 
-(100 + 236) lbs. -336 lbs. 

Example 9. A person buys some tea at 3 rupees a kilogram and 
some at 5 rupees a kilogram ; he wishes to mix them, so that by selling 
the mixture at 3i rupees a kilogram, he may gain 10 per cenL on eaoh 
kilogram sold. Find how many kilograms of the inferior tea he must 
mix with eaoh kilogram of the superior. 

Suppose X kilpgrams of the , inferior tea are mixed with eaoh kilo* 
gram of the superior. 
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The prioe of (t kilograms of the inferior 
the superior 


■■(3«+5) rupees ; 
the average cost per kilogram 


3fl?+6 

a+l 


tea and one kilogram of 


rupees. 


But by Belling the mixture at 3| rupees a kilogram, he gains 
10 per cent, on each kilogram, i.s., realises 110 rupees, for every 
100 rupees, or tJ rupees for every rupee. 


Hence, 8| rupees of the cost per kilogram ; 

Qi _ 11 ^ 3aJ + 6. 

. or, 


n^n 3a;+6 


10(®+l)-3(3a;+6); 


8 

a;*5. 


io" 


ar+ 1 


Thus, 6 kilograms of the inferior tea must be mixed with each 
kilogram of the superior. 


Bzample 10. An ofticer can form his men into a hollow square 
5 deep,^ and also into a hollow square 6 deep, but the front in the latter 
formation contains 4 men fewer than in the former ; hnd the number of 
men. [ C. D. 1887 ] 

[ A number of men are said to be arranged In a solid square when they are 
arranged In parallel rows and the number of rows ie equal to the number of men In 


each row. The following diagram, in which A^, JBi, 
give the student a oorreot notion of suoh arrangement. 

Cg, Aoi. 

represent men, will 

k, 

B. 

Oj D, B, P, 

G, 

H, 

A, 

B. 

Of Df Bf Pf 

G, 

H. 

Ai 

B. 

0 , D, E, P, 

Q. 

H, 

A4 

B. 

1 1 

0, D4 E4 F4 

G4 

H. 

A, 

B. 

C. D. E. F, 

G. 

H. 

A« 

B. 

0»" D*" ' Bf-- ' P 4 

G. 

Hg 

A, 

B, 

O7 D7 E7 P7 

G, 

H, 

A. 

B. 

O4 Df Bg Fg 

Q. 

Hg 


The above diagram reprcsenta an arrangement In which there are 8 rows, each 
oontaiolos ^ ^ square, If the square CsFiF«C« be removed from 
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iQBlde, the remainder will be a holloto square two deep, having B men In the front 
rank ; 11, however, the square be removed, the remainder will be 

a }iol\w) square three deep, having the same 8 men in the front rank. 

Henoe, the number oi men in a hollow square two deep having x ' men in 
the front rank -aj* -(a -4)* ; in one three deep*** “(as-6)’ ; and so on; thus, 
the number of men in a hollow square n deep having * men in the front row 
-«*-(a~an)*. ] 

Let ir"*the number of men in the front row of the first arrangement. 

Then, a; the number of men in the front row of the second 
arrangement 

Hence, the number of men in the first square 

10 )* ••• ( 1 ) 

and the number of men in the second square 

But the men that form the first square are exactly those that form 
the second ; 

. fl5* - (a “ 10)* “ (a; - 4)* - K® - 4) - 12f*, 

or. 20«- 100- 24(«- 4)- 144, 

/. 4®-144 + 96-100-140, 

«-36. 

Henoe, from (1), the total number of men 

-(36)* -(26)* -60x10 - 600. 

EXERCISE 95 

1. Find the time between 3 and 4 o’clock, when the two hands of 
a watch are coincident. 

2. At what time are the hands of a watch together between 5 and 

6 o’clock ? [ 0. U. 1886 ] 

8. Find the respective times between 7 and 8 o'clock, when the 
hour and minute-hands of a watch are (i) exactly opposite to each other ; 
(ii) at right angles to each other ; (iii) coincident. 

4. What is the^irst hour after 6 o'clock, at which the two hands of 
a watch are (i) directly opposite, and (ii) at right angles to each other ? 

5. Two men set out at the same time to walk, one from A to B 
and the other from B to a distance of a kilometres. The former 
walks at the rate of p kilometres and the latter at the rate of q kilo- 
metres an hour ; at what distance from A will they meet ? 

6. Two persons walk at the rate of 5 and 6 kilometres an hour 
respectively. They set out to meet each other from two places 22 kilo- 
metres apart. Having passed each other once, find the place of their 
eeoond meeting, supposing them to continue their journey between the 
two places. Also find the time when the second meeting takes place* 


1—92 
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7. A man rides one*third of the distance from i to JB at the rata 
of a kilometres per hour and the remainder at the rate of 26 kilo- 
metres per hour. If he had travelled at a uniform rate of 3c kilometres 
per hour, he could have ridden from ^ to £ and back again in the same 
time. 


Prove that I - J + I • [ 0. U. 1889 ] 

8. A and B start to run a race. At the end of 5 minuteSt when 
A has run 900 metres and has outstripped B by 75 metres, he falls { but 
though he loses ground by the accident, and for the rest of the course 
makes 20 metres a minute less than before, he comes in only half a 
minute behind B. How long did the race last ? 

9. A person sets out to walk from a certain town ; but when he has 
accomplished a quarter of his iourney, he finds that if he continues at 
the same pace he will have gone only Jths of the whole distance when 
he ought to be at his destination. He, therefore, increases his speed by 
a kilometre an hour, and arrives just in time. Find the rate of walking. 

10. A tenant hired his farm for Ba. 1600 a year in money and a 
oom-rent in rice. When rice sold at rupees twenty-five a bushel, he paid 
at the rate of Es. 35 an acre for his land ; when it sold at Bs. 30 a 
bushel, he paid at the rate of Bs. 40 an acre. Find the number of bushels 
of rice in the rent. 

11. A footman who contracted for Bs. 240 a year and a livery suit, 
was turned away at the end of 7 months and received only Bs. 65 and his 
livery. What was its value ? 

12. A hare, 50 of her leaps before a greyhound, takes 4 leaps to the 
greyhound's 3 ; but 2 of the greyhound's leaps are as much as 3 of the 
hare’s. How many leaps must the greyhound take to catch the hare ? 

13. A greyhound spying a hare at a distance of 60 of his own leaps 
from him, pursues her, making 4 leaps for every 5 leaps of the hare ; but 
he passes over as much ground in 3 leaps as the hare does in 4. How 
many leaps did each make during the whole course ? 

14. The St. John’s boat is ahead of the Caius by a distance equi- 
valent to 30 strokes of the former. The Johnians pull 4 strokes to 
3 strokes of the Caius, but 2 of the latter are equivalent to 3 of the former. 
How many strokes must the Caius take to bump the St. John’s boat ? 

15. A and B find a purse with rupees in it. A takes out two 
rupees and one-sixlih of what remains ; then B takes out three rupees 
and one-sixth of what remains ; and then they find that tney have taken 
out equal shares. How many rupees were in the purse, and how many 
did each take ? 

16. A ship sails with a supply of biscuit for 60 days at a daily 
allowance of 1 kilogram a head ; after being at sea for 20 days she 
encounters a storm in which 5 men are washed overboard and damage 
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snstaiDecI, that will oanee a delay of 24 days, and it is found that each 
man's allowance must be reduced to ftbs of a kilogram. Find the 
original number of the crew. 

17. If 19 kilograms of gold weigh 18 kilograms in water, and 
10 kilograms of siher weigh 9 kilograms in water, find the quantity of 
gold and silver in a mass of gold and silver weighing 106 kilograms in air 
and 99 kilograms in water. 

18. A person rows from Cambridge to Ely, a distance of 32 kilo- 
metres and back again in 10 hours, the stream flowing uniformly in the 
same direction all the time ; and he finds that he can row 31 kilometres 
against the stream in the same time that he rows H kilometres with 
it. Find the time of his going and returning. 

19. A person passed Jth of his age in childhood, Ath in youth, 
Hh + fiyears in matrimony: he had then a son, whom he survi^ 
4 years, and who reached only one-half the age of his father. Find the 
son’s age when he died. 

20. There are two bars of metal, the first containing 14 grams of 
silver and 6 of tin, the second containing 8 of silver and 12 of tin. How 
much must be taken from each to form a bar of 20 grams containing 
equal weights of silver and tin ? 

21. Divide Bs. 11000 into two sums, such that the simple Interest 
of the greater sum for two years, at per cent, shall exceed that of 
the less for years, at per cent, by Bs. 165. 

22. To remove four articles of furniture, I required for the Ist 
article two coolies, for the 2nd three, for the 3rd four, and for the 4th 
five. After giving the Ist set of men one group of paise and one paisa 
more, to the 2nd set an equal group and four paise more, to the 
3rd an equal group and five paise more and to the 4th an equal group 
and nine paise more, I found that each man of the 3rd^ and 4th sets 
had received the same number of paise. How many paise were there 
in each group ; how many paise did each man receive, and how many 
paise did I distribute ? 

28. Fifteen current guineas should weigh 4 ounces ; but a parcel of 
light gold being weighed and counted, was found to contain 9 more 
guineas than was supposed from the weight ; and a part of the whole 
exceeding the half by 10 guineas and a half, was found to be li oz. 
deficient in weight. What was the number of guineas in the parcel ? 

24. A silversmith received in payment for a certain weight of 
wrought plate, the price of which was £10, the same weight of 
unwrought plate, and £3. 16«, besides. At another time he exchanged 
12 oz. of wrought plate of the same workmanship as before for 8 t)z. 
of unwrought (for which he allowed the same price as before), and 
£2. 165. in money. What was the price of wrought plate per ounce, and 
the weight of the first sold 7 
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25. Two paBsengerB are charged for excess of luggage Bs. 84 and 
Bs. 90 respectively : had the luggage all belonged to one of them, he 
would have been charged for excess Bs. 174 ; how much would they have 
been charged if none had been allowed free ? 

26. How many bundles of hay, at Bs. 5 per thousand, must 
a ghaswalla mix with 6600 bundles at Bs. 6 per thousand, in order that 
he may gain 20 per cent, by selling the whole at Hth rupee per hundred ? 

[C. U. 1876] 

27. A boy buys a certain number of oranges at 3 for 2d, and 

one-third of that number at^ 2 for Id, ; at what price must he sell them 
to get 20 per cent, profit ; if his profit be 6s. 4cZ., find the number 
bought. [ G. U. 1886 ] 

28. A went out after 3 F.M. and letuming half an hour later found 

that the minute-hand was as much in advance of the hour-hand as it was 
behind the hour-hand when he went out. Find at what time he went 
out. [ W. B. 0. B. 1966 ) 

29. A man went out between 4 P.M. and 6 P.M. and returning home 
between 6 P.M. and 6 P.M. he found that the hands of his watch inter* 
changed their places. When did he go out ? 

30. From each of a number of foreign gold coins a person filed 
a fifth part, and had passed two-thirds of them, when the rest were seized 
as light coins except one, with which the man decamped, having lost 
upon the whole half as much as he had gained before. How many coinf! 
were there at first ? 

81. Find a number of three digits, each greater by unity than that 
which follows it, so that its excess above one-fouith of the number 
formed by inverting the digits shall be 36 times the sum of the digits. 

82. A number of troops being formed into a solid square, it wat 
found there were 60 over ; but when formed into a column with 6 met 
more in front than before and 8 less in depth, there was just one mat 
wanting to complete it. Find the number. 

88. An officer can form the men of his regiment into a hollow 
square 10 deei>. ^ The number of men in the regiment is 2800. Find the 
number of men in the front of the hollow square. 

34. A company of men is formed into a hollow square 4 deep and 
also into a hollow square 8 deep ; the front in the latter formation 
contains 19 men fewer than that in the former formation ; find the 
number of men. 

85 A detachment from an army was marching in regular column 
with 6 men more in depth than in front ; but upon the enemy coming in 
sight, the front was increased by 846 men ; and by this movement the 
detachment was drawn up in five lines. Find the number of men in the 
detachment. 



OHAPTEB XXVn 

HARDER SIMULTANEOUS EQUATIONS AND PROBLEMS 


1. Harder Simultaneous Equations 


180. The process o! solving easy simultaneous equations in two 
variables has already been explained in Chapter XVIII. We propose 
now to consider the subiect more fully. 


181. Method of Cross Multiplication. 

If aia;+6iy + Ci«*0, and cifl»+6ay + Ca«*0, t to prove that 
a? ^ V , s 

Cidt Ck%h% 

Multiplying the 1st equation by c%, and the 2nd by Oi, we have 

aiCa® + iiCal/ + CiCa^ —0, 

and aaCi® + h^Cxy + CaCiS * 0. 

Henoei by subtraction. 

(cifla ■" Caai)® + (baCi " hxC^ -0, 

(Cifla“'<5jiai)®*(feiCa~2>aCi)y ; 

® - y ... ... (1) 

h\C<g'^h%0\ Ci.(la”Cafl»i 


Again, multiplying the 1st equation by Oa. and the 2nd by ai, 
we have 

aitta® + hxa%v + CiUa^ *0, 

and flaai® + 6afliy + CaaiS—0. 

Hence, by subtraction, 

(ai6a-“aa&i)l/ + (caai‘’Ciaa)«“0 ; 

(ai6a - * (ciUa “ Caai)« ; 

y a. ... ... (2) 

Oida fliOa — OaOi 


t It is neoessary to point out to the student the notation here used. The 
letter Is as different from a, as c Is from d, or as any letter of the alphabet from 
any other ; a similar remark applies to the pairs of letters (bi, bt) and (oi, 0 «). 
But it la very oonvenient as an aid to memory to use the same letter with different 
lufBzes to denote corresponding coefficients in different equations ; thus, whilst 
dx denotes the coefficient of x in the 1st equation ; at denotes the coefficient of x 
in the 2nd equation ; and precisely a similar meaning is attached to the letters bt, 
bt and 6t, Of Sometimes, however, letters with accents serve the same purpose ; 
thus, if a, b, 0 denote the coefficients of x, p, i in one equation, the corresponding 
coefficients In a second aquation are denoted by a\ b\ o' ; In a third equation by 
oP, b*, 0 * : and BO on. 
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Henoe, from (l) and (2), 


a? ^ V ^ « . 

biCg’^bgCi Ci(ls““C2^i Uibg “ Clgbi 

Note. This result can he easily remembered ; writing down the equatiom one 
above the other, 


fli®+6i»+Cii=0 1 

OiX+6,^+c,*=0 J 


we find that 


(i) the quantity under x= coefficient of y in the let equation x coefficient of e 
in the 2nd minue coefficient of y in the 2nd x coefficient of i in the 1st / 

(ii) the quantity under y’= coefficient of e in the 1st equations coefficient of a 
in the 2nd minae coefficient of t in the 2nd x coefficient of x in the 1st ; 

(iii) the quantity under e-- coefficient of x in the 1st equation x coefficient ofy 
in the 2nd minae coefficient of x in the 2ndxcoefficient of y in the IsU 

Cor, In the above equations, if we put s*l, we have 


® ^ y__ _ 1 * j 

— Cgdi (lxb%"“ Ot^bx 

which gives the solution of the equations 
aiaj + ^^iiz + Ci^Ol 
and aaa; + i>ay + Ca=0 J 


Note. The above results should he thoroughly committed to memory, as ready 
applications of Oiom will enable the student to solve with neatness not only Mmple 
equations involving two unknown quantities, but also a certain class of equations 
involving three unknown quantities. The following examples are intended for 
illustration. 


EKample 1. Solve 3a;-6y+9*0 \ 

6»“8y-l-0 J 


Here ai*3, 6i--5, Ci* 9; 

Oa“5, 6 b "“3, Ob* “I. 

Hence, we must have 

? V _ 1 

(“5X-1)~(“3).9 9x6-(-1).3 

nr ^ . y » 1 , X y 1 . 

6 + 27 45 + 3 -9+25 32"48“i6’ 

and y«tl*3. 

Thus, we have a *2, and y«3. 

&xample2. Solve -7aj+8y- 9 — (l)\ 

5aj-4y»-3 ••• (2)/ 

From (1), -7a5 + 8y-9*0\ 

From (2), 6ff-4y+3*0/ 


Henoe 


8x8-(-4X-9)"(-9).6-8.(-7)"(-7X-4)-6k8' 
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x_ _ „ v_ , 

”■ 24 - 36 - 46 + 21 28 - 40 

r y _1 . 

or. _ - 24 - 12 ’ 

-12 1 j _-24.„ 
p'- _j^2“l> y _j2 

TbuB, we have ®“1, and v=2. 

Example 3. Solve 

(!r+7)(j/-3) + 7=-(i, + 3Xx-l) + 6 - (l) ] 

6x-lli/ + 35 =0 ••• (2) / 

[ 0. D. 1888 ] 

Prom (l), an/ + 7v-3!r-14=xy+3a:-y + 2. 

6a:-8y+16-0: 

3a:-4v+ 8=01 
also 6®- 111 / + 35=0 1 



^ y t . 

-140 + 88 40-105 - 33 + 20 

X |/__ 1 . 

-62” -65 -13 
Hence, ®“4, and i/=5. 

Example 4. Solve 2ir-3i/+4«= 0 ••• (l) V 
7®+2i/-6«- 0 ••• (2) [ 

4fl!+3y+ «=37 — (3) > 

From (1) and (2), we have, 

X „ y - ?. , 

(-3j(-6)'-2x4 4 x7-(-6).2 2x2-7.(-3) 

X y £ f.!/,.*. 

10 40 26 2 8 6 

Now, let k denote the common value of these fractions which is 
at present unknown. 

Then, we have | " I ■" f “*'• 

af=2k, p=8fc, *“6k. (A) 

Substituting these values of x, y, z in (3), we have 
M8 + 24+ 6)-37, 
or, 37k-37: k-1. 

Beuoe, from (A). »-2. i/-8, Mjds-S. 
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Example 5* Solve a; + 6y*5a ••• (l) ) 

7®+ (21 [ 

5a; + 6i/~4e«24 ••• (3) f 

From (1), a; + 6|/-5«*0 1 

From (2), 7fl;-6i/+ «*0 J 

6x 1-(-6).(-5) FBI? - 1 X 1 i:F6)-7x6 

or -»-=._!L_ 

6 - 30 - 35-1 -8 - 42 

a; v B . 
or* -24“ -36" -48 ‘ 

2 “ 3 ^ 4 ' f Multiplying each fraction by - 12 ] 

Supposing each of these fractions we have 

a:-21i, w-3t. s“4ft. ••• (A) 

Substituting these values of x, y, x in (3), we have 
Wl0 + 18-16)-24. 
or, 12fc-24i k-2. 

Hence, from (A), *"4, v—B, and s^S., 


EXERCISE 96 

Solve the following equations : 

1. 2!c+3y-8 ” 0 \ 

3x-4w + 5 " 0 / 

8. 4a;-5y + 8 “*01 

2x-3y+6 - 0 / 


5. 6!E-7y+12 -01 
-7®+4y+ll - 0 J 
7.-6!r+6v + 2 “ 0 1 

13iB-9y -19 J 

9. 4ir-llw+6 "01 
9!i!-13y -10 / 

11.-12!C+17w+ 16- 0 1 
9®-13y -11 / 

18. 17® -7» -52 1 

3® — 2y / 

[ From the 3nd equAtion, 
f- 1 •If (suppose)] 


2. 3«-5y+ 9 - 

0 

5£C+2y-16 - 

0 

4.-3fl;+2y+ 2 - 

0 

5a?-3y- 6 - 

0 

6. 7a;-8y *■ 

-14 

5a;-3y - 

9 

8.-7aj+6y + ll - 

0 

8a;-6i/ ■■ 

19 

10. 8a;-7v 

19 

*■ 

23 

12. 14aj-ll|^+18- 

0 

11®- 7y+ 1- 

0 

14. 9®+6y - 

124 

7® 

3v 


} 

} 

} 

} 

} 

} 

} 
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16. ISt + Tv '^2461 

9aj -4y J 

17. 4a?-3y - 0 \ 

7a;-llr/ + 92 -OJ 

19. 13a!~12|/ + 15 -01 

8® - 7y - 0 J 

21. K» + v) + i(fl!-"V)“59 1 
6 ® “ 331 / - 0 / 


23. y(3 + aj)-a7(7 + !/) 1 
4fl; + 9 -6i/“14 J 


16. 


18. 


20 . 


22 . 


9 ® - 

10a; + 23y“287- 

4 flj- 7 y ■■ 

10fl;“9y“102 - 

lla;-10i/ + 82 - 
14®“ 9y - 


ix+5y 

40 

2 ®“y 

3 


+ 21 / 


“®“ 1 / 

-20 


By 

0 

0 

0 

0 

0 


) 

) 

} 


24. 


4v-6 
® + y 
8®“5 

l/“® 


- 2 
- 9 


25. (® + 5Xi/ + 7)-(® + lXy“9)+112 
2 ® + 10 -3i/ + l 


26. 

28. 


30. 


32. 


4®“5i/ + 2« - 0 : 

27. 

6 ® + 6 i/+ 80 - 0 ) 

2®“7i/ + 42f » 0 


3® + 4i/+ 60 - 0 f 

®+ 1/+ 2 — 6 J 


® + 5i/ + 160- 3 ' 

2®“7i/ + ll 2 f- 0 

29. 

7® + 3|/“ 80 - 0 1 

6 ®“ 8 i/+ 7«- 0 


6®“7i/+ 80 - 0 f 

3® + 4i/+ 6«»35 


3® + 6i/+ 70-64 > 

®“ 2 i/+ « - 0 

9®“8i/ + 32 - 0 
2® + 3i/ + 5« —36 

81. 

2(4®+9t/) -7(2y + 0 ) ) 
7(® + 2i/) - 8 ( 1 / + 0) [ 

3® + 4i/ + 60-38 i 

[ C. U. 1887 ] 


4(® + ») 

- 3(221 “v) 

1 

6(!E-2w) 

=M2»-32 F 

6(®-2)+7(y-3)+8(*-4)-67 



33. 5®-2y, 7i/- 5z \ 34. 16®- lOy - 6« 1 

4® + 6i/ + 62-160 / 7® + 8i/ + 9«-332 J 


35. 4®“13v + 8;5-0 
7®+ 6i/“9«-0 
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182, EquationB of the form asX+fr^-f 

-tfa, a^x+bay^csz^^ds^ 

Multiply the first equation by c* and the 2nd by Ci ; then by 
subtraction, we have 

(aiC* - a2Ci)x + (diCa - b^Cxh^diCa - daCi. (l) 

Similarly, multiplying the first equation by Cs and the 3rd by Ci, 
wo have 

(uiCb - aBCi)x + {biCs “ bsCxh^diCs -d^Cx. ••• (2) 

Now, from (l) and (2), the values of x and y can be at once found 
by cross multiplication. Then substituting the values of x and y thus 
found in any of the given equations, the value of z will be obtained. 

Otherwise : Multiply the 1st equation by £^1 and the 2nd by dt , 
then by subtraction, we have 

{aida a 2 dr)x + {bida - b 2 di)y + {ctda - Cadx)z = 0. (a) 

Similarly, multiplying the Ist equation by dm and the 3rd by dx, 
we have 

(axdB-asdx)x+{bxd2-bBdx)y’^[cxdB-CBdx)z^0, — (j) 
Now, evidently (a) and (j?) together with any one of the given 
equations form a group which can be easily solved by the method 
illustrated in the last article. 


bamplel. Solve 4ir-3y+22;*40 ••• (1)) 

5a; + 9y-7s»47 — (2) 

9a;+8y-3s*97 ••• (3) 

Multiplying (1) by 7, and (2) by 2, we have 
28a;-21y+14s»280 1 
and 10a;+18y-14s- 94 J 
Hence, by addition, 38a; -3y* 374. ••• (4) 

Again, multiplying (l) by 3, and (3) by 2, we have 
12a;- 9i/ + 6s«120 1 
and 18a;+16y-6s*194 / 

Hence, by addition, 30a;+7y“314, ••• (6) 

Now, from (4) and (5), we have 


38a;-3y-374 -0 1 
and 80a;+7y-314-0 / 
Hence, 


J? 1L - L . 

4)-7.(-374) (-874).30-(-314).38 38 x 7 - 30.(-8) 


or, 


X y „ 1 , 

942 + 2618 -11220 + 11932 266 + 90 


8660 712 366 
Therefore. «*10, and v-2. 
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Babstitiiting these values oi x and y in (1), we have 
40“6+2£;*40, whence **8. 

Thus, we have «*10, i/*2, and s*3. 

BKtBiiAe2. Solve 2®- 9jei*28 ••• (l) i 

7®+ 3i/- 5a;* 3 ••• (2) [ 
9®+10y-m- 4 ••• (3) i 

Multiplying (l) by 3, and (2) by '4, we have 

6®-12y + 27«*84 1 
and 28® + 12y-20;2*12 / 

Hence, by addition. 34® + 7a; *96 ••• (4) 

Again, multiplying (2) by 10. and (3) by 3, we have 
70®+30y- m*30 \ 
and 27®+30y-33a;*12 J 

Hence, by subtraction, 43® - 17a; *18. •** (6) 
Now, from (4) and (5), we have 

34®+ 7«~96-0 \ 
and 43®-m-18*0j 


g . _^J[ ^ 1 . 

7.(-18)-(-17).(-96) (-9'6].43-(-18).34 34.( - 17) - 48 x 7 

® z 1 ^ 

"• -126-1682 - 4128 + 612 - 678 - 301 

® _ 1 _ 

-1768“ -8616 - 879’ 

„ . -1768 o , -3516_. 

Tbereiore, «- “2 and 

Bubatitnting these values of « and s in (2), we have 
14+8V-90-3. 

whence 8y"9, and y*3. 

Thnfl, we‘have .»*2, y-3, and «“4. 


BiampleS. Solve 12®+ 9y- 7a;*2 
8®-26y+ 9a;*l 
23® + 21y-15a;-4 



Multiplying (2) by 2, we have 
16a-52y+18«-2, 

also, 12®+ 9y~ 7a;*2. (1) 

Hence, by lubtraction, 4®'-61y+25s""0. (4) 
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Again, multiplying (1) by 2, we have 
24fl:+18y-14«*4, 

also, 23a;+21y-15«-4. (8) 

Hence, by subtraction, a5-8y + «*0. ••• (6) 

Now, since we have 4fl;-“61i^+26«*0, ••• (4) \ 

and «~3v + *“0. (6) / 

Therefore, hy cross multiplication, 

, y - * , 

-61 + 75 26-4 -12+61 
X V z X y B 

“• i4“^“49’ “• 2"8T 

Supposing each of these fractions we have 
a!**2fc, S“7fc. 

Hence, from (1), fc(24+27-49)"2i 

or, 2fc-2: fc-1. 

Therefore, (r—2, v**3, and s"7. 

EXERCISE 97 


Solve the following equations : 

1. 2a!-3v + 5s - 11 1 

6!C+2v - 7s “ -12 f 

— 4fl!+3v + s •• 5 / 

8. »+ V - s - 1 1 

Sas+Sy - 6s ” 1 r 

3s-4x - V “ 1 ' 

6. 2a!+8v + 4s 16 ) 

3iB+2if - 5s " 8 r 

6aj-6y + 3s 6 ' 

7. 8®-7w - 6s - 11 

-7a!+6y + 6s -- 1 f 

12a5-8v -11s ■■ 2 / 


». 2(e+4» + 6s - 49 1 
8a!'l’6|f + 6s “ 64 f 
4*+8w + 4s - 65 ' 

11. 12it+ 8W-11S-- 3 I 
ll*-lS|f- s- 2 1 
* 8(e+17v-12s-- 2 > 


2. 3®+2tf+ 6s" 32 \ 
2®+6v+ 3s“ 31 I 
6x+3y+ 2s“* 27 ‘ 

4. 2ir+3»+ 4s- 29 1 
3*+2w+ 6s- 82 [ 
4a!+3y+ 2s- 25 > 

6. 4a!-3i^+ 2s— 8 1 

3aj-4v+ 6s- 6 | 

-6!t+6v+ 7s-- 1 i 

8. x+5v -4s- 6 1 

3a:-2v +2s— 14 [ 
-10a!+8v+s- 6 > 

[0. U.1867) 

10. *+3tf+ 6s- 10 1 

8a!+6v+ 7s- 14 | 
6®+7»+ 8s- 15 ) 

12. 6(8- 4v+ 9*- 19 I 
7(B+6tf-12s- 16 \ 
-g(r+8tf+16s--13 I 
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IS. «- V~ *■*“ 15 I 

y+ a+2z^ 40 } 

is-bx-Siu— -150 ! 

[ 0. U. 1886 ] 

15. 8fl;+2y- *-=20 \ 
5te+3»+6*-70 [ 

E - v + 6*“41 ) 

17. 6*+2v+ *■" 30 
ia:+tV-A*“ 4 • 
ac+6v+10*-129 J 


19 1 + 6_4_1^ 

? _ 4 + 6 _1? 

X V * 24 

- 4 + 6_ 6 _ 1 

X y * 2 

SI. 6x+3y-66 ) 

2y- *«11 [ 
8x+4*-67 i 


14. 2(x-y)-3» -2 \ 
x-3*“8y -1 [ 
2x+3*-4(l-») / 


16. 4(y-x)“6*-22 ) 

3a + 4x“6y+ 2 [ 
*-3y“14-10x ‘ 

18. ix+4y -12-i* ) 
iy+i*-ix“ 8 J 

4x+l* -10 ) 

[ 0. U. 1868 ] 


4x+l* 


.2 + 1 . 1 N 

a; V 2 

8_2_„ I 


28 . fly + i!a-o 
ofl!+a«*6 
6f + oy“a 


25 . 8 y + »- 2-0 

-aj+lS 
a®+7f -7 


X * 8 / 

24. 3x+4y-ll- 0 


3x+4y-ll— 0) 

6y-6* ” “8 f 

7»-8x-13- OJ 

[ 0. D. 1877 ] 


: 0. U. 1883 ] 


188 . MiscellaneouB Examples. 

Biamplel. Solve ^ + ^-1.-^+-;-!. f + 
Adding together the given equations, we have 


2(« + ^ + M-3. 

\» V tf 




Subtracting the 2Dd eq^uation from (a), we have 
x-2o. 

X 2 

Blmilarlyi we have y“26 and «-2c. 
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Example 2. Solve 

(Hi) ,-^-8. 

Prom (i), we have 

xy 

X±E ^ 1 , 

XB 2 

V±«. I, 

1/3 8 


(ii) . 

(iii) . 


or. i+i-i 
y a; 

1+1.1 

s X 2 


or, 


or. 


Prom (4), (6) and (6), by addition, we have 


1 + 1-1. 

« V 3 


2(U-1 + 1) 

\x y zl 




• 1 + 1 + 1 -11. 

X V z 12 

Subtraoting (6) from (7), we have 

1 -11 1 -I • 

X 12~ 3 12 ’ 

Subtracting (S) from (7), we have 
1 U 1 6 . 

v'“l2"2 12* 

Subtracting (4) from (7), we have 

1 11 1 1 • 

* "12” ^"'■■12' 


■'i- 


t-V. 


»-v. 


*-- 12 . 


~ (4) 

(8) 

*** (8) 

- (T) 


Examples. Solve irirx*‘a(ys-sx-»p) 

- 6(«® - W - y») - o(®» - Pi - ib). 

Since, a!v«“a(y*-«B-xy), we have 

1 ■■ I - J ^ ••• ( 1 ) [ Dividing both sidei by a ’(xys ] 


Similarly, we have i ~ ^ ~ • 

0 y B X 

»•« ••• 

(S) 

e B X y 

— —m 

(1) 

Adding together (2) and (3), we have 



.2^1.1 ^b+c. 

X b e bo ' 

-2&e 
•• *"6+o' 


Similarly, " 5 " 7 + ^ ! 

y 0 a ao 

y-"2“' 


and 

B a b ab 

•* ' a+b 
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Bsumple 4. Solve « + y + * —0 1 

(6 + c)a:+(c+a)y + (a + i>);!f**0 [ 
hex + cay + ahz — 1 i 

Since (6+c)a;+(c + a)y + (a+fc)jg—0 1 
and ®+y + £i=»0J 

therefore, by cross-multiplication, 

« ^ y ^ , 

(c-f a)-(o+ W (a+y-Ci+c) (6+c)-(c+aJ 

or* 6 -a* 

Supposing each of these fractions * /c, we have 
a; = Mc-y, y»fe(a-c). z^Ujb-a). 

Substituting these values of a;, y, « in the third equation, we have 
^I6c(c y + ca[a “* c) + ab{h — a)[ * 1 , 

But hdfi ~ y + ca{a - c) + aU,h - a) 

* 6c(c - y + a®(c - y - fl(c* - 
“ (c - h)\hc + a* - a(c + h)\ 

*(c~i>Xa-cXa-6). 

Thus. fc(c-6Xa-cXa-6)-l; ‘-{^yTa-eXa-W' 

Hence. 1 

EXERCISE 98 


Solve the following equations ; 



« _M-_„ ®*L=c.. <i'Xy^d.bt*av)\ 

y + t ®’ s + a: aj+v ’ &Ey“c(aa:-M/ 

6. 8av’“4(a:+»), 2a:«“3{a:+s), 5vs“12(v + *). 

6. w+s-4, »+a:“6, a:+v=8. 

7. v + f-aj-6, f+a;-v““10, x+v~*“14i 
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8. cc-4i/ + »*“10 
^-4a3+y* “35 


9. y + «“7a;+16*0 ) 
« + iE“7y+24-0 [ 
aj+y“7« + 40**0 / 


10 . 


a*a;+5*y "^2ah{ci'^b) 

M2a+ 5)fl; + a(a + 25)i/“a® + a*6H-a5* + 6* 


11. IT + y+ i?«il 
ax + 5y+ C 2=0 
o“a: + 5*y+ c* 2 i =0 


12. ®+i/ + « ^ "0 I 

(a+6)aj+(a+c)y+(5+c)«"0 J 

fl5a:+acy+5c« "1 * 


13. « + y + « =0 

? + ? + !-o 



14. aj-ay + a^^-'a® ) 
a;-5y + 5®«“5® [ 
fl;-cy + c*«*c® ^ 


15. 


aa5+5y+c2 ^ -0 

(5 + c)a; + (c + a)y + (a + 5)2 “ 0 
a^x + 5*y + c*£; * a*(5 - 


c) + 5*(c-a)+c*(a-fcl 


16. Find .the condition that the three equations, 

aiaj+ 5iy + Cl *0, aga;+5gy + Ca*0, asaj+ftsy+Cs^O. 
may be oonsistent. 

17. Find the value of a so that the four equations, 

2® — 3y + 5s * 18, 3a;“y+4s“20, 4fl;+2y“S"'5. 

(a + !)« + (a + 2)y + (a + 3)s * 76, may be consistent. 


18. dw-2y^ 2 
6a;“7s-ll 
2® + 3y*39 
4y + 3s = 41 


19. 9a;-2s+M; *41 \ 
ly-bz-t «12 1 
4y“3a: + 2u;»- 6 f 
3y-iw+ 3t- 7 I 
7s-6t4; -11 ' 


20. flp y + s ■=a5+5c+ca 

-3 

ab be ca 

(c - b)x+ (a“5)y + (c~a)s*2a5c-a6*“6*c + ac*-a*o 


11. Problems producing Simple Equations with 
more than One Unknown Quantity 

184. In this section we shall consider a few problems of a harder 
than those treated of in Chapter XVIIl. 

The following examples will serve as illustrations. 
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Example 1. A cask P contains 12 litres of wine and 18 litres of 
water, and another cask Q contains 9 litres of wine and 3 litres of water. 
How many litres must be drawn from each cask so as to produce 
by their mixture 7 litres of wine and 7 litres of water ? 

Out of 30 litres of the mixture of wine and water in P, there are 
12 litres of wine ; hence, IS or fths of the mixture consists of wine 
and . ‘ . Iths of water. 

Hence, for every litre drawn from P, there are taken out fths of 
a litre of wine and Sths of a litre of water. 

Similarly, for every litre drawn from Q, there are taken out Jtht 
of a litre of wine and ith of a litre of water. 

Let a; “the number of litres to be drawn from P, 

andi/“ » » » » • • • *0. 

Then, since tr litres from P contain ix litres of wine and lx litres 
of water, and y litres from Q contain iy litres of wine and Jy litres of 
water, in the new mixture there are (faJ + 5y) litres of wino and 
(fec+iv) litres of water. 

Hence, by the conditions of the problem, 

|a; + ly-7 (1) \ 

and ta: + Jy-7. (2) / 

Multiplying (2) by 3, and subtracting (1) from the resulting equa- 
lion, we have 

ix^U\ flJ-lO. 

Hence, from (2), y “ 4(7 - 1 x 10) “ 4. 

Thus, 10 litres must be drawn from P, and 4 litres from Q. 

Example 2. The fore-wheel of a carriage makes 6 revolutions more 
than the hind-wheel in going 120 metres ; if the circumference of the 
fore-wheel be increased by one-fourth of its present size, and the 
circumference of the hind-wheel by one-fifth of its present size, the six 
will be changed to four. Required the circumference of each wheel. 

Let X metres be the circumference of the fore-wheel, 
and » y » 9 » 9 m » hind-wheel. 

Then the numbers of revolutions made by the wheels in going 

, 120 , 120 . 

120 metres are respectively — ana — • 

When the circumference of the fore-wheel is increased by one- 
fourth, and that of the hind-wheel by one-fifth, the circumferences 
respectively become 

|sc + '^1 and (v + 5 ) naetres. or, j and ^ metres. 


1—28 
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Therefore, khe numberB of revolutions made by the wheels respec 
lively will be 


120+*^f and 120-*-^' 
4 0 


or, 


Hence, from the conditions of the problem, 

( 1 ) 


X ^ V 


and ^ 


96 . 

X V 


( 2 ) 


Multiplying (1) by 5 and (2) by 6, we have 


and 


jr " y 
676.600 

X V 

24 


96 , 100 

X T‘ 


. ' . by subtraction, — * 6 
X 

Hence, from (l), ^-^-6*24 ; 


x*4. 

V*5 


Thus, the oiroumferenoes of the wheels are respectively 4 and 
5 metres. 

fiiample 3. A kilogram of tea and three kilograms of sugar cost 
Iwelve rupees; but if sugar were to rise’ 50 per cent., and tea 10 per 
cent., they would cost fourteen rupees. Find the price of tea and sugar. 

Let X rupees be the price of a kilogram of tea, and y rupees, the 
price of a kilogram of sugar ; then, we must have 

«+3y-]2. - - (1) 

When the price of tea rises 10 per cent,, the price of a kilogram of 

lea becomes + or, fio; rupees ; and the price of sugar risinff 

50 p,c„ the price of a kilogram of sugar becomes (v l)' ^ 

Hence. ••• ••• (2) 

Prom (2), + 9y - 28, 

and from (1), 3a;+9y*36 ; (8- V){r*8 ; 

or. ^-8; *-10. 

Hence, from (1). • 


Thus, the price of a kilogram ot lea^Bs. 10, and that of a kilogram 
of sugar -Ba. 1. 
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Example 4. A oertaiin sum of money is to be divided among 
a certain number of men : if there were 3 men fewer, eaoh man would have 
Be. 160 more ; ^ but if there were 6 men more, eaoh man would have 
Bb. 120 less. Find the aum of money and the number of men. 

Let 05 “the sum of money in rupeea, 
and y“the number of men. 


Therefore, eaoh man gets Bs. 


X 


if there were 3 men fewer, eaoh 


would get Bs. •* and if there were 6 men more, eaoh would get 
X 


Rg. 


y + 6 


Henoe, from the oonditions of the problem, 

( 1 ) 

and .-fg-f-iaO, - (2) 

Prom (1). 160-x(j^g- *-60(v*-Sv). 

Prom (2). 120-a!(^ -vJ-sl-TO ' ®-20(V + 6v). 

Henoe, 60(y* - 3y)“20(y* + 6y), 

or, 30y»-(150+120)y-270y ; /. y-9. 

«-20(81 + 64)-20 X 135 - 2700. 

Thus, there are 9 men and a sum of Bs. 2700. 


Example 5. A man has to travel a oertain distanoe. When he 
has travell^ 40 kilometres, he inoreases his speed 2 kilometres per hour. 
If he had travelled with his increased speed during the whole of his 
journey, he would have arrived 40 minutes earlier ; but if he had 
oontinued at his original speed, be would have arrived 20 minutes later. 
How far had he to travel ? 

Let 05— the number of kilometres the man had to travel ; and 
suppose his original speed was y kilometres an hour. 

Henoe, the time actually taken to complete the journey 

The time he would heve taken if he had travelled at the inoreaBcd 
speed daring the whole of his iourneyoj^l^ honis. 
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And the time he would have taken if he had travelled all the way 
at his original speed - ^ hours, 


Hence, from the conditions of the problem, 
X 80+ajy _ 2 ^ 
y + 2"i/(y + 2) 3 


j X 80+flj|/ . 1 
y iKv+i)*r 
Subtracting (1) from (2), 


°’’’ 2»-»(v+2). 

Also, from (2), 3a<v + 2)-3{80+a;t/)+i/(y + 2), 
or, 6a;-240*y(y+2). 

Hence, from (3) and (4), 6aj~ 240 * 2a;, 

or, 4a;*240; ar*60, 

Thus, the man had to travel 60 kilometres, 


- ( 1 ) 
- ( 2 ) 

- (3) 

- (4) 


Example 6. If there were no accidents, it would take half as long 
to travel the distance from A to B by rail-xoad as by coach ; but three 
hours being allowed for accidental stoppages by the former, the coaob 
will travel the distance all but fifteen kilometres in the same time ; if 
the distance were two-thirds as great as it is, and the same time allowed 
for railway stoppages, the coach would take exactly the same time. 
Bequired the distance. 

Let X kilometres be the distance from A to B. 


Suppose the coach travels at the rate of y kilometres an hoar, 
then evidently, the rate of the train is 2y kilometres an hour. 

The time in .whioh the train can travel the distance plus 3 honn 
*the time in which the coach travels only (cr- 15) kilometres. 


Hence, 

X . q_»”16 • 

2y V 


... 

- (1) 

and 

1 

eo 

or. 

3v 

... (2) 

From (2), 

8y 

or. 


- (8) 

From (1), 

b+6»-2<e-S0, 

or, 

6v“*-30. 

”• (4) 


Hence, from (3) and (4). 6y-9y-30, whence y*10 ; 
and «-9x 10-90. 

Then, the required distance— 90 kilometres. 
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fizample 7. A boat goes upstream 30 kilometres and downstream 
ii kilometres in 10 hours; it also goes upstream 40 kilometres and 
downstream 55 kilometres in 13 hours ; find the rate of the stream and 
of the boat. 


Suppose the boat will travel x kilometres per hour if there were no 
onrrent, and that the current fiows at the rate of p kilometres per hour. 

Then, it is clear that with the current, the boat travels (flJ + v) kilo- 
metres per hour, and against the current, [x-y) kilometres per hour. 

Hence, the time taken to travel 30 kilometres upstream 


.JO 

x-y 


hours, and the time taken to travel 44 kilometres downstream 


44 • 1- L 

■ — r hours ; and by the 1st condition of the problem, we must have 

.30. 

x-y cB+y 


Similarly, by the 2nd condition, we have 
'13. 


JO I 55 , 
x-y B+y 


(1) 

( 2 ) 


Multiplying (l) by 4, and (2) by 3, we have 


and 


X-y B+y 

120 + 1^.39 
B-y B+y 


Therefore, by subtraction, 
11 


B+y 


=1: 


Hence, from (1), * 10 - 4 * 6 ; 

B” y 

Thus, we have 

and 

Hence, by addition, 
and by subtraction. 


B+yll. 

B-y-5. 


B+y-11 \ 
B-y 5 / 

2b- 16 ; 
2y 6 ; 


- 1 } 


Thus, the rates of the stream and the boat are respeotlve 
8 kilometres and 8 kilometres per hour. 

fixample 8. A challenged B to ride a bicycle race of 1040 metre 
He first gave B, 120 metres' start, but lost by 5 seconds ; he then ga^ 
Bi 5 seconds' start, and won by 40 metres. How long does each tal 
to ride the distance ? 

Let the times which A and B take to ride the distanoe I 
veaoonds and y seoonds respectively. 
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Then, the times they take to travel one metre are respeetively 

Let PO represent the given distance, and let Pi?, SQ on it respeo* 
lively represent 120 metres and 40 metres. 


R 8 



In the first race B is at B, and .4 at P when they start, but 
B reaches Q, 6 seconds earlier than A ; therefore, the time taken by B 
to travel B Q “ (« - 6) seconds. 

Hence. 05 - 6 * (1040 - 120) x 

-(l-A)y*l*y. — (1) 

In the second' race B starts from P, 5 seconds earlier than A, but 
arrives at S when A arrives at Q ; therefore, the time taken by B 
to travel PS *(05 +6) seconds. 

Hence, e+6-(1040-40)>« 

-(1-A)v-Hv. •" (3) 

Subtracting (1) from (2), we have 

Ay-lO; y-130. 

Hence, from (l), 05 *5 + ft x 180 
-5+115-120. 

Thus, the times required by A and B to ride the distano*) are 
respectively 2 minutes, and 2 minutes 10 seconds. 

Example 9. An author started writing between 2 F.M. and 9 P.M., 
stopped writing between 6 P.M. and 7 P.M.. and found that the hands 
of the clock interchanged their places. When did he start writing 7 
When did he stop writing 7 How long did he write ? 

Suppose the author started writing at 05 minutes past 2 P.M. and 
stopped writing at y minutes past 6 P.M. 

At 05 minutes past 2 P.M. the minute-hand and the hour-hand were 

g minute-divisions and 1 10 + minute-divisions ahead of the mark 

Xn respectively. 

At y minutes past 6 P.M. the minute-hand and the hour-hand were 
V minute-divisions and 1 30 + ^j minute-divisions ahead of the saark 
ZII respectively. 
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From the conditions of the problem, 



a: = 30 -f Y 2 



or, 

12a* = 360 + 1/, 



or, 

12£c-t/ = 3G0 


- (i) 


V-lO+fg. 



or, 

12i/-120+(t, 



or, 

12|/-a;*120 


(ii) 


Solving the equations (i) and (ii), we get 
fic-Sliii and 

Therefore, the author started writing at Slili minutes past 2 P.M., 
stopped writing at 12 t% minutes past 6 P.M. and wrote for 8 hoars 
ili\ minutes. 

Example 10. If the sum of the digits of a number is divisible by 9. 
so Is the number, [ B. 0. S. 1923 j 

If the number consists of one digit it must evidently be 9. ThnSi 
the problem is true for a number of one digit. 

If the number consists of two digits, let x and y be the digits in 
the units’ place and tens’ place respectively. 

the number “lOy + ar, 

Now. 

Hence, the number is divisible by 9 if a + y is divisible by 9, 
if the sum of the digits is divisible by 9. 

Proceeding similarly, the proof follows for a number with more 
digits. 


EXERCISE 99 

1. There is a certain number consisting of 3 digits which is equal 
to 25 times the sum of the digits, and if 198 be added to the number, the 
digits will^ be reversed ; also the sum of the extreme digits exceeds the 
middle digit by unity ; find the number. 
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2. A shopkeeper, on account of bad book-keeping knows neither 
the weight nor the prime cost of a certain article which he purchased. 
He only recollects that if he had sold the whole at Rs. 30 per Kg., he 
would have gained Ra. 100 by it, and if he had sold it at Rs. 22 per Kg., 
he would have lost Rs. 300 by it. What was the weight and prime cost 
of the article ? 

3. Two persons A and B, played cards. After a certain number 
of games, A had won half as much as he had at first and found that if 
he bad 16 rupees more, he would have had just three times as much as 
B. But B afterwards won 10 rupees back, and he had then twice as 
much as A, What had each at first ? 

4. A and B can do a piece of work together in 12 days, which B 
working for 15 days and C for 30 would together complete ; in 10 days 
they would finish it, working all three together ; in what time could 
they separately do it ? 

6. A has twice as many pennies as shillings ; B, who has 8d. 
more than A, has twice as many shillings as pennies ; together they 
have one more penny than they have shillings. How much has each 7 

5. Two persons, A and B could finish a work in m days ; they 
worked together n days when A was called off, and B finished it in 
p days. In what time could each do it 7 

7. A, Bt C compare their fortunes ; A says to B, ‘give me Rs. 700 
of your money, and I shall have twice as much as you retain’ ; B says 
to 0, 'give me Bs. 1400, and I shall have thrice as much as you have 
remaining’ ; C says to A, 'give me Rs. 420, and then I shall have 
five times as much as you retain'. How much has each 7 

8. A man walks 35 kilometres partly at the rate of 4 kilometres 
an hour and partly at 5 ; if he had walked at 5 kilometres an hour when 
he walked at 4, and vies versa, he would have covered two kilometres 
more in the same time. Find the time he was walking. 

0. A train travelled a certain distance at a uniform rate. Had 
the speed been 6 kilometres an hour more, the journey would have 
occupied 4 hours less ; and bad the speed been 6 kilometres an hour less, 
the journey would have occupied 6 hours more. Find the distance. 

10. Two vessels contain mixtures of milk and water ; in one there 
is three times as much milk as water, in the other five times as much 
water as milk. Find bow much must be drawn off from each to fill 
a third vessel which holds seven litres, in order that its contents may 
be half milk and half water. 

11. A number consists of 3 digits whose sum is 10. The middle 
digit is equal to the sum of the other two ; and the number will be 
Increased by 99 if its digits be reversed. Find the number. 
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12. A man has one pound's worth of silver in half crowns, shillings 
and aix-pences ; and he has in all 20 coins. If he changed the six-penoes 
lor pennies, and the shillings for six-ponces, he would have 73 coins. 
How many coins of each kind has he ? 

13. A sum of money is divided equally among a certain number of 
persons ; if there had been four more, each would have received 
one rupee less than he did ; if there had been five fewer, each would 
have received two rupees more than he did ; find the number of persons 
and what each received. 

14. There is a cistern, into which water is admitted by tl.'ree cooks, 
two of which are exactly of the same dimensions. When they are all 
open, five-twelfths of the cistern is filled in four hours ; and if one of 
the equal cocks is stopped, seven-ninths of the cistern is filled in 
ten hours and forty minutes. In how many hours would each cock fill 
the cistern ? 

15. A person exchanged 12 bushels of wheat for 8 bushels of barley, 
and Bs. 56 ; offering at the same time to sell a certain quantity of 
wheat for an equal quantity of barley, and Rs. 75 in money, or for 
Rs. 200 in money. Required the prices of the wheat and barley per 
bushel. 


16. A wine-merchant has two sorts of wine, one sort worth 
6 rupees a litre and the other worth 10 rupees a litre ; from these he 
wants to make a mixture of 100 litres worth rupees seven a litre. How 
many litres must he take from each sort ? 

17. The rent of a farm is paid in certain fixed numbers of quarters 
of wheat and barley ; when wheat is at 555. and barley at 335. per 
quarter, the portions of rent by wheat and barley are equal to one 
another ; but when wheat is at 655. and barley at 415. per quarter, the 
rent is increased by £7, What is the corn-rent ? 

18. A train 60 metres long passed another train 72 metres long 
which was travelling in the same direction on a parallel line of rails, in 
12 seconds. Had the slower train been travelling half as fast again, it 
would have been passed in 24 seconds. Find the rates at which the 
trains were travelling. 

19. A farmer with 28 bushels of barley at 2s. 4d. a bushel, would 
mix rye at 3s. per bushel, and wheat 4s. per bushel, so that the whole 
mixture may consist of 100 bushels, and be worth 35. id, per bushel. 
How many bushels of rye, and how many of wheat must he mix with 
the barley ? 

20. A person has Rs, 62 50 p. in rupees and twenty-five paise, 
out of which he pays a debt of Rs. 35 ; and finds that he has exactly as 
many rupees left as he has paid away twenty-five paise and as 
many twenty-five paise as he has paid away rupees. How many of each 
had be at first and how many of each had he leh ? 



862 


ALGEBRA MADE BAST 


[ CHAP. XXVIl. ] 


21. A watermaij finds that he can row with the tide from Ato B 
a distance of 18 kilomeureSt in an hour and a half, and that to return 
from B to A against the same tide, though he rows back along the shore 
where the stream is onh three-fifths as strong as in the middle, takes 
him just two hours and a quarter. Find the rate at which the tide runs 
in the middle where it is the strongest. 


22. A and B run 1760 metres. First A gives B a start of 44 metres, 
and beats him by 51 seconds ; at the second hit A gives B a start of 
1 ininute 15 seconds, and is beaten by 88 metres. Find the times in 
which A and B can run the race separately. 


23. A and B run a race round a two-kilometre course. In the first 
hit B reaches the winning post 2 minutes before A. In the second hit A 
increases his speed by 2 kilometres an hour, and B diminishes his by 
the same quantity, and A then arrives at the winning post 2 minutes 
before B, Find at what rate each ran in the first bit. 


24. A railway train running from London to Cambridge meets on 


the way with an accident, which causes it to diminish its speed to ^ th 


of what it was before, and it is in consequence a hours late. If the 
accident had happened b kilometres nearer Cambridge, the train would 
have been e hours late. Find the rate of the train before the accident 
occurred. 


26. A railway train after travelling for one hour, meets with an 
accident, which delays it one hour, after which it proceeds at three- 
fifths of its former rate, and arrives at the terminus three hours behind 
time ; had the accident occurred 50 kilometres further on, the train 
would have arrived 1 hour 20 minutes sooner. Required the length of 
the journey. 

26. A boy started and stopped reading between 3 P.M. and 4 P.M. 
and 5 P.M. and 6 P.M. respectively and found that the hands of the watch 
interchanged their places. When did the boy start reading ? When 
did he stop reading ? How long did he read ? 

27. If the difiference between the sums of the odd and even digits 
of a number is zero or divisible by 11, the number is divisible by 11. 

[ B. C. S. 1923 ] 

28. If tie sum of the digits of a number is divisible by 3, so is the 
number. 



CHAPTEB XXVIII 
GRAPHS AND THEIR APPLICATIONS 


185. We have explained in Chapters VII and XIX how algebraic 
expression oan be represented graphically by points and lines. 

We shall now give some illustrations of the way in wbiob graphs 
may be need to solve algebraic equations and problems. Orapbioal 
solutions are generally in the nature of approximation, but in many 
oases they are obtained more easily than the corresponding exact solu* 
tions by algebraic processes explained previously. 

186. Graphical Solutions of Equations. 


Example 1. Solve graphically, 

2a;-7y + 12- 01 
3a;+2y “32/ 

Let us draw the graphs of the two equations. 
From the 1st equation, we get 


X 

-«! 1 

16 j -13 

V 

0 2 ^ 

6 

“2 


From the 2nd equation, we get 


X 

0 

2 1 

4 

6 

10 

y 

16 1 

13 i 

10, 

7 

1 

1 1 


Hence, taking three-times the length of a side of a small square a 
the unit of length, the two graphs are as shown on the next page. 

Let P be the point where the two graphs intersect, P bein] 
common to the graphs, its co-ordinates will satisfy both the givei 
equations. 

Now, the co-ordinates of P are found to be 8 and 4. 

Hence, | is the required solution. 
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Verification : Substituting a; » 8 and v"*4 in the given eqnalionfit 
we have 

12-2x8-7x4+ 12-0, 
and 3a; i“2y- 32 — 3 x 8 + 2 x 4 - 32 - 0 ; 

both the equations are satisfied when 8 and y — 4. 



ttxampU t Solve graphically ^ ^ 

All that we have to do is to draw the graphs of the expreBSions 
te + 1 2 abscissa of the point common lo the 

two graphs 
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The graph of the function ig the same as the graph ot 

♦■e.i 2!r-7y+12“0 ; and graph of the function ig the 

QO _ Q/,. 

«Mne A8 that of y = ^ ' t.d., 3a:+2i/“82. 

Drawing the graphs of 2ai“7y+12*0 and 3a;+2y-32 (sea 
example 1 above), we find that the abscissa of the common point, P, 
of Ihe graphs *8 ; 

a;»8 is the required solution. 

Example 3. Solve graphically a; - 5 * 3. 

Let us draw the graphs of the expressions a; -5 and 3. The absoissa 
of the point common to the two graphs is the lequired solution. 

Now, tie graph of the expression a; -*5 is the same as the graph 
of If" 35-6 ; and we find that 

JI-?)' IZ-l) are points on thifl graph. 

Also, the graph of the expression 3 is the same as the graph of 
9 "3, which is a straight line parallel to a^axiB at a distance of 8 units 
from the origin. 
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Hence, taking five times the length of a aide of a small square as 
Ihe unit of length the two graphs are as shown in the figure at page 365 . 

Let P be the point where the two graphs intersect. We find Ihal 
Ihe abscissa of P-8 ; 

/. 0—8 is the required solution. 

Example 4. Find the co-ordinates of the vertices of the triangle 
whose sides are given by the equations 0’-’2y+12— 0, 0+i^+S — 0 and 
60 - V ~ 21 -0, and calculate its area. ' 

We find that 0- 0 1 0- - 2 1 and 0- - 12 1 
V- 6/ V- 6j y- 0/ 

are points on the graph of 0-2y + 12— 0 ; 
whilst 0- 0 1 0- - 3 1 and 0- - 5 1 
y-- 3 / y- 0 / y- 2 / 

are points on the graph of 0 -t-y+ 3 -O; 

and 0- 31 , 0 - 41 and 0-6 1 

y--6 J y--l J y-4 J 
are points on the graph of 60 - y- 21-0 
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Hence, taking three times the length of a side of a small square as 
the unit of length, the straight lines PQ, QB and BP represent the 
graphs of the 1st, 2nd and 3rd equations respectively. 

We find from the diagram that the co-ordinates of the vertei 


P, are 

(r-61 ; 

of Q, I!” -6 1 • 

and of S, 31 


V-9/ 

V~ 3/ 

V--6I 


Drawing lines parallel to the axes (as shown in the diagram by 
dotted lines), we have 

APQE-the rect. ABDP- AQAP- AQBB- ABDP 
2 2 2 


= 15x12- 


12 x6 9x9 3x15 


2 2 2 
-180-36- V “"¥*=81 units of area. 


[ Otherwise : Count the small squares within the triangle PQS and 
the small squares through which the threo sides of the triangle pass and 
of which half or more than half is within the triangle ; and they are 
found to be 729 (nearly). Since three times the length of a Bide of a 
small square represents the unit of length, (3**0 9 small squares 
fopresent the unit of area. 

Therefore, the area of the triangle PQB is 81 units of area (nearly). ] 

EzampU 5. Find graphically the co-ordinates of the vertices of 
the quadrilateral whose sides are 10— 0, a?-y + 10— 0, a? + y + 10"0 

and a?- y- 10-0. Prove that the quadrilateral is a square and find its 
area. 

We find that jr- 10 \ *-5 \ and cc- 0 \ 

y- 0/ y»6/ y- 10/ 

are points on the graph of a:+y- 10-0 ; 


01. 

-6 1 

and a:- -10 1 

V- 10/ 

V- 6j 

V- 0/ 


are points on the graph of af-y + lO— 0 ; 

a?- 0 I, ar— -6 1 and aj- -10 1 

y--10j y--6/ y- o/ 

are points on the graph of »+y + 10— 0 ; 

01, a?- Slandaj- 10 1 

y--10i y--6/ y- oj 

are points on the graph of tc-y-lO—O. 


whilst 
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Hence, taking three times the length of a side of a small square as 
the unit of length the four graphs are represented by the straight lines 
PQ. QB, BS and SP. 
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We notice that the co-ordinates of the vertices P, Q, B and S are 
ar-lOl 01 , *--101 , *- 01 ... 

v-o] y-iol y- 0/ y — 10 } respectively. 

It is obvious from the diagram that — each being 

10 units long and the diagonal PB is perp, to QS, 

Hence, it follows from geometry that the quadrilateral PQR8 |g 
a square. 

The area required - APQB + APSE 

_PBxOQ^Pi?xOiS 

“22 

_20xl0^ 20xl0_«^ . 

« ^ 4. g *2 QQ qI 
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m a ^•“***' *•,. the graphs of the equations a+y-2 and e-v. 

ITlna Ihe co-ordinates of their point of intersection and measure the 
angle formed by them at the point of intersection. 

From the equation a; + y — 2, 


. we get 

X 

0 j 3 1 

-1 

i ' 1 

iJ'J 

[l 

3 


From the equation we get 



0 1 -2 

CO 

i 

0 

-2 

s 



Henoe taking five times the length of a side of a small square as the 
Quit of lengthi the two graphs are as shown above. 

Let P be the point where the two graphs intersect. The oo-ordinatos 
of P are found to be 1 and 1. 

Measure the angle formed by the graphs AB and OD at P wHK & 
protractor. It is found to be 90^ 


1-24 
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It oan be verified as follows : 

Take two points Q and B on AP and DP respeotively. 

Join QB. Now measure QP, PB and BQ. It is found that 

/. Z-4PJ5“ a right angle *90*. 

EXERCISE 100 

Solve the following equations graphically : 

1. «+y*9, 3a;-2y*7. 2 . 4®+3y*13, 3aj + 2y-ll. 

8 . I + I -4, 4a;-6i/-2. 4. y-aj-2. 3a:-2y*6. 

5. 6aJ-3i/-ll. 2y-3a;+4-0. 6 . ^ 5 ^"’ 

2a5+7 3^7 Q 

”• 3 * 2 * 6 7 

9. a- 12- -3. 10. 6®- 13-7. 

11. Find the vertices of the triangle whose sides are given by 
- 05 + 3 ^- 18 , a: +7y- 22 and y + 3a;-26 and calculate its area. 

12. Show that the straight lines 4aj-y-16, 3aj“2y»7 and flj + v*9 
meet at a point. Find its co-ordinates. 

18. Find \^he vertices and the areas of the quadrilaterals whose 
sides are given by (i) a;+y-3, | “ 3 flj-V + 3'="0 ’ 

(II) B-l, y-5, a“12and»“10;(iii) x-O, tf-O, f+l"!. 8 

14. Find the vertices and the areas of the triangles whose sides are 

given by (i) aj* 0 , y- 0 , | + (ii) aj- 2 - 0 , y- 1 - 0 , » + t /-6 ; 

(III) fl>-'2y+8-0, a?+y+2-0, 6a;-y-14-0. 

In each of the following examples, show by solving the equations 
that they are satisfied by the same values of x and y. 

Find these values and verify graphically : 

15. (r+y»2. x-l, y»l. 16. 7a;+5y *24, a; + y-2. 2«+f-P 

17. 2a;'-y-7, y-x-2, Haj*9y. 

18. Solve graphically : 

Sx-r-' 4yi 3y*2x+6. [ A. D. 1927 ] 

Measure the angle formed by the two graphs at the point of 
interseotion. 
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187. Applications of Graphs to Problems. 

Example 1. Gi^tn that the price of a kilogram of rice is 80 
paisa show that a graph in the form of a straight line can be 
drawn such that if any point be taken on it, the abscissa of the point 
will represent the quantity of rice of which the price is represented b> 
the ordinate. 

Determine from the graph (i) the price of 4 kilograms of rice and 
(ii) the number of kilograms of rice that can be had for Bs. 4 40 P» 
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From the given oonditioni the price of x kilograms of rice is 6 O 0 
paise. If this is denoted by y, the graph of the equation will 

he the graph to determine the quantity of rice and its price. 

Suppose ten times the length of a side of a small square along OX 
indicates one kilogram of rice and the length of a side of a small square 
along OY indicates 5 paise. Then the meaning of the figures along 
OX and OY in the diagram on the pre-page is clear. 

From the equation y^QOx, we get 


X 

0 

1 

s 

y 

b 

80 ’ 

j 2 i 0 


Plotting the points tabulated above we get the figure (OP) at page 871 

Let us take a point Q on the straight line OP. Evidently its 
abscissa is 2*25 and ordinate is 180. Since the price of one kilogram of 
rice is 80 paise, so the price of 2*25 Kgs. of rice is rupee one and 
eighty paise. Therefore Q is such a point that its abscissa represents 
a ijuantity of rice of which the price is represented by its ordinate. 

Let us take the point P (4*75, 880) on the straight line. Its 
aheoissa represents the quantity of rice of which the price is represented 
by its ordinate. Similarly this is true for every point on the line OP, 

So OP is the required graph. 

With the help of this straight line the price of any quantity of rice 
oan be found out, viz. ordinate of the point of which the abscissa is 4 il 
320. So the price of 4 kilograms of rice is Ks. 3*20. 

The graph also enable^) us to determine quickly the number of 
kilograms of rice that oan be had for any given price. For instance, if 
the ordinate is taken to be 440, the corresponding abscissa is immediately 
found to be 5*5, which shows that we oan have 5*5 kilograms of rice for 
440 paise. i.s., Bs. 4 40 paise, 

Note. Th$ line OP is called the graph of the price of rice, or more eimply the 
priee^graph o/fic6. 

Example 2 . A person, named P, starting from a given place, 
travels at the rate of 5 kilometres an hour. Show that a graph in the 
form of a straight line can be drawn such that if any point be taken on 
it, the absoissa of the point will represent the number of kilometrei 
that B travels in the time represented by the ordinate. 

Determine from the graph (i) the distance travelled in 8 hours 
34 minutes and (ii) the time to travel 18 kilometres. 

In the figure on the next page let three times the length of a side 
of a small square measured along OX represent one kilometre and let 
the length of a side of a small square along OY represent 4 minutes. 
Then the meaning of the figures along OX and OY is clear. 
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Sinoe B travels 5 kilometres in one hoar, he travels 10 kilometres 
in 2 hours. Clearly, therefore, P is a point suoh that its abscissa 
represents the number of kilometres that the person travels in the time 
represented by its ordinate. 



Join OPi and produce it. Then this is the straight line every point 
on which will satisfy a condition similar to that satisfied by P. 

Let Q be any point on the line. Its abscissa represents 6 kilometres 
and ordinate represents 1 hour 12 minutes ; but we know that the 
person travels 6 kilometres in 1 hour 12 minutes. 

Hence, Q satisfies the condition mentioned above. 

Let B be some other point on the line. Its abscissa represents 
20 kilometres and ordinate represents 4 hours ; but we know that the 
person travels 20 kilometres in 4 hours. 

Hence, B also satisfies the proposed condition. 

Similarly it is true for any other point on the line. 

Hence, OP is the requird straight line. 

The graph enables us to determine readily the time in which B 
travels any given number of kilometres. For Instance, if the abscissa be 
taken which represents 13 kilometres, the corresponding ordinate is 
immediately found to be that which represents 2 hours 36 minutes ; 
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h is known fcbat the time taken by the person to travel 
13 kilometres is 2 hours 36 minutes. 

The graph also enables us to determine readily the number of 
kilometres that the person travels in any given time. For instance, if 
6be ordinate be taken^ which repesents 3 hours 24 minutes, tne corres- 
ponding abscissa is immediately found to be that which represents 
17 kilometres ; thus, it is known that in 3 hours and 24 minutes the 
person travels 17 kilometres 

Note Ths line OP is called ihe graj^h oj B’s motion, or the motion-graph of B. 

Sxample 8 . If one inch be equal in length to 2*6 centimetres 

show that a straight line 
can be drawn such that the 
abscissa of any point oc 
the line will represent the 
nurnber of inches that are 
equivalent to the number of 
centimetres represented by 
the ordinate. 

Determine from the 
graph (i) the number of 
centimetres in 10 inches and 
(ii) the number of inches in 
15 centimetres. 

In the figure let three 
times the length of a side of 
a small square measured 
along OX represent one inch, 
and let an equal «engtb 
measured along OY repi esent 
one centimetre. Then the 
meaning of the figures along 
OX and OY is clear. 

Since 1 inch “2*6 centi- 
metres, we have 8 inches 
“ 20 centimetres Clearly, 
therefore, P is a point such 
that its abscissa represents 
the number of inches that are 
equivalent to the number of 
centimetres represented by 
its ordinate. 

Join OP, and produce It, 
Then this is the straight line 
every point on which will 
satisfy a condition similar to that satisfied by P. 
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Let 0 be^ any point on fcbe line. Its abscissa represents 12 inobes. 
whilst its ordinate represent s 30 centimetres ; but we know that these 
two are equivalent. Hence, Q satisfies the condition mentioned above. 

Let B be some other point on the line. Its abscissa represent? 
2 inches, whilst its ordinate represents 5 centimetres ; but we know that 
these two are equivalent. Hence, B also satisfies the proposed condition 

Similarly it is true for any other point on the line. Hence, OP is 
the required straight line. 

The graph enables us to determine readily the number of cent)' 
metres that are equivalent to any given number of inches. For instance, 
if the abscissa be taken which represents 10 inches, the corresponding 
ordinate is immediately found to be that which represents ^ centi- 
metres ; thus, it is known that 10 inches are equivalent to 25 centi- 
metres. 

The graph also enables us to determine readily the number of 
inches that are equivalent to any given number of centimetres. For 
Instance, if the ordinate be taken which represents 15 centimetres, the 
corresponding abscissa is immediately found to be that which represents 
6 inches ; thus, it is known that 15 centimetres are equivalent to 
6 Inches. 

Notf , Th€ line OP is called the graph for converting inches into centimetres 
4 fid ifiee versa, or more briefly, the eonpereion-graph for inches and centimetres, 

EiainpU 4. A man is cycling at the rate of 12 kilometres per hoot. 
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^ motor oar starts 9 hours later and travels at the rate of 30 kilometres 
par hour. Find graphically when the oar will overtake the cyclist. 

[ W. B. 0. S. 1956 (adapted) ] 

In the figure on the pre-page let the length of a side of a small 
square measured along OX represent a kilometre and let an equal length 
measured along OY represent 6 minutes. Then the meaning of tba 
figures along OX and OY is clear. 

Suppose the cyclist was at 0 at the time of starting. Since he 
travels at the rate of 12 kilometres per hour, he travels 36 kilometres In 
8 hours. Hence if the point A is so taken that its^ co-ordinates respec- 
tively represent 36 kilometres and 3 hours, OA is the graph of the 
cyclist’s motion for the first 3 hours. 

The motor oar starts from 0 3 hours after the cyclist leaves 0. 
Hence, if OP be measured vertically to represent 3 hours, OP may be 
regarded as the graph of rest of the oQotor oar at 0. If the point Q be 
so taken that its co-ordinates respectively represent 30 kilometres and 
1 hour when referred to P as origin, t.s., 30 kilometres and 4 hours when 
referred to 0 as origin, the straight line passing through P and Q will 
be the motion-graph of the motor car. 

Suppose the two graphs intersect at B. The ordinate of B 
represents 5 hours. Since the motor oar started 3 hours later, so it will 
overtake the cyclist after 2 hours indicated by BT. 

Buunple 5. The tax on income is directly proportional to Income 
above a certain value. If the tax changes from Bs. ^ to Bs. 200 as the 




xxvm. ] 


UBAPHS AND THBIB APFLIGAX10N8 


377 


iaoome changes frotn Rs. 4,500 to Rs. 6,000, find graphioally the highest 
limit of income for which no tax is charged. [ W. B. 0. S. 1966 ) 

Let the length of a side of a small square measured along OX 
represent an income of Rs. 100 and an equal length measured along OF 
represent income-tax of Rs. 5, Then the meaning of the figures along 
OX and 07 is clear. 

If P and Q are such two points that their co-ordinates represent 
respectively an income of Rs. 4,500 and income-tax of Rp. 80, and an 
Income of Rs. 6,000 and income-tax of Rs. 200, the straight line PQ 
will indicate income-tax directly proportional to income. 

Let QP intersect OX at R when produced. OR represents the 
aighest limit of income for which no tax is charged. But OR represents 
an income of Rs. 3,500. 

. ’ . the highest limit is Rs. 3,500. 

&xanipt« 6. A and B are two stations 30 kilometres apart. P starts 
from A and travels towards B at the rate of 5 kilometres an hour ; at the 
end of 2 hours he takes rest for one hour, and then resumes his journey 
at the rate of 3 kilometres an hour. Q leaves B, 2 hours 40 minutes 
after P leaves A, and travels towards i, without stoppage, at the rate of 
4 kilometres an hour. When and where will the two travellers meet ? 

Suppose the straight line AB represents x-axis and the straight line 
A7 passing through A and perpendicular to AB represents y-axis. 

Let 2i times the length of a side of a small square measured 
horizontally represent one kilometre, and let an equal length measured 
vertically represent 10 minutes Then the meaning of the figures along 
the lines in the diagram on the next page is clear. 

(i) P starts from At and travelling at the rate of 6 kilometres an 
hour completes 10 kilometres in 2 hours. Hence, if the point 0 be taken 
such that its co-ordinates respectively represent 10 kilometres and 
2 hours. AO is the graph of P's motion for the first two hours. 

The graph for the 3rd hour must be such that the abscissa of any 
point on it may represent 10 kilometres, because P is supposed to be at 
rest throughout this hour. Hence, GD drawn vertically to represent 
one hour, as in the diagram, will be the graph of P's rest. 

After the third hour, P travels at the rate of 3 kilometres an hour. 
Hence, if DM be taken to represent 6 kilometres and ME to represent 
2 hours, the straight line DE is the graph of P's motion after the 
Srd hour. 

Thus, the broken line AODE is the complete graph of P's motion. 

(ii) Q starts from B, 2 hours 40 minutes after P leaves J, Hence» 
if BF be measured vertically to represent 2 hours 40 minutes, BF may 
be regarded as the graph of Q's rest at B. 
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When Q leaves 5, he moves towards A at the rate of 4 kilometres 
an hour. Hence, if FN be taken to represent 8 kilometres and NO to 
represent 2 hours, tlie straight line FO will be the graph of Q'b motion. 



A C) 10 IT) K 20 30 X 

KILOMETRES 


(iii) Let the two graphs intersect at H, and draw HK perpendi- 
cular to AB, Produce FN to meet HJT at F. 

Now it is clear that at the end of time indicated by HE, P will have 
gone a distance AF towards B, and Q will have gone a distance BK (t.i., 
FV) towards A, Hence, they will meet at this instant. Thus the required 
time of meeting that represented by hours 40 minutes after the 

ooromeocemept of P’s motion. 
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Also, the distance of the place of meeting from ^‘^that represented 
by kilometres. 

Note 1. As EV represents 8 hourst it is clear that P and Q meet at the end of 
8 nowrs afU ' Q starts from B. 

Note 2. The horisontal line through L meets the graphs at the points S and I, 
As AL represents 4 hours 10 minutes and 8T represents lOj kilometres^ it is clear that 
at the end of 4 hours 10 minutes from the commencement of P*s moiton, P and Q ate 
at a difitance of 10} kilometres from each other » 

EXERCISE 101 

1. If potato sells ^ for 80 paise per kilogram, construct the 
price-graph of potato, giving the price of any quantity of potato up tn 
10 kilograms. From the graph read off the price of 4 kilograms and 
250 grams of potato and also the quantity of potato that can be had for 
rupees two and eighty paise. 

2, If Fazli mangoes he worth three rupees a dozen, construct 
A price-graph for mangoes, giving the price of any number up to SO. 
Bead off from the graph the price of 17 mangoes and also the number 
of mangoes that can be had for Bs. 4 75 P. 

8. If a man walks at the rate of 4 kilometres an hour, construct 
^ graph of his motion. Bead off from the graph the time in which he 
travels 13 kilometres, and also the number of kilometres he travels In 
4} hours, 


4. If one mile be equal to 1*6 kilometres, construct a conversion- 
graph for miles and kilometres. Bead off from the graph the number 
of kilometres that are equivalent to 5 miles and also the number of miles 
that a '6 equivalent to 11*2 kilometres. 

5. A starts from a place and walks in a given direction at the rate 
of 3 kilometres an hour ; B starts from the same place one hour later 
and moves in the same direction at the rate of 5 kilometres an hour. 
Draw the motion-graphs of A and and find when and where B 
' vertakes A. 

6. A and B are two stations 40 kilometres apart. P starts from A 
and travels towards B at the rate of 6 kilometres an hour ; whilst Q 
starting from B travels towards A at the rate of 4 kilometres an hour. 
Construct the motion-graphs of P and Q, and find when and where they 
neet. 


7. Fifty articles of the same kind cost Bs. 8. Construct a 
graph from which you can read off the cost of any number of articles 
op to 50. Hence, find the cost of 19 articles, and the number of articles 
that von would get for Bs. 2 84 F. 
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8. Given that 1 kilogram*" 2*2 lbs., oonstmot a graph whiub 
will enable you bo read off the number of kilograms that are egui* 
valent to any given number of lbs. up to 15 lbs. Bead off the number of 
kilograms in 11 lbs. 

9. A man travels for 3 hours at the rate of i kilometres an hour, at 
the end of which he takes rest for an hour and a half, and then starts 
to walk at the rate of 5 kilometres per hour. Construct the graph of hip 
motion. 


^ 10. A man starts from a place B to walk towards 0 at the rate of 
8 kilometres an hour. After 3 hours he changes his mind and walks back 
towards B at the rate of 6 kilometres an hour. At the end of 2 hours 
again he suddenly changes his mind and begins to run towards 0 at the 
rate of 14 kilometres an hour. Draw a graph of his motion. 

11. A, B and C are three stations in order on the same road, the 
distance between A and B being 6 kilometres. Q starts from B at noon 
to walk towards C at the rate of 3 kilometres an hour, and at 1-30 P.M. P 
starts from A to run towards 0 at the rate of 6i kilometres an hour. 
Draw graphs of their motion, and find when and where P will 
overtake Q. 

12. A man spends Bs. 620 in 40 days. Draw a graph to give his 
expenditure in any number of days up to 90. Determine from the graph 
the amount spent in 28 days. 

13. At what time between 8 and 4 o'clock are the two hands of 
a watch together ? 

14. An inoome-tai of 3 paise per rupee is in force. Draw a 
graph to show the tax on all incomes from Bs. 3,000 to Bs. 5,000 and 
determine the income corresponding to a tax of Bs. 96 and the tAx 
corresponding to an income of Bs. 4,350. 

15. The tax on income is directly proportional to income above a 
certain value. If tax changes from Bs. 18 to Bs. 39 as the income 
changes from Bs. 4,200 to Bs. 4,900, find graphically the highest limit of 
income for which no tax is charged. 

16. P and Q are two stations 34 Kms. apart. A starts from P at 
noon and walks towards Q at the rate of 4 Kms. per hour. At the end of 
li hours he takes rest for li hours and then resumes his journey at 
the rate of 5 Kms. per hour. B leaves Q 2 hours after A leaves P and 
travels at the rate of 5 Kms. per hour for 2 hours and takes rest for one 
hour and then resumes his journey at the rate of 4 Kms. par hour. When 
and where will A and B meet ? What was the distance between them at 
3 P.M. and at what hour was the distance between them 8 Ems. ? 

17. The following table shows the timings of two trains, one 
an express from Calcutta to Banaghat, and the other a local from Naihati 
to Calcutta. Find by graphical methods when and where the trains 
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meeli asBumlDg that all fudb are al ooDStant speed and that fcbe local 
Inin waits one minute at each station between Naihati and Calcutta. 

Distaneefrom 
Calcutta in hilometru 


74 

Banaghat 



17-66 

38 

Naihati 

dep. 

16-24 


86 

Eakinara 

9 

16-29 


31 

Sbamnagar 

9 

16-36 

1 


27 

lohhapur 

• 

16-42 



26 

Palta 

» 

16-45 



23 

Barrackpur 

9 

16-49 



21 

Tittagarh 

9 

16-63 



19 

Ebardah 

9 

16-67 



16 

Sodepur 

9 

17- 2 



14 

Agarpara 

9 

17- 6 



12 

Belgburria 

9 

17-U 



7 

Dum-Dum 

9 

17-19 



Calcutta 


17-31 

16-42 




[ B. 0. 8. 1922 (adapted) 



CHAPTEB XXIX 
ELEMENTARY LAWS OF INDICES 


188. Definition. The producb of m factors each equal to a is 

represented by a”*. [ Art. 16 ] 

Thus, the meaning of a"* is clear when m is a positive integer, 

189. The Index Law and the truths necessarily following 
from it. 

To prove that where m and n are any two positive 

integers. 

Since a’^-a.a.a. to m factors 

and a*‘*a.a.a.a. ••• to n factors 

. * . o'" a** • (fl.a.a. • • • • to m factors) 

x(a.a.a.a. ••• ••• to n factors) 

^a.a.a.a.a.a.a. *** *■* to ( 77 }+ n) factors 

This result is called the Index Law. 

Cor, I, a”* J< a** X when m, n and p are positive integers 

For, ft”* X a" - . a”* x x a* » x a«» - 

Hence, a”* x a” x a® x a® x - • . - aW-Hi+»+«+- • • 

Thus, the product of any number of powers of a given quantity is 
that power of the quantity whose index is equal to the sum of the indices 
of the factors. 

Cor, 2, tuhen m and n are any two positive integers,* 

For, (a®*)’^ * a"* X a”* X a®* X • to n factors 

* ^m+m+m+’ •-•to n terms [ ^jy j j 

and •a®*®. 

*Th%a may also be proved as follows : 

(o*")" »(i". a"*, a"** a*" ....a /aotore 

■■(a. a. a.. .to m faoton) {a, a. a... .to m faotore) groaps, 
the group being repeated n times, 

-•a. 0.4. a. a. a..«.~...mn laotors 
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Cor* 3* when m and n are positive integers and m is 

greater than n.* 

For. a”'-^ a** » a^^”’*^i**'** C because m — n la a positive integer ] 

•a”* ; 

190, Assuming the formula to be true for all 

values of m and /t, to find meanings for quantities with fractional 
or negative Indices. 

£ 

(i) To find the meaning of when p and g are any two 
positive integers. 

Since, a”* x for all values of m and n, putting ^ for each of 

them, we have a^x 

Similarly, x x x ; and so on. 

Hence, x a® x x to g factors 



Thus, a® is equal to the root of a*’, and is. therefore, equivalent 
to 


Cor, Hence, a*** Ja, = c^^X/a ; ard so nn. 

1 

Generally, a”*”/a 

1 t I 

Note. From the Index Law it is also easy to see that a*' x a* x a® X to 

p /flc^ora *0® ’ ******”"*= a®. Thus, may as well be regarded as the 

» r 

power ofa^, i.e., equivalent to iija)^, Thust a® may be interpreted either ce 
the g'* root of the power of a, or as the p** power of the root of a. 

*Th%s may also be proved as follows : 

m js, » a*" ^ o. a. a. a. t o m factors^ 

® ® * a. a. a to n factore 

if m > n, all the n factors of the denominatoe oanoel with n factors of the 
numerator, leaving m-n laotors, 

— a. a (m— n) factors —a*”", 

when n > m, the quotient is -Aii* 

A 
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(ii) To find the meaning of a". 

Since, o’" x o"“o'"'''* is true for all values of m and n, putting m—O 
we have o® x o"“a®‘’*"a* ; 
o®-o"+o"-l. 

Otherwise, o®-a’"“’"-^-l. J 

Thus, any quantity raised to the power zero is equivalent to 1. 

(iii) To find the meaning of a***, where n is any positire 
integer. 

Sinoei a*” is true for all values of m and n, patting 

-n, we have 

••• a--i.anda»-i- 

Cor. Hence, for all values of m and n. 

For. a*” a” - V « a'” X 
a 


Bnunple 1. Find the value of 8^. 

8*-(V8)‘-2‘-32. 
Bfample 2. Find the value of 4 

4t (n/4)‘ 2‘ 32 


Bnmple 8. Multiply together Ja*, o^, Va“* and 
The required product “O^ x x oT^ x.o* 


EXERCISE 102 

Express the following avoiding fractional or negative indices : 


1. o^ 

5. 0»»“*xm"^ 

8 


2 . K 


-! 




4. x~^ X 3a“^. 


6. *'^<-3a’f 
9. ■’Vo~* X •»/o». 


7. X 


10 . 


-K 
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Express the following avoiding radical signs and negative indicee : 


11 . 

{X/x)\ 12 . 

(Va)-«. 

13. 

1 

Vx-‘‘ 

14 

(W* 

15. 



16. 




Find the value of : 






17. 

4-8. 


18. 

CD 

19. 

98 . 

20. 

16^ 


21 . 


22 . 


23. 

(125)-8. 


24. 

(.vr*. 

25. 




Bm-8n 





26. 

Simplify 

-eh 

[ C. U. 

1874 3 




191. To prove that is true for all values of m 

and n. 

(i) Let n be a positive integer. Then, whatever may be the valne 
of m, we have 

(a*”)” « a”* X a*” X a"* K to n factors 

BB:flW»+»w+TO+ to n terms 


Ui) Let n be a posttive fraction, equal to ^ ' when p and g are 
poBitive integers Then, we have 


[Art. 190 (i)] 
[by (i)] 

[ Art. 190 (i) ] 


-yo’”' 

mp 

-a« 


(iii] Let n be any negative quantity, equal to -p, where p is 
positive. Then, we have 




1 

[ Art. 190 (iii) ] 

1 

[ by (i) and (li) ] 


[ Art. 190 (iii) ] 




Thus, the proposition is established. 


1—26 
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192. To prove that for all values of n 

(i) LbO n be a posthve integer. Then, we have 

to n faofcors) >c (h.h.^ tC3 n fcc^ert- 

•^{ab.ab.Cib to w factors) 

^{ab)^ 


(ii) Let n be a positive fraction, equal to ^ * where p and fl 
positive intogors. T.'icn, putting x for a b , we have 


ai'i- 


^{a^r y.{b^y 




[ by (i) ] 

[Aril. 189] 

-(aw" , f ^ 

x^iabf " ; 

(ill) Let n be any negative quantity, equal to -p, where p is 
p )flitive Then, we have 


1 

a'b* 

[ Art. 190 (iii) ] 

1 

(ot)*’ 

[ by (i) and (ii) ] 

(ab)-> 

[ Art. 190 (iii) ] 

iabr. 



Thus, the proposition is established. 

cor. I. j:-a"6--a"(6-r-(a6-r-(f)"' 

Cor. 2. a"ii"c"-(o6)"c’‘-(»6c)" ; 

generally. a'bVd" ^{abed-lT. 

198. Applications of the results proved in the last two 
articles. 


Sxaoiple 1 . Simplify 
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2. Simplify x 

v/o^-(o-»6)*=(a-*)*x6i-o-^6i ; 

Honoei the giveo expression 

X a^6"' X b^'’ -a' V^. 

Example 8. Simplify ^ o*6 

j/a^&-'*c^*(a*/r'c^) *(a*) (6”0\c^)^-aV^c’*^, 
Hence, the given expression 

-o*6‘*c'*+a*6’^c* 

-aMc"*xo"*b*c'* 

EXERCISE 1C8 

Bimplity . 

1. (o'*)*. 2. 8. {,ah~*V. 4. (a*6*) 

6. 8. (VxV^r*. 7. 

8. v'^^b* X Vi^b^. 9. ViT^ X VbVv=. 

10. (Bit*+27a-*)* 11 . (64ir*+37a“*r* 

18. ^ a^b*e~^*^a*b*e'' 


12. Va*b"*e-‘ x Va'«b‘e». 
14. ^/SFV+(Va*^)-^ 
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194. Miscellaneous Examples. 

Example 1. Divide a + i + c + 3ah^ + by o* + + c*. 

Let us proceed by arranging the dividend and the divisor according 
t j descending powers of a : 

i»* + (6* + c*) \ o+3aM + 3aM + (6+c) / o* + a%t*-c*) 

+ (6*-6M + o*) 


a + 


+ c^) 


0^(26^ — c^) + 3 o®?+ {b + c) 
o^(2ft* - c^) + aH26^ + _ 

+ c^) + (i) + c) 
aH6^-t*c* + c*) + {6 + o) 


Thus, the required quotient = + 2o^i(^ - — i)^c^+ c^. 


Note. In multipU-caiion as well as tn dtvtston the arrangement 0/ the et^ret 
iiens concerned according to ascending or descending powers of some common lettef 
should n&otr be overlooked* Such arrangements invariably give neatness to thi 
required operations, if not always indispensable. 


Example 2. Divide sc ~ by 

XI 1 

Putting a for a; , b for y® and c for we have 
sc + y^ + — Ssc^y^s^ 

-■a* + 6® + c®-3a6c 

■■(a+ 6+ eXa* + 6® + c® - a6-6c - ca) 

• (sr^ + y^ + «^)(sc^ + y^ + s ^ - y^s^ — s^sc^). 

Hence, the required quotient 

“ oj^ + y^ + — flj^y^ — y^s^ — 

- sc^ - flc^(y^ + f + (y^ - y^s^ + z^) , 
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Example 8. Divide 


+ ^ + a*‘’* by®*" +a*" ^ 

Let p=®*" * ^nd 3*a*" *. 

Then, p*=(®*"'*)*=®*''»"'''-®*““‘, 
and p*-(p*)* = (®*"“0*-®*’'*“"^»®*" 

Similarly, g*“ a*" and 9* = a*". 


Henoe, 


^P*+ P*9* + g* 
p*-pg+a* 

_(p* + g") *-p*q« 

P*-P8 + g* 

_ (p*+g*+p gXp* -i- g*- pg) 

P*-pg + g* 

“P* + Pg + g* 

- ®*"' ‘ + x*”' *a*" ' ® + o*”'^ 


Example 4. Find the H.C.F. of 

a* + 26* ■t-(a + 2W V06 and a*-b* + {a~b) 

The 1st expression “ a* + o Voi+ 26 yi6+ 26* 
-o*+aM+2aV+26“ 

-(aU6%5+2i.*). 

The 2nd expression - o* + a ^ab - b ^ab “6* 

«= o* + o®6^ — 0^6® — 6* 

Henoe, since a® +26^ and o*-6* have no eommon factor, the 
H.O.F. required 

-o*+6^- Vo+ Jb 
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Example 5, Simplify 




The numerator • « + 
and the denominator = +(y^) 

-y+v‘)iy)*-yx,*)+Wi 

“ {x^ + y^){x^ - x^y^ + y^), 

J 

Hence, the given expression* i* 

a;’ + r 

Example 6. Simplify [ G. D. 1948, 1950 ) 




Example?. Show that 

+ 1 . J . 

1 + + ®»»-* 1 + ®»-»» + ^ 1 + ijP-m + " 1. 

The let term - + ^.m-n ^ a.m-*j “ ^.-m + j;-» + j.-* ’ 

the Sod term “ + j-»-i>) “ j^-n > 

and the Srd term “ — „ — , • ■ 

Hence, the given expression 

„ g-*" ■ ®-* ®-» 

x~^+x~^+x~* g~"+®-»»+®-»'''®-* + ®-»» + ®-» 

^ 4ype of sums each term is to be so reduced that 
the asnominators are the same. 
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Kts;- If a''“=6“. show that 

show that 


tr- 


; and if 


Kir.' 


Henoo. 


[ extracting the root 
of both sides ] 


(ji 


-a'' 


If a*2i, from the given relation, we ha’^e 

6 - 2 . 

Example 9. If r = fa ./^ * + 6*)*’^ ‘a - . 

show f,] L • * 36a: - 9.a = ’ ). 

Putting m for a+ t '^'1 n for a- vo^ + 6®i have 
sc® = (m^ + w^) -^(n^) 

■* m + 71 + 3{mn}^ ,\7n^ + 7i^) — m + n + 3(wn)^,aj. 

But m + n»2a, 
and (?»n)^-ia*-(a* + 6*)[^ 

. . £r®-2a-36fl;. «* + 36a:~2a=0. 


EXERCISE 104 

Multiply : 

1. !r^ + 2ir^ + 3a;H2a:*+l by a;*-2iE* + l. 

2. . ‘ f 3aV + 96* by a*-3h* 

3. 1 + a6" ^ + a"6“* by 1 — a6"*^+a*6“* 

4. r+2y-'f32^ by a;-2y^ + 3je;^. 

6. a:~* 4-a: by 

5. + + by a^+l+a~^. 

7- cc^ + by a;^ + 

«. a'»‘ + S6’*-2o*bya’»-36’^ + 2c». 


a-26, 
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9. + 8a6 + 4a^6* + 2a*i^ + 326^ + 16aM by - 26* 

10. a* + aV*+a!"UaV* ^a*a:"* + a*a!"* by 

Divide : 

11. x^-ix^-2x^’^6z~x^ by x^ + 2“4a;^. 

12. 8 + 12a;-^ + + Sa;'^ by x'^ - 2a;-^ + 4. 

13. xy-' +2®V* + 3 + 2ic'V + !r'’v by +®'V* + V’V 

14. J-ah+ab^-2ah* + b^ by o*-a6* + o*6-6*. 

16. Ba;-" - 8»" + 5a:*" - Sa;"*" by 5a:” - 3a:-". 

16. 8a:* + v‘* - a + 6a;*v'M by 2a:* + v'* - «*• 

17. Show thaii a:" + a* + x’a* is divisible by + x*a' . 

18. Multiply x*"~‘+a*"*^ by x*""^-o*’‘ 

19. Divide x**-^*" by x*"'^ + y*""’ . [ 0. D. 13791 

20. Simplify Ka’")"' 

21. Divide 2x"* + 3x*-7x*+x-2x* byx*-2x'*. 

i 1-1 1 

22. Find the square of x -x^y * 

28. Divide by 

24. Find the square of a;^ “ 2®^ + sc® . 

25. Divide oa?’* + a’^x + 2 by a®sc“® + oT^x^ - 1, 

26. Simplify 

Simplify the following ; 

27 g® + 3v® I a;®-3a;®v®+9i/® 
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28. 

. a» -I- 6*r + (a - 


i i . i I 
_ a -'ax ^ + a^x- x^ 

- a^x^ + 3a^fl; - 3aa;^ + - a;® 


a^ + a 


30. 




x^ +1/® 




31. (a + 6 + cXa *^ + 6 *^ + c ^)-a ’6 ^c ^(t+cXc + a)(a + fc). 


32. 

a ‘(oi ^ ■ 
&-“(! + a 

-D* i»V* + 6"*Kl-a"^i. 
■^6) o(a6"^-a"*^6) a6“‘ + l 


33. 

x^-J/ 

T-a 

:Ua* “ > “ ' 

1* 

34. 

a:»" 

x"-! X 

f + 1 - 1 + ^« + J- when x.= ^ 

/“-I 

' o+b 

35. 

Show that 



gft 

? 

X' 

:j;*"-(x+»Xa!*+l/*Xar‘+J/*) 



36. Write down, without actual division, the value of 

.\256 625/ \4^ 5^ / 

Simplify : 

jiDVil 


37. 


m 


rFRI 

Kiivir 


■ FJTH] 


1-9 

p=Q* 


[ B. D. 1889 ] 


[ B. U. 1891 ] 


,i\lt+lm+m* /_m\m*+mn+»> /«n\n«+*H+J» 


1 , 1 I 1 

• l+fl*““ + !e*^ 1+ !E""*l+aj“~® +*•*■* 


[0. C 


. 1904 ] 


40. 


[ C. U. 1940 ] 



394 


ALGEBBA MADE BAST 


[ OEAF. 



be / i ca / ^ ab/± 


41. 


i 0. D. 1938 ] 




42. 

If £C=a^~a show that ic“ +3£r*a“' ~ ■ 

a 


43. 

If a: * 2 4- 2^ + 2^ , show that a;® - 6a;* + 6a; - 2 * 0. 

[C. U. 1950) 

44. 

Express- the value of m in terms of n, when 

-(a™)". 



[ P. U 1918 1 

45. 

11 and xyz = 1, prove that w + n + p 

-0. 


195. Exponeui^ Equations. 

Definition : An equaiiion in which the variable (or variabiee) 
occurs (or occur) as indices or exponents, is called an exponential 

equation. 

Thus, 3® *27, 81**9®*^*, etc. are called exponential equations ; like* 
wise, 3®*^ = 9 and 8 ®. 16*^ = 128 are a pair of simultaneous exponential 
equations. 

The method of solution of exponential equations is based on the 
following axiom : 

If whatever a may be, then will xr-m. 

Thus, to solve an exponential equation, we have 

(i) to reduce both the members of the equation to the same 

base, and then, 

(ii) to equate their exponents. 

The following examples will illustrate the process ; 

Example 1. Solve 3.27®* 9®■"^ 

The left-hand side *3.27® *3.(3®)®* 3.3"® «3“®+" ; 
and the right-hand 8ide“9®-^^*(3*)*+**3"‘®-"^^ = 3"*‘"". 
the equation reduces to 38 *+! =r 3 aa;+p 
. . 3a; + l = 2a; + 8 ; 5 r* 7 . 


Example 2. 
We have 


Solve the equation a^^{a^~r ,, ^ 

a 0 

a-*{o*+6-*)“a-*.a*+a-'.6-"- 1 ■'> '.ib)-’. 

• I 1 t ^ I / _ 7 WB 


(a&)“®«=(a6)”“ ; a: -2. 
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Example 3. Solve 

—a’ 

- U)l 

o*».a®*+* 

-0*®. 

... (2)> 

From the Ist equation, 

a*+»+*-a’; 

05+1/ + !“ 7. 

- (3) 

From the 2nd equation, 

q2V+8PE4-6 . 

2y + 3ir + 5 ■* 20. 

... (4) 


From equations (3) and (4), we have, + 

and 3.T + 2y-“15-0. 

by croBB-multiplication, 

X _ y _ _Jr_ JL JL 1 

-15 + 12” -18 + i5"2-3 -3 

Henoe, x^’i and V“8. 

Example 4. Solve the equation 4.3'^* “27 + 9*, [0.0.1961] 

4 3«+i_27+g« 

or. 4.8*.3-27 + 3**, 

or. 12.3* “27+ (3*)*. 

or, 12p - 27 + p*, [ putting 3* = p ] 

or, p*-12p + 27“0, 

or. {p-9Xp-3)“0: 

p“9or3. 

.■ 8*“9 or 3-3* or 3> ; x-2 or 1. 


EXERCISE 105 


Solve the following equations ; 

1, a***-!*"*-*. 2. (v'3)*+*={;/3)*“”^‘. 3. (V4)*"+’-(^Vgi)**** 
4. {y25)»‘«-*-{VI35r'*. 6. 2*-‘“4a*-^(o»<0). 


I a 1“""** I b \“*"*’ 

Ul "U/ ■ 

«• JB+l 0 , 

10. 2*+‘-2*-8-0. 

12. 4*+*-3*»+* + 14. 


7. 2“* “.a*‘’‘“2*"".2o‘'*. 


9. a*-*(o“*+* + a-*)“o-“(o*+o*). 

11. 3*+*- 3*** + 8. 

18. 4*-3.2«+*+32»0. 
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**“V* and e"9v. 

16. 2*+^.3''+*-i and 2**+'.3*‘'+‘ - si,. 

17. o*+\o''+*-o* and a*+>.a*'«+»i=a“. 

18. a*-*.o''+»-a».a*anda*o«=a‘. 

19. o“+‘.a'"'+‘“a*-a‘'+^.a*'+*. 20. VB. 

21. 2*.3*' “ 18 and 2**3" - 36. 22. *•*+* - 2v* and - 1 . 

23. and 

24. If o"‘*-{a’“)", find OT in terms of n. [ Pat. 1918 ] 

26. If 0 * “ 6, 6" — c and c* — a, prove that scvz — 1, 

26. If a^=m, a*— n and a* ={»»"«*)*, prove that xyz’“l, 

[ Pat. 1919. '21 1 

27. If ®“3^ + 3 prove that 3®’ -9a; -10*0. 

28. Ha* + 2=3^ + 3 prove that 3a* + 9a *8. 

29. If xv*~^ * 0 , xv®"* * b, = e, show that 


(,«-r.i,r-Pcii-*_i 


Solve ; 

80. o*"^* -8*+*"» \ 

5 »v+* I 

*}2a;+8f-H/^gBa;-hv ) 

82. a*-(x + v + *)*. \ 
a"“(x+y + *)‘, [ 
and o*“{*+y + *)*. l 


[ Pat. 1920 ] 


31. 


JaY** -«/a)»+*-M 

Vbr-‘-Wbr^ 

i/oY -(Vc)»+»*‘ i 



CHAPTEB XXX 
ELEMENTARY SURDS 

196. Definition. Any root of an arithmetical number which 
cannot be exactly found is called a surd or an irrational quantity* 
Thus, >/2, n/6, l/i and tjb are all surds. 

Note. Quantitw^ which are not surds are called rational quantitioe, HeficBt 
every root of an arithmetical number is either rational or irrational, Thust V8, 
s/25 and VI8 are rational qaantitiee, V)hilst s/2, VS and V9 are all irrational 
quantitioe. 

An algebraical expression also, such as Jx^ is called a surd, 
although the value of x may be such that Jx is not in reality a surd 
For instance, if a;*4, Jx^ >74 = 2, and is, therefore, not really a surd. 

197. To express in the form of a surd the product of 

a rational quantity and a surd. 

Example 1. 6 ./3-(5*)^ x 3 L( 5 « x 3)^ [ Art. 192 ] 

- ^/ 75 . 

Example 2. • 2J/9 ■ (2*)^ x = (a* x g)^ [ Art. 192 ] 

-1/^9-V73. 

EXERCISE 106 

Express as a complete surd : 

1. 3V5. 2. 2 VS. 3. 2V6. 4. 4V5. 

6. oVb. 8. 7. o*Vi*. 

108. A surd may sometimes be expressed as the product of 
a rational quantity and a surd. 

Example 1. s/32 - s/16 x 3 - (4* x 2)^ - (4*)^ x 2^ [ Art. 192 ) 

-4x2L4^2. 

Example 2. ViO- V8 >^6“{2* x6)^-(2*)^x6* [ Art. 193 ] 

-2x5*-2V6. 

V-250.C* - VF^2c 

- K - 6c)*l* X (2c)* - - 5c V2c. 


Example S. 
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EXERCISE 107 

Simplify ; 

1. x/i8. 2. 3. It/m 4. V®. 

5. t/405. 6. Vl37a. 7. t/l876. 8. Va’b. 

«• Va:*V 10- V-2660. 11. V-193a*6*. 12. VSOOoV. 

199. Similar Surds. Two or more surds are said bo be similar 

or like wbou they can be so reduced as to have the same irrational factor ; 
otherwise, they are said to be unlike. Thus, and JSi are sjmilar 
surds, for they are respectively equivalent to 3 v5and 4 ;n/ 5, and Jl2 and 

are unlike. The sum of any number of similar surds may be found 
when they have been expressed in their simplest form. 

Example 1. 7^- ^/49K3+ x/g^s-yjS+SN/S-lO^S 

iiiample 2. J/6^ - VUb + ViO 

« ^ “ V27 X 6 + V8x 5 

- 1/^6 - + V2^ 

-5V6-3V6+2V6-4V6. 

Ni B, Unlike sards oannot be added to give one quantity as the sum. 

EXERCISE 108 

Simplify : 

1. n/I3+^/75. 2. VI8+n/32. 3 ^/3D+^/^. 

4. M--M. 5. «. t/S5+V405. 

7. 8. ^/7S^^^/i5. _ 

9. 9V405 - 3N/ia6+ Vis. 10. 4^1^ -4^376+ 3 Va4. 

11. 3y«+2V^-4V^- 12* 6V^-2V^ + 4V6B6 

13. + V§te* + V^. 

14. X XI X* a + vV-8y*a-»V - 27**o. 

IB. 2t/^^ + 3V6^a^-4oVi^. 

200. Surds ot the same order. Surds are said to be o/ ikt 
tame order or equiradical when they have all got the tame root-tvmbol 

Thus, V6. and (o+s)® are all surds of the same [vie,, the ssooAd) 
order. 

A surd ot the second order is often called a quadratic surd ; whilst 
COB of the third order, such as, v/4 or Vo*, is called a cubic surd. 
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Surds of different orders may be reduced to equivalent surds of the 
same order. 

Example 1. Reduce J5 and X/i to surds of the same order 

The given surds are respectively of the 2nd and 3rd orders ; and 
the L.G.M. of 2 and 3 is 6. Hence, we can at once reduce tVjoro to 
surds of the 6th order, thus : 

n/5-5^-5*-V5® = VI25; 

^4 » 4^-4*= Vi® -Vie. 

Thus, the required surds are IJ/125 and ®/T6. 

Example 2. Reduce t/3 and S/2 to surds of the same oraer. 

The L.G.M, of 6 and 8 is 24., 

Thus, we have = = ; 

and y2-2^>=2®*-'=J/2®“*y8. 

Thus, the required surds are *t/8l and “ V8. 

Example 3. Which is the greater : X/9 or t/2Q ? 

We have V9- 9*- 9^'^ = ‘VS* -^V^i 
and t/25“ 20^ -20’^ ” - * VSOOO. 

Thus, the givwi surds are respectively equivalent to ^V6561 and 
^Is/8060i and as the latter is greater than the former, therefore 
t/2D>S/9. 

EXERCISE 109 

Reduce to surds of the same order : 

L ^/3anaV2. 2. ^4andt/5. 3. V2and;/3. 

4. V3 and ^6. 5. ^4 and ®/6. 

Which is greater : 

6. j9orXj3? 7. ^3ort/4? 8. ^6 or t/IQ ? 

Arrange according to descending order of magnitude : 

9. t/6. ^/2 and 10. t/3, ^10 and ^^35. 

201a Multiplication and Division of Surds. 

A. (i) To multiply surds of the same order, multiply separately the 
rational factors and irrational factors. 

(ii) If the surds are not of the same order, reduce them to surds 
of the same lowest order and multiply as in (i) above. 
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iSiamplfl 1. X ViO = 6* X 10* - (6 X 10)* - V60. 

Nole, In ikis example tne gtven surds are of the eama order , 

Example 2. x ^8 = 5* x 8* = 5^”^ x 8^^ 

-{5")>'x( 8V* [Art. 191] 

“(5‘x 8*)* [Art. 192] 

- ’Vi^^G4= ‘V^. 

Note In this example the given surds are of different orders* 

Example 3. y2x»/2 = 2*x2* = 2*'"*-2‘'-^V5®-^V^. 

Note. In this example the given surds have got the same quantity under the 
radical sign. They may as well be regarded as surds of different orders and treated 
like those vi i '^e last example. 

Example 4. 4 s/l8 x v'?5=4.3 n/ 2 x 5 v/3-60 n/2. v'3=60 ^6. 

Note. In this example the given surds have been reduced to simpler forms 
before multiplication. 

B. (i) To divide a surd by anothei Burd of the same order, form a 
fraction with the dividend and the divisor as numerator and denominatoi 
respectively and cancel the common factors, if any. 

(ii) If the surds are not of same order, reduce them to surds of the 
same lowest order and proceed as in B (i) above. 

Examples. ^4+ 

[ Art. 191 ] 

[ Cor, 1, Art. 192 ] 

V 21 

Example 6. Express v5*^3x/3 as a fraction with a rational deno- 
minator. 

W.b.« 

Note. For Arithmetical calculations it is convenient to reduce the quotient 
when onf surd is divided by another to the form of a fraction with a rational 
Nominator* Hence, even when the numericil ^jalue of a tuird fraetion ia not 
requireA ii is usual to express it in the above form. 


(6-)A 
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EXERCISE 110 

Simplify : 

1. ^/6x^, 2. J6. 8. ^/S7x^/3. 

4. -yi§x^/6. 6. 6. 1^/5 xViS. 

7. lt/^xV27oV. 8. ^2x^6. 9. '^2x^6. 

10. V4XV8. 11. V9x^. 12. ^2x^3. 

IS. t/3xV3. 14. ^2x^2. 15. 

10. 6^/^2^/6. __ 17. 8^/Kx3^/S. 18. 4V75x6VS7B. 

19. 7V8a'’!r‘‘x,6V276***. 20. 8^/i0+4^/ifi. 21. 3^/I2+6^/27. 

22 . *^+^18. 23. V8+y6. 

Given ^/2»l'414, \/3'>l'732, >^5^ 2*236, find to 3 places of decimals 
the numerical value of : 

24. ^/2+^/6. 26. ^/72+^/10. 

26. ^/276+^/22. 27. lOjm+JU. 

202. Compound Surds. An expression consisting of two or 
more simple surds connected by the sign -f or - is called a compound 
surd. Thus, 5J2 and ijS are simple surds, but 6j2+i^ and 
6 a/9 — 4 <73 are compound surds. 

Two or more compound surds are multiplied together in the «fcrni. 
way as two or more compound algebraical expressions. 

BaampU 1. Multiply 3a/z^2a/3 by a/k- a/3, 

{B.jx + 2j3)(,jx- a/3) -3 a/*, a/® + 2 a/3, a/® -3 a/®, a/3 -2 a/3, a/8 
“3®+2 a/^- 3 a/^“6“*3®“ J^-6, 
Rumple 2. Multiply 7 a/2 + a/3 by 7 a/2- JS, 

(7a/2+ a/3X7a/2- a/3)-(7a/2)»-(a/3)«-49.2- 8 -98 - 3-98. 
Rumples. Find the square of s/3a+x+ 

( a/8o+®+ a/^-®)* "( A/Sa+aj)* + ( a/^^)* + 2 a/^+®. a/So^ 
“(3o+!r)-t^o-K) + 2 A/^*^i« 

“6a+2 a/9u*“®*. 

EXERCISE 111 

Multiply : 

1. A/a+ A/h by a/oS, 2. Jhhy Ja- Jh. 

8. 8A/a-6by2A/o. __ 4. 4 a/®+3a/v by 4 a/®-3a/v. 

6. 2A/®-6+4by8A/®-6-6 6. 8 a/6 -4 a/ 2 by 2 a/6 +8 a/2. 

1—26 
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7. ^/2+2^/8+ n/ 7 by ^/2+2^/3- s/7. 

8. 3- s/6+ s/8 by 3- s/6- s/8. 

9. s/n+ s/6- s/3 by s/Ii- s/6+ s/3. 

10. V4 + Vg + ViBby V2+V3. 

Find the square of : 

11. s/t^- 12. 2s/8+6s/6. 13. 2s/6+3v7. 

14. . s/a“+^*- s/a* -26*. 16. 2 >^a:*+y* + 6 s/a5“-y*. 

203. Rationaliaation. If two surds be such that their produot 
is rational^ each of them is said to be rationalised when multiplied by 
the other. Thus, 2 s/6 and s/3+ s/2 are rationalised when reapeotively 
multipliod by s/6 and s/3 - s/2 ; 

for 2 s/6 s/6 *10. 

and (s/3+s/2Xs/3-s/2)*3-2-l. 

Two binomial quadratic surds which differ only in the sign whlob 
connects their terms are said to be conjugate or complementary to 
each other. Thus, s/3+ s/2 and 2s/6- ^77 are respectively conjugaU 
(or oomplementary) to s/3- J2 and 2s/5+ s/7. 

Evidently, therefore, every binomial qmdratic surd is rationaliad 
when multiplied by the complementary surd. 

Hence, a fraction with a binomial quadratic surd for its denomina* 
lor can be easily reduced to an equivalent fraction with a rational 
denominator. 

Bnunite 1. Given s/2 ~ 1*414, find to three places of deolmali the 

1 f 1 + 

l+^/2_(l+^/2X3+2^/2) 3+8j2+2^/2+4 

3^^1[V2 (8-2V2X3 + 2n/2) 9-8 

- 7 + 6 s/2 - 7 + 6 X r414 - 7 + 7070 - 14'070. 

Example 2. Bationalise the denominator of 
Jl+x*- s/l-fT* 

The given expression 

(s/l+a;*- s/f-g*)* 

“(s/l+a:*+ 

_ (1 + a*) +(!-»•)- 2 

(l + a!«)-(l-®»)' • 

_2-2s/l-a!*_l- Jl-x* 

2 ®* X* ' 
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■zaaiple S. Simplify , 


s+je 


The denominator-6^/8-3>‘2^/3-4^/2+6^/2* ^/3+ V2. 


Hence, the given fraction 

S+J6 _ {3+ Ji) 
JS+ Ji (i/3+ J2XV3- J2) 
_ 3J3+3J2-SJ2-2JS 
3-2 " 


Bx-niital 

The let term 

^/3(l+^/2) >/3 + l U2+1XV2-1) 

The 2nd term 

. 4^/3 __2 V6 _ 2^/6( s/3-1) 

s/2( s/3+1) s/3Vl ( s/3 + IX s/3-1) 

V6, 


The 3rd term 

— s/6 s/6(^8— s/2) «| /ft ft /Q 

s/2+s/3 (s/3+s/2)(s/3- s/2) 

Hence, the given expression 

-(2s/3- s/6)-(3s/2- s/6)+(3s/2-2s/3)-0 


EXERCISE 112 


Bednce to an equivalent fraction with a rational denominator : 


. 5s/3+s/7 , 3s/2+2s/8 , 4 +3s/2 . 8s/5+ s/8 

4s/8+2s/7 _ Ss/2^^^3 3-2s /2 s/6- s/8 

K s/^g+ s/g-g • s/s!* + l~ Jx*-1 - 1 , 

«ya+ir~ s/a-x ’ Jx*+1+ Jx*-1 ' 1+ s/2+ s/3 


Given s/2*‘r414, s/3>r732, s/6**2'236, find to three places of 
decimals the value of : 


8 . 




9 

*• 2- s/8 


10 


3 

;78^* 


12. 


3±^. 

8- s/6 


18. 


V6t V8 . 

4+ s/16 


It. 
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Simplify : 


14. 

1.1. 
*+ Jx‘-1 X- V®*-! 

16. 

lA 

^-s/aLs/s+iXQ^) . 

17 

XU* 

(^/2-lX3^/3-5X2+^/2) 

ll. 

18. 

(3+2v'2)-»+(3-2n/2)-*. 


19. 

x+ Jx^-l sc- Vsc*-^ 

®““ n/x*-! x+ 


20. 

V**±l + -1 . js/sp* +i 

\/x* + l- jx*-i ijx* + l 

~ Jx‘ 

+ Jx^ 


15 


^/lD+ n/20+ n/sj- jm' 

4 ___ 

^/ 3 + ^/ 5 - J2 


Bationalise the denominator of : 


21 . 


j/S + t/2‘ 


22 . 




204. The square root of a rational quantity cannot be partly 
rational and partly a quadratic surd. 

If possible, let \/n=a+ Jm, 

Then, squaring both sides, we must have 
n-a•+m+2a^/m, 

whence, 

Thus, a surd is equal to a rational quantity, which is impossible. 

205. If Vy, where a and x are rational, and Jb 

and ijy are irrational, then will a^x and b"^y. 

For, if a be not equal to sc, let a*£c+?n ; 
then, we have a?+m+ Jy ; 

Jy. 

Thus, Jy is partly rational and partly a quadratic surd, which is 
Impossible by the last article. 

Therefore, a*o; and consequently ^/6■« Jy, or, 5—y. 

Note. It should he distimetly borne in tnind thal the results proved above ori 
Crne only when Jhjind ijy arm rmaUy irrational. For instanee, from fhe r«la- 
4(ofi S'f iJ9mZ^ JtSt wm cannot eonclado that and 
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2M. To find the square root of a+ where Jb is a surd. 
Let \/®+ ^/v, 


Then, squaring both sides, we have 
a+ ^/5*aJ + v + 2 Jxy. 


Hence, by the last article, 
a»{r+y_1 
and 


(11 


Hence, a*-5-(®+y)*--4fljy-(a;-y)* ; 
Ja^-h^x-y. 

Thus, we havefl;+i/“a 1 

and a5-y* / 


Hence, by addition and subtraction, 

2a;"a+ and 2i/*a- Ja^-h ; 

a5-i{o+ K/a*-h)i atid y"4{a” 

Thus, s/^ Vi(a+ ^/a*-'6)+ n/Ma*" is/a®-^. 


Note. From the values of a and y found above it is clear that ynlsas Ja'* - 1 
ii rational the square root obtained is by far more complicated than the original 
WjTfsssioa. ThuSt the process given above is of no great jproc^ieal value except when 
- b is a perfect square. 


Cor. From (l), we have a- N/6-a:+y“2 Jxy^iJx- s/y)* ; 

Ja^Jb^Jx-Jy. 

Thus, if •Jyp then will Va- n/ 5- Vx- sjy. 

Example 1. Find the square root of 7 + 2 n/ID. 

Let >/7+ 2 /710 ^ Jx+ Jy. 

Then, squaring both sides, 

7 + 2 i7l0“®+y + 2 ijxv> 

Hence, « + y- 71 

and ajylOj 

These relations are evidently satisfied by the numbers 5 and 2. 
Hence, the required root- 75+ 72. 

Example 2. Find the square root of 19-87S. 

Let 719-873“ 7 tt?- 7 y. __ 

Then, 19-878— oj+y- 2 7fl5y' 
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Henoe, a?+p*-19 ••• ••• (i)\ 

and 2^®y-8^/3, or, — (2) J 

Now, (1) and (2) are obviously satisfied by the numbers 16 and d» 
Hence, the required root - n/I6“ \/S-4“ s/3. 

Example 8. Find the square root of 16 -6 s/7, 
liet s/l6-6s/7 - n/®- s/y. 

Then, 16-6 s/7 -flc+y-2 s/®y. 

Therefore, «ji^“16 \ 

and 2s/fl5r“6s/7/ 

Henoe, (a; - y)* - (a; + y)* - 4a?y - (16)* - (6 s/7)* 

-266-176-81; 

(r-p-9. 

Thus, we have a? + y « 16 1 
and a;-V“ 9] 

Hence, a;-V and y-}. 

Thus, the required root- 

Example 4. Find the square root of V27 + VI§. 

^/27+ ^/I6-8 V8+ s/8. V6- s/8(8+ s/6). 

Qenoei tj s/16*“V5' .^8+ ^6. 

Now, proceeding as in the last example, we find that 
^8+s/6 -s/i+s/|. 

Therefore, «/ “ VB.( s/I + s/f). 

Example 5. Find the value of 


_ 1+® , l-» 

1+ s/i+^‘*'wr^’^^®“» 


2 


We have + 

and 



Hence, the given expression 


- «2+y8) ■ i(2-s/8) _2+ s/8 

l+i{ s/3+1) l-i(s/3-l) 

_f2+ s/8X3- s/3)+(2- JSY9+ JS) 

(3 + 1M9^8) 
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Example 6. Find the value of 

i (y I - >/ ! )• 

. 2a ^ 2a yi+g»(y- ViT^ ) 

““2afl; yi+a;*-i'2a(l+a;*). 




-VKFHI-KVIVi)' 

Henoe, the required value 

EXERCISE 118 


Find the square root of : 

1. 4-2s/3. 2. 7+4^/8. 8. ll-6-«/2. 4., B+Sn/B. 

B. 14-6^/6. «. 28+10^/S. 7. 21-8^/6. 8. 17+12^/2. 

9. 41+12>/S. 10. 37-20V8. 11. 31+4s/SI. 12. 73-12^/B. 

13. 47+4s/S3. 14. 4-^/7. 16. 6- 16. .JIB- ^/IB. 

17. JS2-j2i. 18. a/27+J21. 19. 6J6+JI3D. 

mfi 2^ J3 j 2— J8 

*®- Simplify 

21. Find the value of 1+Vfc’ *** i®’ 

22. Find the value of when 
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Find the square root of : 

*8. ' 24. 2a+2Vtt* -6*. 

26. a+g+ 26. 2ir-l+3 

27. aJ+y + «+2 Jxz-^yz* 

207. Equations involving Surds. 

Example 1. Solve 

Squaring both sides, we have aj+12*a5 + 4+4s/®. 

Henoe, 4>/fl5*8, 
or, 

Example 2. Solve 2(a!+ 2)-l+ Jix*+9x+U. 1 0* ^ 

By transposition, we have 2«+3=- ^/4a;*+^+14. 

Squaring both sides, 4a;* + 12a5 + 9 ® 4a;* + 9a5 + 14, 
or, 3a;*6. ®*'4« 


Examples. Solve A/a?+6+ N/a;-5*ll* 

By transposition, Va;+ 6 '“ 11 ‘" n/u-S. 

Squaring both aides, x+6-121-23 

22 ^/®^- 110 . [bu transposition] 
or. r-6-25. «>-30. 

Example 4. Solve Jx* + llx+^- Vx*+6x-l"?* 

[ 0. TJ. Entr. Paper. 1881 1 

By transposition, Vx* + ila!+20'“3 + «/x*+6x-l. 

Squaring both sides, x» + lliE+20-9+(x*+6x-l)+6 Jx*+6m-l, 
or, 6x+12-6^/x•+6x-l. 

or, x+2- V»*+6!r-l. 

x* + 4x+4“x*+6x~l, whence X” 6. 


n 1 r n 1 2x-l , s/to-1. 
Example 6. Solve J^+i 2 

Sinoe, 3x-l-(Vto+lXs/to-l). 


Sx-l 

■ 7 ^ 


Vsx-i. 
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Hence, from the given equation, we have 

or, ( - iXl - i) * 1, [by transposition ] 

or, ^^“--1. or, VaB-1-2. 

or, N/Ste*3. 3aj-9. (c»3. 


Example 6. Solve X/a-^x+Va -x " b. 

Since (Va+» + n/a*"®)* 

■■(a+a;)4-(a-®) + 3 + Va-®} 

-2a + 3t/S*-®*.6, 

therefore, cubing both sides of the equation, we have 
or. 36Va*-“!^ = 6"-2a. 



Example 7. Solve 


g -S ^ g-26 _ 4fl5-6 ^ 

V®+1~3 ^/g-l + 6 74®-! + 2 


g-8 

Jx+i-3 


_!E-26 

*y®-i +6 
to-6 
V4*-i + 2 


(g-BXs/g+l + S ). 
(»+l)-9 


<y*+i+3 : 


(®-26X Jg-l-5) _ 
(®-l)-26 

(4a!-5X ^/4g!-l-2 ) _ 
(4a;-l)-4 


^/g-l-6 : 

tjix" 1 “ 2 . 


Hence, from the given equation, we have 

( ^*+1 + 3) + ( 1 -5) - N/te-£- 2, 

or, is/*+l+ >/4«— 1. 

(*+l)+(*-l)+2Vj?^l-4«-l, 
or, 2V»*-l-2»-l, 
or. 4(®*-l)-4®*-4fl!+l. 
or, 4®-6. *-J. 
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Examples. Solve ^/2a^•-9-g+S^/7. 

We havei for all valaes of x, (2ar*+9)— (2 !e*- 9)“18, and henoe, 
this relation is also true for the particular value which te has in the 
given equation. 

Therefore, the required value of x will also satisfy the equation 

(%* + 9) - (2a!^9)_ _ 18_ 

V'2!c*+?+ ^/2!r*-9"9+3v'7 

or. j~ y - 9 - 3 x/7. 

Adding together the given equation and this, we have 
3 n/^* + 9-18, or, v'^S+9-9. 

ac*+9-81. ic*-36. .•. ir-6. 

Example 9. Solve 4fl:*+e!c+ ^/at*+3a!+4-'13. [ W.B. S. F. 1963] 
4ie*+6x+ ,/Ste®Tto+4-13. 

or, 4!e*+6a!+8+ ;v^2a!*+3a:+4“21 [ adding 8 to both sides ] 

or, 3(2a!*+3ic+4)+ v^+3®+4“21 
or, 2p* +P-21 [ putting p tor J^* + 3x+4] 
or, 2p*+p-21-0, or, (p-3X2p+7)-0| 
p“3, rejecting the negative value -J, 

\/2a!* + 3a!+4"3, or, 2®* + 3® +4 *9, 
or, 2 !c*+ 3®-5-0, or, (»-lXac+6)-0. .’. »-l, -J. 

EXERCISE 114 
Solve the following equations : 

!• s/b “ 1 + ^/*. 2. - v/ito + 2. 

8. >/® + 9"l+ s/b. 4. v^3b~4“ >/8x+4. 

6. V 6 b+ 16 “ ^^+2. 9. Vb^+ ^*-8. 

7. V2te+9+ V2 b- 9._ 8. ^x+Ji- ^x-1. 

9. VSb+SS — 3 “2 V2b. 10. b+ ^/2flB+B*“o. 

11. B+ 0 + s/^+B*"'^. 12. Vb- 4 + 3" Jx+IL 

18. ijx~6“^~ >/b+7. 14. \/b+9“ Vb+2“1» 
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16. 

VS®+ 1 - Vs®- 11 - 2 . 

16. 

V6®+6+ V6®-14-10. 

17. 

V7®+4+ V7®-12-8. 

18. 

N/a:*-8a;+6“ + 1. 

19. 

. n/aj-I 

V®+1 2 ■ 

20. 

o®-l ^ , Va ®-1 

Vo®+l * 2 




[ 0. U. Entr. Paper, 1885 ] 

21. 

a®- 6 * . Jaa-b. 

7^+6 c 

22. 

V6)*. 

28. 

\/a+fl;“2 s/a;- 

2a. 


24. 

V«+ Va+®- 

25. 

J.* V.-H3- 

26. 

V®+a+ V®-a- 


07 4 ^ 16"^ 3 

V® + 2 ^/® + 40’ 

28. 

Vie+ V*- VjP*“l. 


29. V®+ V8- V®*+8®-9V9. 


80. >J\—x+ s/l-«+ ^l+a;“ Vl+a;, 

81. ^ *70+®+ ^ \/o+®- ^ n/*. 


31 V*+8 - ‘t'**+64fl:+36. 

88. (1 + xf + (1 - »)^ - 2*. [ C. U. Entr. Paper, 1886 ] 

84. (a+»)*+(a-®)^-3(o*-®*)^. 

8?.. **+18-8iE+6Va!*-8!E+9. 



«7 g-47 ®-19 4®- 124 , 

^/®+2-7 ^/®-3-4■‘^/4®-3-ll 


« ag-49 18®+ 2 2 _ 8®-!-191 

s/at+lS-S s/l8®+3i+3 2 7^+54-6 

89. «" s/a*+* 40. s/r*+9+ \/®*-9"“4+ V34. 

41. Vs®* + 16- V3**-16-8-4V2. 
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EVOLUTION : SQUARE AND CUBE ROOTS 

208. Evolution. The process of finding the roots of quuntitioi 
is called Evolution. 

Thus, Evolution is the inverse of Involution. [ Art. 137 ] 

209. The ordinary method of finding the square root of 
a compound algebraical expression. From our previous knowledge of 
formulas the following results are obvious : 

(a + 6)*-fl* + (2a+5)&; 

(o + h+c)*— a* + (2a + 6)5+(2a + 2h + c)c ; 

(a + 6 + c + d)“«a*+(2a + 5)6+(2a + 2t + c)c + (2a + 2h + 2c+d[)dl; 
and so on. 

ClearlYi therefore, we must have 

(o«* + te + c)* • fl*®* + (2ax* + bx)bx + (2aaj* + 26a; + c)c, and this I atter 
when arranged aJcoording to the descending powers of a;, 

" a*a;* + 2a6a;“ + (6* + 2flc)a;* + 26ca; + c*. 

Now, if it is proposed to find the equare root of the above expres- 
sion, let us see what means we have of discovering successively the 
several terms of the root. 

The first term of the root, vis., oa;*, is evidently the square root of 
the first term of the given expression which is a*a;* ; 

if we subtract from the given expression, the remainder it 

K2aaj* + 6a;)6a; + (2aa;* + 26a; + c)ci, in which the term containing the high- 
est power of a;, —203;* x6x, i.c., -“twice the first term of the root into 
the second term ; this enables us to get the second term after having 
obtained the first ; 

if now from the above remainder we subtract (2aa;” + 6a;)6«i the 
seoond remainder is (2aa;‘+26a; + c)c, in which the term containing the 
highest power of x, -> 200 ;* ^c, ».6., -twice the first term of the root 
into the third ; this shows how to get the third term after having 
obtained the first and seoond. 

Thus, we are furnished with a clue for successively discovering the 
terms of the expression aa;* +6a; + c when its square is given. 

The operation may be performed as follows : 

a*a5*4-2a6aj® +(6* + 2ac)a?* + 26ca?+c* / aa;* + 6a5 + c 

oV \ 

2aa;* + 6a5 \ 2abx^ + (6* +2ac)a;* + %cx + o* 

/ 2o6 a ;® -f 6®a;* 

2oa5* + 26a?+c 1 2aca?® + 26fla;+c* 
/ 2aoag®^■26cg■^o* 
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(1) Find the square root of the first term of the proposed 
expression, and set it down as the first term of the required root ; 

(2) subtiract from the given expression, and bring down the 

remainder 2ate* + + ^)x* + 2Ux + c* ; 

(3) set down 2aa;*, i.c., twice- the first term of the root, on the left 
of the above remainder as the first term of a divisor ; 

(4) divide the first term of the remainder by 2aa;*, and set down 
the quotient, bx^ as the second term of the root and also as the second 
term of the divisor ; 

(6) multiply the divisor thus obtained by the second term of the 
root and subtract the product from .the first remainder ; 

(6) bring down the second remainder 2aca?* + 2bca;+c* and put 

+ (i.e., twice the sum of the two terms of the root already 

obtained) on the left of this remainder for the first two terms of 
a divisor ; 

(7) divide the first term of the new remainder by the first term 
of the new divisor and set down the quotient, c, as the third term of 
the root and also as the third term of the divisor ; 

(6) multiply the complete divisor thus obtained by the third term 
of the root and subtract the product from the second remainder. 

After this nothing remains, and we obtain ax^+bx-^c for the 
required root. 

Note. The expression considered above stands arranged according to descending 
powers 0 / s. Similarly, every expression of which the square root is sought must 6# 
arranged according to descending or ascending order of the powers of the eatne teller. 

Example 1. Extract the square root of 

*• + 8®* - 2a;® + 16x* - 8a:+ 1. 

®®+8a;^-2a;* + 16®®‘-8® + l 

g® 

2®* + 4® \8a;* - 2a;* + 16®* -8®+ 1 
/ 8®* -flfia;* 

2®*+8®-l \ -2®* -8®+l 

/ -2a;* -8®-M 

Thus, the required root-®* + 4®- 1. 

Example 2, Extract the square root of 
®* + 2(y + z)x^ + (3y * + 2y* + 8s*)®* + 2(y* + y *s + ys* + z^)x 

+y* + 2y*s* + s®. [0. U. 1888] 


®* + 4®-l 

i 
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The given expre88ion“(B*+2(v+«)fl!*+{8v*+as«+8«*)** 

+ is + f Xs* + f ■)* + (y • + f*)*, 

which 8tand8 vtnnged according to decoending powerc of e ; eo we can 
it onoe proceed tbuB : 


+ a(y + #Xv* +*•)*+(»•+ 8*)* 

** + 2(y + t)x* + (3y • + 2y« + Sc*)®* 

SC* 


af*+(y+*)a!j 

a!r*+a(v+*)a! ■ 
+(»*+«*) 




/*+2yc+3**)! 


Is;-':;:, 

>®* + 2( 
1®*+^ 

r4 

[»*+«* 

.v*+** 

)®+iy*+«*) 

h+(v‘+>*) 


/e*+(y+f)a: 

\ +(y* + f*) 


Thus, the required root”®*+xy+®f +y*+f*. 


Example 8. 


Find the aqnare root of 

i 3 9 3 

[ 0. n. 188B 


Arrange the expreacion according to decoending powen of x anf 
then proceed thus : 

i 

B*-a!r\ -2!r»+4!c* 

; - a®* +4®* 

*•14-+ + 

* “^3/ S 8*9 

gg* 4flg o* 

8 ~ 8 9 


a 

Thus, the required root*^ - Ste+ | • 

Example 4. Extract the square root o! ^ +8, 

4y* flc* y" flj* 

The expression when arranged according to descending powers of w 
stands thus : 
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or note’ Ihe indioes of the powers of x in the Baooessive termi are 
respeotively 4i 2, 0, -2 and -1, which numhera evidently are in 
iesoending order of magnitude. Hence, we proceed as follows : 


4 y 4 +y. + 3 +jp. ( 2 y. + l+g,. 

k* 

s +1 


®* + 2 + 2v!l2 + ^* + ^ 

V« + 2+^, f 2+jp, + ^. 

2+V+k* 


Thus, the required root 


^+1+ 



Example 5. Extract the square root of 

x^-2a%'^+2a*w*+a%^-2a^x^+ai [0. U. 1880) 

Let us proceed by arranging the expression according to descending 
powers of x, thus : 

a~^x^ - 2a”^aj^ +x^-~ 2a^x^ + 2a^®^ + aM fl 

"I V 

2a^^a^-x^) -2a'^x^+x^ 

“2a'^x^ + x^ 

2a~^a;^-2ir^-a^ ) -2a^«^+2a^a?^+a^ 

- 4 - 2a^r^ + 

-A Z 1 i 

Thus, the required root* a a?* — a*. 


EXERCISE 115 
Find the square root of : 

1. 4fljV + 12®ys+9y*. 2. »*-4a!* + 10®*-12«+9. 

3. aJ*-2»*+2®*+a?*^2a;+l. 4. 4flJ*-iai!*+26xV24flJ+16. 

5. 4aj*+8flfic*+4o*a5* + 16i*a?*+16(i5*®+166^. [ 0. U. 18T0 J 

6. to*-2(c*v+H%V-2fl!v*+9v*. rnnifwal 
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7. 

6 . 

11 . 

18. 

15. 

17. 

19. 

20. 

21 . 

28. 


mA ^ Q-S X — -® + -1 . 

® ^ ^ 2 2 ^16 

«j*+^-2 + 4a;-a;* + x' 
X 4 

a ,ibj , ,ib 

46 *“ h a* a' 

4x* - 8x*v‘ + 4w* + V*. 

«*+«!_* + V_1?. 
V* aj* V a 4 


8. 1^*-|’-^* + 49ie*+9. 

10. + +^*-2-0®. 

fic* a 4 X 

„ 9^ 6a. 101 4a .4a:* 

a*~6a 26“i^ ^*' 

j4 + — ^®4.0y+7 

“• y* 49a* v 7a '• 

iR ISy.te*, 

1C. 7y 16a* 2a 49y» 


a*- 2a:^ + 3a-2a^ + l. 18. a^-4a^ + 2a+4a^+a^. 

fl*a“* + 2aa“^ + a"*a* + 3 + 2a“’a. 

B^+ay”^-2a^y ^-2a^v^+2a^y^+V. 

^|“-6aV + ^^*- 3 *'^ + ^*- 22, o*’"-4a“-*« + 4o*". 

9o*” + 6o®“+^ + 260*’"'* - 30o”‘c”''* + 0 '"*+* - 10a*“'^*c"*"*, 


210. Extraction of square roots by the application of the 
formula a‘±2a6+6^*(a±o)^ and Miscellaneous examples. 

Example 1. Find the square root of 4 - 4c + + c* - 6c + ^ • 

[C.U.1876] 

The given expression, arranged according to descending powers of b, 
-•6(c-2) + (c*-4c + 4) 

Therefore, the required root* | -c + 2. 

Example 2. Extract the square root of | a;* +^J ) '*’12. 

The given expression 

Therefore, the required root-**- 2+ 

X 
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Example 3. Extract the square root of 

- ^ 

a* + a+b oT- b 


[ C. D. 1886] 


The given expression 

(®* 4. * (fit* 11^“)*.+ “■ h^) 

(a*- 6“)* 


of which the numerator *)(a*- 5*)* + 4a“6*(+4a6(a*- 6*) 
- (a* - + 4a&(a* - 6») + 4a*6> 

the given expression”-^ ■ 

Therefore, the reqd. root ” - • 


Example 4, Extract the square root of (a6 + ac + he)* - 4a6c(a + o). 

[C. U. 1888] 

The given expression 

” \h{a + c) + acf* - iabc(a + c) 

* 6*(a + c)* + a*c* - 2a6c(a + c) 

“ 4- c) - acf * * (ab - ac + tc)*. 

Therefore, the required root * a6 - ac + he. 


Example 5. Extract the square root of 

a* + h" + c^ + - 2(a* + c*Xh" + d*) + 2a»c* + 2h*d*. 

Arranging the given expression according to descending powers 
of a, we have 

a^ - 2a*(h» + (2* - c*) + ib* + c^ + d* - 2c*(h* + d*) + 2h*a*f. 

and the expression within the braces arranged according to descending 
powers of b, 

- h* - 2h*(c» - dV + (c* + d^- 2c*d*) 

* - 26*(c* - d*) + (c* - d*)* 

Hence, the given expression 

- a* - 2a*(h* - c* + d*) + (h* - c* + 

”la*-(h*-c* + W 
-(a*-h» + c*-(2*)*. 

Therefore, the required root*a* - h* -he* - d*. 

1—27 
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Example S. Find the sqnare root of 

4«a* - b')cd + aMc* - d»){* + f(o* - W - d‘) - lafxji}*. 


The given expression 

- 4Ko* - b*W 2abcd{a’‘ - i*Xo* - d*) + o*i*(c* - d»)*l 

+ Ko* - - d*)* - 8atcd(a' - - d*) + 16a»6»o*d*l 

- ma* - 6*) Vd» + 4a*6*(c* - d*)*! + «a» - 6‘')’‘(c* - d*)» 

+ 16o*6*c*dV 

- (a* - 6*)*Kc* - d*)* + 4c‘'d*i + 4o‘‘6'‘l(e» - d*)* + 4c»d»l 

- Ko» - 6 *)* + 4fl*6*t}(c» - d*)* + 4c»d*l 
-{o* + 2o»i* + 6*Xc* + 2c*d'‘ + d*) 

-(a» + i*)*(c*+d*)“. 

Therefore, the required root*(a* + &*Xc* + d*). 

Example 7. Express (a:-2oX®“5oX®-8aX!c-lla)+81o* as a 
petfeot sqaare, [ 0. U. 1S46 ] 

The given expression 

“ \{x - SoXiT - lla)H(® - 5aX» ~ 8a)f + 81o* 

« (ar* - ISo® + 22a*X!r* - 13a® + 40a*) + 81a* 

“ (p + 22a*)(p + 40o*) + 81a* [ supposing p—x*- 13ax ] 
-p*+82pa*+880a*+81a« 

“ p* + 62pa* + 961a* 

-{p+31a*)* 

“ (®* - ISo® + 31a*)*. 

Example 8. For wba( value of x, will the expression 8®* + 12®* 
4- 48®* + 30® +46 be a perfect square ? 

9®* + 12®* + 46®* + 30® + 46 / 3®* + ar + 7 

9®* ( 

0®» + ai!\ 12**+46®* 

1 12®*+ 4®* 

a®» + 4«+7\ 42®*+30* + 46 
/ 42®*+28® + 49 
2*- 4 
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Had ihera been no remainder the expression would have been a 
perieot square. II Sir- 4 would be equal to 0, there would have bean no 
remainder. 

9!e-4"0, only when e-2. 
the expression will be a perfect square if 

Example 9. What least number should be added to x* +8x* +960* 
+ 400+16, to make it a perfect square ? 

0*+80* + 260* + 4O0 + 15 /0* + 40+6 

*!_ 

90 »+ 40 \ 80 *+ 260 * 

/ 80*+160* 

a0*+80+6 \ 1O0*+4O0+16 
1 100* +400 + 26 

-16 

The expression would have been a perfect square, if there was no 
remainder. But the remainder is -10. If 10 is added to it, the 
remainder is 0. Therefore, 10 is the required number. 


EXERCISE 116 
Find the square root of : 

1. 260V*~4O0V+16. 2. 49a*0*-42a6*0*+96*. 

8. 49a*6*+196oV+81o*6*. 4. i0V-i*V+Aa:V®. 

6. 26 ^ ^ o*+6*+o*+2a6+2ao+a6o. 


7. a*+6*+e*-2o6+2ao-26c. 8. 4o*+6*+9o*+66o-12«)-4fl6. 

9. o*+46*+ft}*+4a*6*-6oV-126V. 

10. 4o*+96*+26c*-ia»*6*+90oV-806V. 

u. a. 

«. •‘+^+a(»*+^)+s. It 
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17. ®*+^ + 4(iE+ |)+6. 18. -2+0®'^® +0”**'*. 

19. o* + i>* + 0 * + d* - 2a(6 - c + d) - 26(c - d) - 2cd. 

20. (o-6)‘-2(o®+6®Xa-6)®+2(o‘+n 

21. o« + + c* + d* - 2a®(i® + d*) - 26®(c* - d») + 2c*(a* - d*). 

22. a^+2a®-a + J, 

23. 2a*(5 + c)* + 2i*(c + a)* + 2c*(a + fc)* + 4a6c(a + 1 + c). 

24. Prove that {x - iXa* - 3)(ir - 5X® - 7) + 16 is a perfect square. 

[ 0. U. 1941 1 

25. For what value of x will the expression x^ +6x^ + 11a;* + 3® + 31 

ibe a perfect square ? [ C. U. 1927 ] 

23. For what value of a will the expression 4a;* — 12a** + 25a;* - 24a; + a 
become a perfect square ? [ A. U. 1948 1 

27. Find the least number to be added to a;* -“6a;* + 13a;* -12a; + 1, 

io that the sum may be a perfect square. [ C. U. 1915 ] 

28. Under what condition a;* +|?a; + ff is a perfect square ? 

[G. U. 1951) 

211, The ordinary method of finding the cube root of 
a compound algebraical expression. 

Evidently, we have (oa;* + for -l-c)* 

« (aa;* + fer)* + 3(aa;* + bx)*c + 3(aa;* + bx)c* + c* 

- a®a;* + 3(a*a;*Xia;) + 3(aa;*X5a;)* + (6a:)® 

+ 3(aa;* + bx)*c + 3(aa:* + bx)c* + c*. 

Hence, if we are asked to find the cube root of the above expression, 
we see that we have the following means of discovering successively, the 
several terms of the root : 

The first term of the root, viz.t aa;*, is evidently the cube root of 
the first term of the given expression, which is a*a;*. 

If we subtract a*a;* from the given expression, the term containing 
the highest power of x in the remainder is 3(a*a;*X5a;), t.a., equal to three 
times the square of the first term of the root into the second term : the 
second term is, therefore, discovered. 
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If from the above remainder we now subtract l3(a*a;*) + 3(aa:*Xtol 
'^[hx)^\[hx\ the second remainder is 3(aa;“ + 6a?)*o + 3(fl£r* +6a;)c* + 0 f® f 
the term containing the highest power of x in this remainder is 3a*a?^0i 
i.«., equal to three times the square of the first term of the root inttf 
the third. 

Hence, the third term is discovered. 

If from the second remainder we now subtract {3(acc* + te)* 
+ 3(aa;* + &r)c + c®[c, nothing is left and we obtain the required root 
“aa?* + f«r + c. 

Let us illustrate the process by an example. 

Example. Find the cube root of 

flj® - - 66a;®y“ + 96aj*y * - Oftry* + 64y ® . 

The given expression stands arranged according to descending 
powers of x ; we need not, therefore, change the order of the terms. 

The first term of the cube root* the cube root of the first term ol 
the expression “cube root of ®®*a 5 *. 

The second term of the root, as shown on the next page. 

Is obtained by dividing -6a!®y by 3ir* three times the square ol the 

first term). 

Then the divisor, 3a?® - 6a?*y + is formed as shown on the 

next page. 

The product of this divisor by (-2a?y), vis., “6a?®y + 12a?®y*-'8a?®y*, 
is now subtracted from the expression which stands above it and the 
remainder is put down below the line. 

Now, take three times the square of the part of the root already 
obtained and put down the result, 3a;® - 12a?®y + 12a?”y“, as part ol 
a divisor. 

The third term of the root, vis., 4y*, is obtained by dividing 12a;®y*, 
the first term of the remainder, by 3a;®, the first term of the divisor. 

The complete divisor is then formed as shown on the next page, 
>and the product of this divisor by the third term of the root is sub* 
traoted from the expression which stands above it. 

As jao remainder is now left, we find the required root 

-«?“-2a;y+4y». 





I + 

m 



- ISx'y + 24a*»* - 34fl!»* + 16»* - 48®*»* + gfir'w* - 96W* + 64»' 



( OHAF. ZXXll. ] 


RATIO AND PROPORTION 


428 


EXERCISE 117 


Find the cube root of : 

1. {r* + 27a;* + 243aJ + 729. 

2. 27a;®-216fl;*+676aj-512. 

3. 64a*-144a*ft + 108afc*-276®. 

4. 33®^ - 36a; + ic® - 63a;® + 8 - 9a;® + 66a;®. 

6. 8a;® + 12a;®-30a;®-35a;» + 46a;» + 27a;-27. 

5. l-9a;® + 33a;®-63a;® + 66a;®-36a;^®+8a;‘». 

7. c® - 63c®a;® + 8a;® - 9c®a; + 66c*a;® - 36ca;® + 33c®a;® . 


OHAPTBE XXXII 
RATIO AND PROPORTION 

Ratio 

212. Definitions. The ratio of one quantity to another of the 
same kind is defined to be the abstract number (integral or fraotional) 
which expresses what multiple, part or parts, the former is of the latter. 
Thus, 

since 2 hours is a portion of time which is three times as large as 
40 minutes, the ratio of 2 hours to ^ minutes ">3 ; 

since a length of 25 centimetres is a fourth part of 1 metre, the 
ratio of 25 cm. to 1 metre ""i ; 

since the sum of £1. 45. is obtained by dividing IBs. into 3 equal 
parts and taking 4 of such parts, the ratio of £1. 45. to 185."* I ; 

and so on. 

Hence, it is clear that the ratio of one concrete quantity to another 
(of the same kind) is a fraction, of which the numerator and deno* 
minator are respectively the measures of those quantities [referred to one 
and the same unit) ; and the ratio of one abstract quantity to another is 
a traction, of which the numerator and denominator are respectively the 
quantities themselves. 

The ratio of any number a to any other number b is usually 

expressed by the notation a\h\ thus, a : 5 is the same as | * The 

quantities a and h are respectively called the antecedent and the 
eonseqnent (or the first term and the second term) of theTatio a : 5. 
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A ratio is called a ratio of greater inequality t of less inequality t or 
of eQuality, according as it is greater than, less than, or equal to L 


Note. Since a is only a fraction, there is no difficulty in seeing that tht 
value of a ratio remains unaltered if its terms be multiplied or divided by the same 
number. Thus, the ratios 3:4, G : 8, 15 : 20 and 3n ; 4n are equal to one anoilwr, 
Bence, also two or more ratios can be easily compared ivith one another by reducing 
them to ratios with the lowest common consequent by multiplying both the terms by 
the same number : for instance, the ratios 2:3, d : 5 and 7 : 10 being respectively 
equivalent to 20 ; 30, 24 : 30 and 21 : 30, we see at once that the second of them is the 
grecUest and the first the least. 

213. A ratio of less inequality is increased and a ratio of 
^eater inequality is diminished^ by adding the same number to 
both Its terms. 

Let ^ beany given ratio, and let be the now ratio formed 


by adding x to both its terms. 
Then, 


h-i-X 


'kb^x) 


and, therefore, it is positive or negative according as a is less or greater 
than h. 


Hence, if a < 6. > ^ ; and if a > 6. < | ; 

which proves the proposition. 

Note. Similarly, it can be proved that a ratio of less inequality is diminished 
and a ratio of greater inequality is increased by subtracting from both Us terms any 
number which is less than each of those terms. This is left as an exercise for the 
student. 


. 1 . Composition of Ratios. The ratio of the product of 

the antecedents of any number of ratios to the product of their conse- 
quents is called the ratio compounded of the given ratios. 

Thus, the ratio compounded of three ratios 

3 : 4 , 8 ; S). 2 ® : 3 » 

is 3x8x2a:: 4xgx3j,, or. ix-.dy. 

When the ratio a: bis compounded with itself, the resulting ratio 
o* ; fi* is called the duplicate ratio of a : 6. Similarly, a’ : 6* is called 

the triplicate ratio of a ; 6 ; : 6^ is called the sub-duplicate ratio 

of o : 6 ; and is called the sab-triplicate ratio of a : 6, 
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215. Approximate values of Ratios. If x is very small 
compared with a, to show that the ratio (a + cc)* : a* is approximately 
the same as a + 22 ; : a. 


We 


, (a + cc)* a^ + 2 ax±^ 

have * -y 1 + - + ^ » 


9^ 

and approximately, + 

a 

since ^ |which“ ^ ^ small compared with and smaller 

still than 1. 

Thus, approximately we have 

+ |.2g;^ a-h2(r ^ 

a* a a 

Cor. From (1), we have 

a a 

small compared with a, wo have 

Ja^x : \Ia=a-^\x : a. 


4*£C 


Hence, if a; is very 


Note. By a similar mode of reasoning it can he shown that when x is very 
small compared with a, (a+x)* ; a**=a + 3x : a; (a+x)^ I a*^a+ix : a; 

(fl + x)^ : a^*a+ix : a ; and so on. 

216. Incommensurable Quantities. If two quantities be such 
that their ratio cannot be exactly expressed by the ratio of two integers, 
they are said to be incommensurable quantities. Thus, n/ 3 and 2 are 
incommensurable quantities, since no two integers can be found whose 
ratio is exactly equal to V3 : 2. 


Although the ratio of two incommensurable quantities cannot be 
exactly expressed by the ratio of two integers, we can always find two 
integers, however, whose ratio differs from such a ratio by as small 
a quantity as we please. 


For instance, 
and therefore, 


j/S 173205. 
2 “ 2 

^3 . 86602 
2 ^ 100000 


• -’86602. 


and < 


8660 3 . 
100000 * 


thus, s/3 : 2 differs from either 86602 : iOOOOO or 86603 : 100000 by even 
less than a hundred-thousandth part of unity. A further approximation 
might evidently be arrived at by calculating the value of s/3 to more 
places of decimals. 


Note. Any number which cannot be exactly expreasid as the ratio of two whole 
numbers is also sometimes called incommeasurabltf* From this point of view every 


eurd ie an ineommenearahle qaantity. 
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EXAMPLES 


£xampi6 1. Two numbers are in the ratio of 2 to 3, and if 9 
be added to each, they are in the ratio of 3 to 4. Find the numbers. 

Since the numbers are in the ratio of 2 to 3, evidently we can 
represent them by and 3^; respectively. 

Hence, by the second condition, we have 
2g;+9 3 
3a;+9 4 ‘ 

Hence, So? + 36 * 9a; + 27, whence a; * 9. 

Therefore, the numbers are 18 and 27. 


Example 2. What is the ratio of «; to p, if 
10£r+3y : 6a;+2y®9 ; 6 ? 


We have — *■ « 

6 6a;+2v 


6-? +2 


Hence, 


46-^ +18-60’^ +16. 
6.? -3. 


X 

y 


3 

6 ‘ 


Example 3. Which is the greater (a; and y being positive) 
aj*+y* : a;*+y*, or, a;*+y*:a?+F? 

We have ^ty*-^g!-gy*+g'‘y-2!gV, misB-y)* , 

® x*+y* x+v {!r*+»*Xa!+y) (»* +y*X® +y) 

which evidently is a positive quantity, since (a?-y)* is positive whether 
z is greater or less than y. 


Hence, a;*+y® : aj*+y* > sc*+y* : aj+y. 

Example 4. What number must be added to each term of the 
ratio 4 : 7, that it may become equal to 7 : 8 ? 

Suppose the required number is a*. 

Therefore, from the given conditions, 

i±®- 

7+sr" 8 

or, 32+8a;-49 + 7a;, 
or, a;* 17, 

/. 17 is the required number. 
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Example 5. Two armiee nnmber 11000 and 7000 men respectively ; 
before they fight, each is reinforced by 1000 men ; in favour of which 
army is the increase ? [ C. U. 1879 ] 

The new strength of the Ist army : its original strength 

-12000 : 11000-12 : 11. 

whilst, the new strength of the 2nd army : its original strength 
-8000 : 7000 -8 : 7. 

Now, since 12 : 11-84 : 77, 
and 8:7-88:77, 
it is clear that 8 : 7 > 12 : 11. 

Thus, compared with the original strength, the new strength of the 
aeoond army is greater than that of the first. 

Hence, the increase is in favour of the second army. 

EXERCISE 118 


Which is the greater : 

1. 4:6or7:8? 2. 7: 10 or 11: 14? 8. 9:6orl3:8? 

4. 22 : 27 or 32 : 46 ? 5. 28 : 89 or 49 ; 65 ? 

Find the ratio compounded of : 

6 . a : b, 6 : c and o: d, 7. 3 : 5, 7 : 9 and 15 : 28. 

8, a+x : a-Xt a*+a;* : (a+a:)* and (a*-«*)* : 

9. 16 : 5, the triplicate ratio of 5 : 4 and the sub-duplicate ratio 
of 9 : 4. 

10. 25 : 18, the sub-duplicate ratio of 81 : 49, the triplicate ratio of 
2 : 8 and the duplicate ratio of 7 : 5. 

11. If 2a;+6y : 8a;+5y-9 : 10, find x : y. 

12. If X : y-3 : 4, find the value of 5»+9v : 16»+fiy. 

18. Two numbers are in the ratio of 7 : 8, and their sum is 136. 
Find the numbers. 

14. Find two numbers which are in the ratio of 5 : 3, and whose 
difference is 34. 

15. Two numbers are in the ratio of 4:5, and if 7 be added to 
each, the sums are in the ratio of 6 : 6. Find the numbers. 

16. Two numbers are in the ratio of 7 : 9, and if 10 be subtracted 
from each, the remainders are in the ratio of 8 : 11. Find the numbers, 

17. For what value of x will the ratio 28 + 0 : 19 + sr be equal to 2 ? 
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18. What number must bo added to each term of the raliio 25 : 37, 
that it may become equal to 5 : 6 ? 

19. What number must be added to each term of the ratio 29 : S8» 
that it may become equal to 4 : 7 ? 

20. What quantity must be added to each of the terms of the ratio 
a : 5, that it may become equal io c : d ? 

21. Show that if a > r, the ratio : a“ + a;* is greater Iban 

the ratio a-x ; a + ir. 

22. Show that the ratio + is less than the ralio 

Find approximately the values of : 

23. (226)® : (225)®. 24. ^/(3546) : ^/(3542). 

26. At B, C are three school boys getting monthly allowances of 
Bs. 16, Bs. 20 and Rs. 25 respectively ; out of these amounts they respeo* 
tively spend Rs. 81, Rs. Hi and Rs. 15i per month. Which of them 
is the most frugal ? 

Proportion 

217. Definitions. Four quantities are said to be proportionah 
when the ratio of the first to the second is equal to the ratio of the 
third to the fourth. Thus, a, i, c, d are proportionals, if a:b^c:d. 
This is often expressed as a : 5 : ; c : d and is read ‘a is to 5 as c is to d\ 

The terms a and d are called the extremes and the terms^ b azid 0. 
the means. The term d is also called the fourth proportional to 
a. b, c. 

Three or more quantities are said to be in continued {iroportion 
when the first is to the second as the second is to the third, ttic 
third is to the fourth ; and so on. Thus, a, b, c, d are in continued 
proportion, when a : b-b : c-c : d. 

If three quantites, a, 6, c are in continued proportion (a : b\ :b: 0)» 
then h is called the mean proportional between a and c, and c is called 
the third proportional to a and b, 

218. U a i b :: c : d, then will ad^bc. 

Since. 

multiplying both sides by bd^ we have ad^bc. 

Thus, if four quantities are proportionalSi the product of the extrmes 
is equal to the product of the means, 

[ Conversely, 11 ad » be, then a : b :: e : d. This Is obvloas by dividing both 
sides of the equality by bd. } 
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Cor. 11 a •, b’,'. b: e, then ac^b* ; if three quantities are in 
continued proportion, the product of the extremes is equal to the square 
xf the mean. 

Note. From the result above established we can at once find a third propof» 
liiMil iOt or a mean proportional between two given quantities as well as a fourth 
psgpartional to three given quantities* 

Bxample 1, Find a third proportional to 6, 8. 

Let X be the required third proportional, then 

6.8, 

8 X 

or, 6aj*64 ; 

Bxample 2. Find a fourth proportional to 4, 6, 8. 

Let X be the required fourth proportional, then 
4^8. 

6 X 

or, 4a;*48; a;*12. 

Bxample 3. Find the number that must be added to eaoh of 8, 11,, 
16. 21, so that the sums are proportional. 

Let X be the required number, then 
li + a;"2i + a; 

or, (8 + a;X21 + ®) * (16 + a;Xll + ^)t 

or, a?* + 29® + 168 - JT* + 27® + 176, 

or, 2®»8; ®=4. 

Note. In example 3, i/, *what number must be deducted' was the questions the 
^quatiion should have been framed with -xin place of x, 

EXERCISE 119 
Find a third proportional to : 

I. 9. 6. 2. 8. 12. 3. 6. 15. 4. 16. 24. 

Find a fourth proportional to : 

«. 6,8,15. 6. 14,24,35. 7. *0014. 1*4, 09, 

Find a mean proportional between : 

8. 4,9. 9. 7,28. 10. 6,54. 

II. What number must be added to eaoh cf 4, 7 , 8, 12, so that the 
mamB will beoome proportional 7 
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12. What number must be added to each of a, »»i % so that tha 
gums will become proportional ? 

18. What number must be deducted from each of 8, 10, 17, 22, BO 
that the differences will become proportional ? 

14, Wbat number must be deducted from each of a, 6. n, so thal 
the differences will become proportional ? 


219. 

For, 




If a c, then a: c :: 

a b ‘ ^ b ^ ^ ^ ^ - 

be b c b b CO 

Thus, if three quantities are in continued proportion^ the first is to 
the third in the duplicate ratio of the first is to the second. 

Note. Similarly, if a i b^b d, it can be easily proved that a I ! 6*i 
which is left as an exercise for the studenU 


220. Ua:b;:c:d^ then b i and*, c, 

whence. 


Thus, if four quantities be proportionah, they are also proportionah 
when taken inversely. 

This operation is called Invertendo. 

221. ita:b::c:d^ then a : c b : d. 


f-l* 


a ^ 6 c ^ 6. 


a 

c 


or. 


b c d o 

Thus, if four quantities be proportionals, they are proportionah 
when taken alternately. 


This operation is called Alternando. 


222. 

For, 


Itaibiiczd^ then a^b ib :: c^d : d. 


a 

b 


I' 


®4.i-i*+i nr a+b e+d^ 
t * 1 J ^ 1| 03^1 TL J 
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Thus, when four quantities are i^oportionals, the first together with 
the second is to the second as the third together with the fourth is to the 
fourth. 

This operation is called Componendo. 

223. li a lb x \ c\d^ then a-bibii c-d : d. 


For, 



or. 


a-b 
~ b 




Thus, when four quantities are proportionals, the excess of the first 
over the second is to the second as the excess of the third over the fourth 
18 to the fourth. 

This operation is called Dividendo. 

Cor. If a : b i: c : d^ then a i b :: c : c- d. 


For, 


a-b ^c-d 
b d 


b d 

inversely.^-— 


Hence, or. 


d 

b c*“ d 


c 

d' 


g ^ c 
a-b""c-d 


Thus, when four quantities are proper tionals, the first is to the 
excess of the first over the second as the third is to the excess of the third 
over the fourth. 


This operation is called Convertendo. 


223A. Ua.bi.c.a, then ^ 1 


Since ^ 




b 

d 


tt+o^6+d 
c d 
a+e ^ c^ 

6+d d 
a ^ c „ g + c , 
b d 6+d 


[ Altemando ] 
[ Oomponendo ] 

[ Altemando ] 


Similarly it can be proved that 

O ^ O"0 

h d b-d 

Mid f " f j • ratios 

This operation is called Addendo* 


b'^d'^f’^h^*^ 
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224. It a :b :: c i d, then a+b : a-b :: c+d : c-d. 
From Art. 222. - U) 

Prom Art. 223, (2) 

Henco, dividing (1) by (2), j 

a-o c-cL 


Thus, when four quantities are proportionals, the sum of the first 
and second is to their difference as the sum of the third and fourth is to 
their difference, 


This result is often spoken of as Componendo and Dividendo* 

Note. The result proied in this article is of great use in solving a certain class 
of equations. This will be illustrated in some of the following examples* 


Example 1. 


Solve 

va + a;- sja-x 


By componendo and dividendo, we have 

2 \/a + g ^ 

^Ja-x b-1 

• a X lb 
Hence, squaring, 


''b^-2b-\‘l 

Again, applying componendo and dividendo, 

2a.2[^!±l), 


2x ib 
x{h^^'l) = 2ah. 


or, 


Example 2. 

We have 


Solve 

1 + aa: 


/l + 6 ir_T 


^bx ^ l-hg a;^ 

-bx 1-ax 
Hence, by componendo and dividendo, 
1 ; 
bx 2ax 


. 6 ^ + 1 
2b 
_2a^ 


I'^bx ^ l-^r^ax-^ d^x* 
1-bx l-2aa;+a*a?* 


6(l + aV)-2a, 


or, 


2a 


- 1 . 
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Example 8. Find the value of 


X+ 2 ^ ^ x + 2b^ 
®“2a tc-26 


when X 


From the given relation, we have 

j ® _2a 

2a a + 6 26“a+V 

Hence, by componendo and dividendo. 

g-f 2a^a + 36 ^ , ®*t.25.3a+6^ 

»-2a 6-a x-2h^ a-b' 

Hence, the given expression 

cn “ — 2(a — fc) ^ n 

a-6 a-i a~6 * * 


^ 4Qfe ^ 
a + 6 

[A. D. 1692] 


Note. For a different solution of this example see Art, J7l, JSx, S, 

Example 4. If (a+fe+c + dKa^i^c + d) 

*(a-6 + C“dXa + 6“C’-e?), show that a : b : : c : d. 
From the given relation, we have 
a4-6 + C"H d ^a—2)+C"-£Z^ 
a+i-c-d a-h-c+d 

Hence, by componendo and dividendo. 
a-^b^a-b • 
c+d c-d ’ 

t Altemando ] ; 

0 c "* a 

wljonce by a second application of componendo and dividendo, 
a c 
b"' d' 

Example 5. If a: - 

«• - Swff* + 8® - m *0, 

From the given relation, by componendo and dividendo, we have 

x + 1 ^ \lm ±X , . m ’¥\ ^ fa+l)* ^ g* +8a;*4-8ag4"l 

»-l ’ ’ TO-1 («-ip g*-3g* + 3«-l 

Hence, by a second application of componendo and dividendo, 

^ m_g* + 3a;. 

we have 1 "3g* + i ’ 

m(8g*+l)-g* + 3g, 
whence, «* - 3fn«* + 8®- m-O. 
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EXERCISE 120 
Solve the following eqnations : 


1. 


x-v 

2® + 3v“36 


1 « 3!e-6»_l 1 8 bx-ly ^ 1 I 

I 3®+^ if 6®+7v 7 I 

J 4!r-9y“19 J Sas-Sy-lS 1 


4. 16| 


T. 

9. 

11 . 


[a-^xi "a-a; 
[0. D. 1886] 
j736!rT i+ 
JdGx+l-_Jhx 
Jb+ ‘s/5~_g.-fi 
^/6- ^/5-x 


3!e-^_ : 

3®+^ 

4®-9y 
2®+ »/4®*-l _. 
^/4®*-l ■ 


0. 


5®-7y ^ 1 
6®+7v 
3®-6y‘“18 
1- 1 
1+ Jl^X ^ 


8 . 


1+®+^, 


621+® 
'63 1-® 


a+ff- 




h. 


o^+la-(a*-a®)¥ 

Prove that a : b : c : d — 

12. I! (a+8b+2c+6c2X<*“3b“"2c+6(i) 

-(a- 3b+ 2c- 6(2Xa+ 3b- 2c- 6<i). 

13. If (2a + b+4c+2dX2a-b-4c+2d) 

* (2a - b + 4c - 2<iX2o + b - 4o - 2d). 

15. II 


If 


o _ c e 

b d f 


then each of 


s/2+ s/9 

225. An Important Theorem. 

these ratios where p. fl. r. n are any quantities 
whatever. 

Supposing each of the given ratios ~k, wo have a- kit. 0“<ifc, s"/k. 

I .■.pa"+(ftf*+rs*“(i>6"+9<i*+r/")k"; 
re*“r(/kr“»/".k** ' 

. Ba*+gfl*+re* . . . . / pa*+gc*+rs* V^» 

whence, k -^rjr^5*+^ • *“ • • * \p6*+«<f*+nr/ 

which proves the proposltloiv. 



XZZIl. ] 


B4.TI0 AHD PBOPOBTIOM 


Cor. As a pariiioular oasei if p. Q, r, n be each equal to 1, we have 
each of the given 

Similarly, giving different sets of values to p, 9, fi a several parti* 
onlar oases may be at once deduced. 

Note. What is proved above for thfee equal ratios is obviou^ irm /w aes 

namher of equal ratios, namely, If then 

0} Of Op 

a»oh l( equal to ( ^**1*' t t*t** t ‘ t rtatoMnt bHmg 

applicable to all cases. It is altoays a very good exercise for the akideaf, howeisgrt 
to Vfork out independently every fresh example of this class, applying the mode 
of demonstration illustrated above. Renee, an exeroise ia added beiow with • 
recommendation to the student that he should find the result in each ease without 
oelng tho formula established in this article. 

EXERCISE 121 


o+8c"5e ^ 
6 + 3d-Q/ 


6o-7c-18e 


/a* + c*+«*\^ . /o*-2c* + 3«*\’ 

U* + d*+/*/ ■ \b*-M* + 9fl 


If 5 " " J * prove that each of these ratios is equal to ; 

. a-e+e . o+8c-6< . 6o-7c-18e . ka+le+mt 

b-d+/ b+M-Sif •’ Sb-ld-VSf hb+ld+nf 

[ 0. U. 1876 1 

, /a*+c*+«*\^ . /o*-2c*+3«*\* , •'a'*+Z±i!. 

®' U*+d*+/*/ ' \b*-2d* + Sf} •76*+F+^ 

[G.U. 18891 

II prove that each ol Ibese ratios is equal to : 

. {<l1±£1±£1±S!:1\'\ o */ a*-ae* + 3«*-^^ 

“• U-»+d-^+r‘+rV V 6*-M*+8/*-4fc* 

in // 3a-« - 7c-» -8<r«~Tl6r* \-^ 

V \S6-* - 7d-* - 8/“* + 16r V 

226. Miscellaneous Examples. 

Example 1. If c ; y ; ; m* : »*, and 

i» : n : : Jp*+«* : Vp* P* : w 5 : «+v : ®“V. 


We have 


p«-V* 


<Kp»-»*l-v{p*+»*) 


[Art. 918 ] 
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or, 


•. 0 ., 


• ; [ Art. 218. Oonverse ] 

xy x-y 

\xy :: x + v : x-y. 


Example 2. li a : h : : c : d, show that 

?»a+nc : mb+nd : : (a* + c®)^ : (6* + cZ“}^. 


[0. U. 1880] 


Since, 


a 

b 


c . 
' d ' 


mb nd 


and, therefore, each of them 


... a c 
Again, since ^ ^ 


b^' 


“5’ 


a* + c* 

and, therefore, each of them 


Thus, we have 


and 


ma + nc ^ma ^ 
mb + nd mb 
a^ + c^ a* 
"* 6 *’ 


[ Art. 225 ] 

[ Art. 226 ] 
"•* (1) 
... (2) 


+ 

0enoe, from (1) and (2), 

, ^ijich was to be proved. 

mb+nd + 


xamp e . (5-cX5-Hc-2a) (c-a)(c + a-26) . (a-^Xa + 6 

find the value of ®+y+«. [ C. U. 1889 ] 

Let each of the given ratios ^Ic. 

Then. x^Hb- cX5 + c -2a) - 1^1(5* - c*) - 2a(5 - b)\, 

y^Ufi- a){c + a - 26) * k\[c^ - a“) - 26(c - a)l, 

*«Ka-6Xa + 6-2c)*W(a*-6‘)-2c(a-6)l 
Hence, x+y+t’^ ^[1(6* - c*) + (c* - a*) + (a* - 6*)l 

- 2|a(6 - o) + 6(c - o) + c{a - 6)1] 

- 0 . 

Exariple4. H show lhat ^ ^ • 

c 6 a a 6 0 

Let each at the given ratios *6. 

Then, we have {ay - bxh - 6c*, 

(ca5-af)6-66* 

(6«-ey)a-6a* 
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Heooe, by additiooi 

«o* + i)*+c*)-0 . . Jt-0 

Henoe, ay-hx^Q ay^bx. "■ 

a 0 

also, ca5~a«*0. ox^az. ••• (Q) 

a c 

Hence, from (1) and (2), ® • 

a o c 


Example 5. If f " ^ • then will 

oca 

(a - d)* » (6 - c)* + (c - a)* + (d - 6)* . 

From the given relations, we have 

(i) 6*-ac : (ii) c*=od ; (iii) bc^ad, [ Art. 218 ) 

Now, (6-c)*+(c“a)*+(d--6)* 

- (6* + c“ - 26c) + (c» + a* - 2ac) + (d» + 6* ~ 26d) 

- 2'y - ac) + 2(c» - 6d) 4- a* + d* - 26c 

[ from (i) and (ii) ] 

-a* + d* - 2ad [ from (iii) ] 

-(a-d)». 

Example 6. If a : 6 : : c : d, show that 


4(a+6)(c + d)»=6d{ 


t + 6 . ^ 
6 ( 


[ 0. D. 1874 ] 


[ oomponendo ] 


clearly, therefore, 


a , c + d 4“ 6) 2(c + d) 
b d "" b "" d ' 


Hence. + « + d\' -2^ x 2(<l+ 

I o a j 0 a 6d 

w{^+^}*-4(a+6Kc+d). 
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H»« (SI .rf (ii) 

Multiplying together (i) and (ii), we have 


a*+b* 


p* 

p*+q‘ . 


a*+6*: 




Bxample 8. li m : n::p:q, prove that; 


We have 


alternately, - ” 


M , 

n q 

m n . 
* 


fn-n^p-Q . 
n q 


Henoei 


{m-nKm-i 


im-nAm-i 


im-nAm-j 


[0. D. 1859] 


[■■ np“««J 


[.■ pn~m] 

■(»»+fl)-(«+p). 

Bxample 9. Ii | | . show that 

{o*+6»+o*Xh*+c*+d*)-(oh+ho+cd)*. [ 0. D. 1887J 
Let each of the given ration 

Then. iV-o* i Jl:*(6*+c*+d*)-a*+i*+c* ; 

JkV-6» . o*+h*+o*. 

]k*d«-c*) •• * "j*+c«+(i*' (1) 

alio. W-a; A**-o6) )Kf>* + e*+d*)-.at+ha+«| ; 

kc*"6c i , oh+hc+ai 

hd-oi kd*-cdi •• *~ 6«+c«+ei» - ”• ^3) 


Hence, equating the value of i* from (1) and (2), we have 
g*+fc* + c* (ai+hfl+fl/fl* , 
i*+o*+d* r6« + c* + d*)* ' 
(e*+i*+o»Xh*+e*+d*)-(o6+6e+od)*. 
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Example 10. f " f “ y ' stow that 

Let each oi the giTen ratios >*'lc. 

Then, o”fcfc j .'. a+c+e“‘Mi>+d+f)‘, 

•■• {a+e+elib+d+/i~Hb+d+f)'‘: 

»J(a+o+etb+d+f)~ib+d+J)Jh. — (1) 

Also, we have ah “6* It ; [ab'^“‘bjk 

cd~d*lt\ {cd)^‘‘djk- 

ef~fk : {ef)^~fJk 

{ab)^Hcd)^+{efl^~{b+d+f)Jk. - (2) 

Hence, from (1] and (2)i 

s/(a+o+«X6+5+^ - (o6)* + ied )^ + (e/)* 


EXERCISE 122 

li a be the greatest of the four quantities a, b, e. if and if 
b\\e:d, show that : 

1. b and o wre each ^ d, 2. <i~b ^ 0“d. 8. o+d > 6+d. 

If a : h : : e ; if, show that : 

4. vM'^nb ’.by. tno+nd : d. 

5. wa+fth : OTO+Bii : : pa~56 : iJC~9ii. 

«. o : 6 : : o+c : h+d. 7. o* : i* : : o*+e* : 6*+d** 

8. o*+o*:6*+d*::oo:M. [0. U. 1877] 

9. (a-o)*:(6-d)*-o*:6*. 

10. (o+o)»:(6+d)*-o(a-c)*:b(6-d)*. [0.U.1888] 

11. o*+6* : a*“-6*“ac+M : oc-hd. 

12. o(o+o) : c* : : ii(6+d) : d*. .13. c: d" .^o*+o* : ^6*+d*. 

14. 0+6 : o+d- ^/o■ + 6• : ^/? + d^ 

16. 0+6 : c+d : : s/8o^'6^ : ^8c*+6d*. 

16. o*+o6+6* : o*-o6+6* :;o* + od+d* : c*-od+d’. 

17. o*+oo+o* : o*-oo+o* : : 6*+6d+d* : b*-bd+d‘. 
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If a : 6-c : : f, show that 

ma + nb^b^c^ r 

* mc + nd"d*a 

19. acihdw 2a* + 3c* + Sc* : 26* + 3^i* + 5/*. 

20. a* + c* + fl*:6* + d*+/*::cfl:J/. [ 

21. pa + ffc + rc : pfe + gd + r/: : Vactf t X/bdf, 

22. a* : 6* : : ac + Cfl + ae : bd + df+bf, 

23. a* + c® + fl*:6* + d*+/^*::ac0:6tV. 

24. Va*c« + c»fl* +"a*fl* : + dT +~6 V® : : ac/j : bd/. 

•K g* -t-c* + e* a6 + c d 4- ej 

a6+cd + fi/“6* + d*'+/*‘ 

20. I{ a, 6, c, dt t be in continued proportion, show that 
a ; : : g^ : 6*. 


[0. U. 18761 


[ 0. D. 187R ] 


27. II 


find the value of 


*‘6+c-a c + g--6 a + 6-c 

(6-c)a;+(c-g)|^ + (g-6)fi;. [ C. U. 1878 ? 

28. I{a:6::c:eZ. prove that 

o* + 0 * : 6* + d* : : : Jb*~+d*. 

29. H a, b, e, d be in continued proportion, prove that 

(i) a + 6:c+d-=a* + 6* + c»:6* + c* + (i*. [C. U. 1939] 

(ii) {a»-i*)(c*-d»)=(t*-c»)». _ [O.U.1943] 

{iii) (a + 6Xc + d)“(6 + c)*, [ D. B. 1994 I 

80. If a ; 6=“c : d—a show that 

27(o+t)(c+dXe+/)-6d/ +?^’- 

81. If g : 6 : : c : d, show that ad-^bc : 2bd : : g* + c* : a6 + od. 

82. If a : 6 ; ; c : (2, show that 

a* + 6* ; a6+ad-6c : : c*+d* : cd-gd + 6c. 

If a : 6 : : 6 ; 0, show that 
88. g* + a6 + 6* ; 6* + 6c + c*-a: 0. 

84. 0-26+0-^^^-^^-®-^^. 

a c 

85. a*6*c* -a® + 6® + c®. 

It a : 6*6 : c— o ; d, show that 

86. (6+cX6+d!)*(0+aX0+d). 87. {a+e2X6+c)-(a + oX6+d) ■■(6-“o)*» 
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89. 

40. 


II. 

42. 


a : 6 - 


l+ltl: i+l+l 

0 c d a o 


a : d : : a* + 6® + c* : fe® + c* + d®. 

If a : 6 : : c : d, show that a^-^ab \ -^cd : : 6® -2a6 : d* -2cd^ 


If a : t**c : d*d show that 

(o* + 6*Kce + d/)* - (c“ + + i>/)* Ha* +/*Xac+ M)*. 


CHAPTER XlXIII 

ELIMINATION, MISCELLANEOUS THEOREMS 
AND ARTIFICES 

1. Elimination 

227. If there be two equations involving one unknown quantity, 
they will generally not be satisfied by the same value of it. For 
instancBi the sa>zne value of x will not satisfy the equations 05 + 3 ■■7 and 
35 + 4*9. But this oannot be strictly said of the two equations 05 +<1*7 
and 05 + 6 * 9| where a and b have no fixed numerical values ; the appro* 
priate remark in this case would be *‘the two equations will be satisfied 
by the same value of x if 1 ^ b^ or, Thus, if oTie unknown 

quantity occurs in two equations which dlso involve ether aloebruical 
symbols^ there always exists a particular relation between these other 
symbols for which, and for which alone, both the given equations are 
satisfied by the same value of the unknown quantity. The process of 
finding this relation is called the Elimination of the unknown quantity 
^^om the given equations, and the relation obtained is called the 
Eliminant of those equations. 

Similarly there may be a question of eliminating two unknown 
quantities from three given equations. For instance, the three equations 
a 5 + y*a, a5+2i/*6, a 5 + 33 /*c, cannot be all satisfied by the sums values 
of fl5 and y unless the quantities a, b, c are connected with one another 
In a certain way, and this connection may be necessary to investigate. 

A few simple cases of elimination will now be presented to the 
student, calculated to give him a tolerably clear idea of the subject, as 
also to familiarise him with some of the various ways of dealing with 
such questions. 

Example 1. Eliminate x from the equations 
aia5+6i-0, a9«+6s*0. 

From the first equation, we have second 

equation, 
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Evidently, therefore, both the equations will be satisfied by the 

same value of a if ^ • or, aifca—aghi. 

Us 

Thus, is the required eliminant. 

Example 2. Eliminate x from the equations 

ai»*+iia;+ci*0, + + 

Let a be the value of x which satisfies boih I '^e t^quations. Then, 
we must have 

aia* + 2>ia + Ci“0 1 

a*a* + fc9a + C9*0 / 

Hence, by cross multiplication, 

g* ^ a ^ 1 

OiUs*~CsUi ]> 

^ ( « 

whence, (6iCg - btCiXaifca - a*6i) - (ciUa - CsUi)*, 
which is the required eliminant. 

Example 8. Eliminate x and y from the equations 
aifl 5 + 6 iy + oi«0 \ 

agOj+fcgy+cg-O r 
aa«+68y+C8*0 f 

From the first two equations, by cross multiplication, we have 
, v „ L . 

61C9 •" baCi CiUg “ C9U1 fli&a dtbi 
^^ biC^-bjOi ^ Oiaa"-Caai ^ 

aib%-a%bi ^ axb^-a^bi 


If the third equation also be satisfied by these values of 0 at d y. 
we must evidently have 

or, UalbiCa - 69C1) + Mcitta - CaUi) + ea(ai2?a - ttaii) *0, 

which is the required eliminant. 


Example 4. Eliminate x, y, b from the equations 
ax ^ by ^ B ^ 1 ^ 

6if+cf es+oo! os+y 2 
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We beve 


Alao, 


M 1 

6y+o«"" 2 * 

2afl$*6v+Ojt(, or, 2aaj-fcy“Cf -0. 

by _ 1, 

Cf +aff 2 


26y—c«+aa5, or, aa;-26y + c«“0. 

Henoe, from (1) and (2), by cross multiplication, we have 


( 1 ) 

(2) 


z 


-bc-%e -ca-2ca -4ab+ab 


X y z ^ 
-S6e -3ca -Sab 


be’" ca ab 


Supposing each of these ratios we have 
x^hhe, yk.ca, z^h.ab. 

Substituting these values of x, y, z in the third eq.uation which is 
2f ""0+y, we have 

2fc.ab*Jlf{bc + co), or. 2a6— 6c + ac, 

••• --- + h 

0 a 0 

which is the required eliminant. 

Roto. It may be noticed in this example that the three given eg^a!tione Soo* by 
- 0 f*O. aa!-8by4-ef»0 arid Si^oB+y virtually involve Cioo unknown guarUitieSt 

instead of three: for they are. respectively equivalent to J 

~j-Sb j+c»0 ond j + in the only unknown quantUies 


are - and 


i. 


It is owing to this disguised character (so to speak) of the three given equations 
that we have been able to eliminate from them the three unknown quantities o, y, f ; 
othermiee a fourth equation would have been required for the purpose* 

The number of equations required to eliminate any number of unknown 
(lionriRss is one more than the number of unknown quantities to b# etiminated, 

Bzample 5. Eliminate x from the equations 

®*+--4(o*+6*), S!r+A-4(a*-6*). 

X X 



ALOBBBA MADB BAST 


[<nur^ 


Adding together the equations, we have 

®» + 3*+| +i=8a», 

X X 

or, “(Sa)*. 

i “2a' ••• **• (1) 

X 

Subtracting the second equation from the first, we ha\ e 

0,. (.- 1 )•-(*)•. 



Frcni (1) and (2), by addition, 

2x^2(a + b)t or, x^a + b; 

2 1 

and by subtraction, ^ *2(a-5), or, - 

X X 

Hence, (a + 6)(a-/?)~5C *“1. 

X 

Thus, a® - * 1 is the required eliminant. 

ExaLiiile 6. Eliminate cc, v, z from the equations 
+ y + ••• hr 

2(yz + zx + xy)^b^ ••• ( 2 ) 

a;®+y® + ie!®*c» — — (3) 

^xyz^d^ ••• (4) 

Since, «* + v* + «* = (a? + 1 / + g)* - %yz + zx + xy), 
from (1) and (2), a:®+y*+«*-a*-6* ••• (6) 

Now, since a;* + y® + ~ 3a;v« 

- (a? + y + «Xa;* + y ® -i- «* - y 5 - ara; - «!/) 

- (® + y + + y* + «*) - (vs + + an/Ht 

from (3), (4), (1), (5) and (2), we must have 

c® - i® -aKa* - -a® - fab*, 

or, 2a®-3ab®-2c® + 2cf®-0, 

which is the required eliminant. 
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Example 7. Eliminate x, Vt z from the equations 
(i) a5“(y+«)"a* ; (ii) ; 

(iii) «*(aj+y)*c* ; (iv) xyz^abc. 

Multiplying the first three equations together, we have 

x^y^z^iy + z\z + auX® + v) * a®6“c*, • • • (A) 

Hence, from (A) and (i v), [y + + ®X® + v) ** 1. ' ’ ' («) 

But {y + »X« + ®X® + v) “ (y + «)1®“ + a?{y + «) + yz\ 

- x\y + s) + aXy * + «* + 2ys) + ys(y + s) 

* x\y + j?) + y\x + «) + s*(a; + 1/) + ^ODyZt 
and /. from the given equations, (y + «X 2 + ®X®+y)“'flt* + ^*‘*"C*+2a6o. 

Hence, from (a), we have + 5* + c* + 2a6c * 1, as the required 

aliminant. 


EXERCISE 128 


Eliminate x from the equations : 


1. 

oi<E*-fc*-0\ 


2. 

ax^-b “01 


0 

1 

1 

8 



c®®-d “OJ 

3. 

mx*-n *01 


1. 

aa;* + +C“0 1 


px^^q t^Oj 



aj+d “Oj 

6. 

te* + wi®+7t* 


6. 

aa:* + fec + c “0 1 


a® + 5 “ 

0/ 


Za;*+^7Kr + n“0 / 

7. 

x+ “ *a + 6 

X 


8. 

2®+ ^ “6p + 7q 


X 



%x- 1 “Sp-Tfl 
X 


8. ttiT® + 6i® + Ci*0 1 

ag®* + ig® + Cg *"0 / 

11. oia;® + 6ia;®+ci-0l 
agaj* + feg«®+Cg-0/ 


10. fli®* + hxX^ + Cl «0 1 
agx® + 5g»*+Cg-0 / 

12. aa;* + te +c“0 ••• (1) \ 

(r* + ?7«r + n-0 ••• (2) / 

[ Multiply (3) by ax and subtiaot (1) 
from the resulting equation ; we thus get 
amx* (at» b)x c 0. Now eliminate e from 
this equatioD and (3). ] 


18* aa5* + 6®+c"0\ 

«*+a®* + 8-0 J 
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Eliminate x and v ii’om the aquations : 
14. + j 16. —oy \ 

bx-^ay^ n [ aiV + bi^^OxX [ 

+ x*fy* —1 J 

Eliminate x, y, z from the equations : 


17. 


® -./T iL. 
y+z “’s + a; 


c. 


y + z z + x * x+y 


16. ax-^by “Ot 

te*+m®y+ny**0 / 


<9 V + * ® j ® + K t Example 6. Art. 171, may 

z y ' X z ' y X * be ocmeulted with pro6t. ) 

20. «%-«)* a, y^iz-x)^b, z\x-y)»c, xyz^^d. 

21. Eliminate a, b, c from the equations : 

6«+cy«a, as + tjas— 5, ay + fer— c. 


11. MisceUaneouB Theorems 

228. Theorem. J(f the sum of the squares of any number of real 
quantities be zero, then each of the quantities is zero. 

Let ^•+B*+C*+D*+ -0. where A. B, C. D,. are real 

quantities. 

To prove that A^O, B«0, C-0, D-0, ... 

Proof. If the sum of any number of quantities be aero, evidently 
they must be partly positive and partly negative unless each of them 
is zero. 

Hence, A, B, 0, D, etc. being real, their squares A^, B*, 0*. D*. etc. 

are oli positive. Hence, the sum of il*+B* + C*+I>*+ oannot be 

aero unless each of A^, B^, C*, etc. is-2ero ; 

il»-0, B»-0, C»-0, etc., 
f.e., 4-0, B-0, 0-0. etc. 

Example 1. If o*+6* + c*— hc-oa-a6— 0, prove that a— b— c, 
a, b, e being real. 

We have, a* + 6*+c*-bc-co-ob-il(6-c)“+(c-a)*+(a-b)*l-a 

Hence, b-c— 0, o-a— 0, and a— b— 0, t.s., o— b— o. 

Example 2. If x,'y, a and b be real, solve (®“"a)*+(y-"b)*— 0 

Since, x, y, a and b are real, Ix-a) and (y-b) are both real, 
from the given equation, we have 

u-o-O. «-o, and y-b-0, t.a.. y-b. 
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Example 8. Show that if (a* + y * + + 6* + o*) 

^{ax+by + cz)*, then ^ 

a 0 c 

From the given relation, we have 

fl*(y * + «*) + 6*(a;* + »■) + c*(aj* + y ®) - 2abxy + 2aGxz + 2hcyz, 
Hence, by transposition, (a*v* + ^*®*“2a&cy) 

+ (a*s* + c*®* - 2aca:5;) + + c'y* - 26ov«) "O. 
or, {ay - fee)* + (as - c®)* + (6s - cy)“ * 0. 

Hence, ay-6a;*0; 

as-ca;*0 ; 
hz-cy^Q ; 

Thus, we have ~ ^ f • 

a 0 c 

EXERCISE 124 

[ N,B, Letters stand for real quantities in the follotoing examples* ] 

1. If (a; + a)* + (y + 6)* * 4(a;a + y6), prove that a? * a, y - 6. 

2. If {x + a)* + (y + 6)* + (s + c)* * 4{xa + y6 + sc), prove that 

ic-a, y*6and s*c. 

8. If a*+6* + c* + 6c + ca+a6«0, prove that a“6“O“0, 

4. Solve (a;* + y*)(a* + 6*) - (oa: + 6y)* + (y - 6)* -0, 

6. Solve ar»+y* + 2-(l+a;Xl+y). 

6. Solve a;* + 2y* + a*-2y(a; + a). 

7. Solve 2(aj + y-l)*a:*+y* + s*. 

8. Solve 1 + aaj + 6y* VKl + a?* +y*Xl+fl* + 6*)(. 

229. Inequalities. If a and b be two real qaantities, a is said 
to be > 6, when a -6 is positive. 

Thus, 7 >6, since 7-6- +2 ; 

-8 >-8, since (-3) -(-8)- +6 ; 
a* + l > 2a, since a* + l-2a-(a-l)*-a positive quantity. 

An Inequality a> bis, therefore, established if a-b can be prooed 
to be positive* 
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Theorem. If x and y be real and unequalt then «* + v* > 2xy. 

(sc* + 1 /*) - (2scy) * sc* - 2scy + y * 

“ (sc- !/)*■= a positive quantity ; 

/. sc*+i/*>2scy. 

Note. !/« = */, (x* + j/*)-(2x|/) = (a-|/)’«0, 
i.6., a* + !/**= 2 x 1 /. 

ffence, x* + |/* is ns-uof isss i?ian 2 x 1 /. 

Most 0 / STie results in Inequalities may be obtained by the application of the 
above theorem* 

Example 1. If sc, y and z be real and unequal quantities, aho^ 
that sc* +!/* + «* > yz + zx-^xy* 

We have sc* + i/* > Sscy, 

V* + 2*>2y£i, 
and z^+x^> 2zx, 

Adding, 2(sc* + v* + «“) > 2(sry + + 2 x)» 
or, sc* + y* + £;* > yz + zx-^xy, 

Otimwise : sc* + v* 4- g* - ( 1/2 + «« + {ry) 

“ i [(y “ «)* + (2 ~ a;)* + (sc - y)*] * a positive quantity ; 

x^ + y^'^z^ > yz + zx + xy. 

Example 2. If a, b, c be positive, real and unequal quantities, 
prove that 

(i) (6+c)(c + aXa + 6) > Bate, 
and (ii) a^{b + c) + b*(c + a) + c*(a + 6) > ^abc* 

(i) We have 6 + c«(n/6)*+(n/c)* > 2jbjc, 

Similarly, c^a>2jc Ja, 
and a + b^^jajb. 

Multiplying, {b + cXc + a)(a + 6) > (2 n/ 6 >/cX2 ^/c J a)(2 Ja Jb)t 
i.fl., > 8a6c. 

(li) Also, (b+cXc+aXa + 6) 

- a*(6 + c) + 6*(c + a) + c*(a + 6) + 2a&o > 8a5o ; 
a*(b+c)+6*(c+o)+c*(a+6) > 6abc. 
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EXERCISE 125 

{ N.B. Lettm dtand /or real, posUivt and unequal quantities \n the /bUoivinp 
examples* ] 

Prove that : 


1. o*— a6+6*>afc. 2. a* + 6® > aMfl 6). 3 

4. 


ir+ - > I 
X 


a+b^^b. 5 a + 6+c>i2#+2«®+M. 


2 ^0+6 “ ' “ ' ft+c '^c+o^a + ft' 

6. (a+6 + cX^c + ca + a6) >9a6c. 7. a® + 6* +c® > 3a6o. 

8. (a + 6 + c)*-a®-6®--c® >24a6c. 


9. (6* - 6c + c*)(c* - ca + a*Xa* - a6+ 6*) > a“6®c®. 

10. a[b + c)* + 6(c + a)* + c(a + 6)® > 12a6c. 


280. Theorem. If the fractions ^ * d * f* ^ uneQualq then 

>*>*’>>* ** Cheater than tJie least and less than the greatest of 
them, the denominators 6, (2,/, being positive. 

Let I be the smallest of the fractions. 


Hence, 


0 "w a , e 
d^b' 7^ 


I * and BO on. 


Let ; and so on. 

Hence, a^^bkq o> dkq e> fkq etc. 

Adding, o + c+« + >6i+(ifc4-/fc+-- 

♦.c., >(6+d+/+ )it; 

. a"Hc4-s+ w , 

“ 6+d+/4- 

i.c., > the least of the fractions. 

Similarly, ®ao ^ proved to be less than the 

greatest of all fractions. 

281. Maximum and Minimum Values of Expressions. 

Example 1. Find the maximum values of (i.s., find the 

algebraioally greatest value of O-Stc-o;® for various values of 0 ). 
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The given exprossion ** 5 - 20 ;“ a:* = 6- (1 + 2a: + a:*) ■■ 6 — (a: + !)• 

«6 + i-(a: + m 

Since, (a: + 1)* cannot be negative, 

i~(a: + l)*[ can never he positive, 

Henco, whatever real values x may have, the given expression can 
never be greater than 6. 

Evidently, the given expression =6, when aj + l“0, 
i,e„ when a:* -1, 

Hence, we notice that the expression can be equal to 6 but can 
never be greater than 6. 

the maximum value of the expression's. 

Example 2. Find the minimum value of 4a:* + 12a: + 18 (t.s., find 
the algebraically smallest possible value of 4a:* + 12a: + 18 for various 
values of a:). 

The given expression “ (2a: + 3)* + 9. 

Shoe, (2a: + 3)* cannot be negative, the given expression can mvif 
be Im t an 9 but can be equal to 9, when 2a: + 3*0, f.e., when -li, 

the smallest value required *9, 

EXERCISE 126 

Find tbii maximum value of : 

I 6a:~a:*-l. 2. 6+8a:-8a:*. 8. 6 + 4a:-4a:*. 

4, 3 + 5a:’-2a'*. 5. 17+83?“®*, 

Find the minimum value of : 

«. ic'+~i + i. 7. 2!r*-7a:+6. 8. 4a:*-9®+6. 

». S»*-5i; + 4. 10. 2®* -13®+ 22. 

11. Divide 32 into two parts so that their product has the 
maximum value. 


111. Miscellaneous Artifices 

282. We shall now work out some examples which require for 
lhair solution either the application of some principle with which the 
student Is not already acquainted or some special art&ce. 
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Example 1. Express (a;+3aX2;+5aX2B+7aXfl;+9a) as the differenoe 
of two square quantities. [ 0. U. 1887 ] 

The given expression 

“ i(a; + SaXiT + 9a)t K® + 5aX® + 7a)i 
“ + 12a® + 27a“H®“ + 12a® + 35a*f 

K®* + 12a® + 31a*) - 4a*H(®* + 12a® + 31a*) + 4a*i 
-(®* + 12a®+31a*)*-16a\ 

Example 2. A man receives — ths of Bs. 10 and afterwards ^ the 

v ft 

of Bs. 10. He then gives away Bs. 20. Show that he cannot lose by 
the transaction. [ 0, U. 1881 ] 

The man receives altogether 10 rupees and gives away 

20 rupees. 


Clearly, therefore, he loses 


i((| + |).10<20. 

I.6., 

« I + 

i.0., 

if ®* + y* < 2®g, 

t.c., 

if ®* + y*-2®y<0, 

i.0.. 

if (®-y)* be a negative quantity. 


But whichever of ® and v may be the greater, (®-v)* oan luvir be 
negative. 

Hence, the man cannot lose. 

Note. Jt may cbaerved that th§r§ always a gakh in this transaGtion saaept 
vltin s-g. 

Example 8. 

a*+c*'-26*, or, a+6+O"0, 

From the given relation, we have 

g ^ 6 ^ c ^ 

6+c c+a c+a a+6 
_ c(o-h)-fa»"f>* _ a(6-c)+&*-c* , 

(6+oXo+o) (o+oXo+W 
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{^6 Kc + a+6)_(ft*”cXa + 6+c). 

6+0 a + b 

oti (a*~6*X<*+6+c)'“(6*—c*X<* + 6+o)i 

or, (o+6+c)Ka*-6*)-(6*-c*)t-0. 
or, (o + 6 + cXa*+c*-26')-0. 

Therefore, «tt6or, a + 6+c-O. or, a*+c*-a6*-0, 

and a*+c“*2ft*. 

Note. It may be observed in thii corkmeLicn that to/ienever onii relation 0/ 
•gnalitf/ is reduced to the form xp^xpi [or, «(|>-J5x)«0 ], it ie obviouelf^ saUefied 
ithor (i) coAen a;*>0, or, (ii) to/ien jp«Pn and that of these two alternatioe remlte toe 
annot accept one aa the only oonelueion to which we are led anleee it ie known that 
^ oihor ie mpoaaible* 

In the present exampUt we have got (a*-b*)(a+b+c)-(b*-c*)(a+b+c) oi 
lie 0/ (Tie atepa in (Tie eolution, and it is not difficult to see from this that it would te 
miatake to remove the common factor a+b+e from both sides and set down a*-b' 

• b* ^c* aa the next step ; for the above relation may be true not on account of a* - b* 
iin0 equal to b*~o*, but on account 0/ a+b+e bein^ egual to sero. We might 
move a+b+c from both sides of tha eguation, however t if we know that owing to 
irioin restrictions on (Tie voXuea of the letters a, b, c, (Tie eo^eeeion a-f b+e could 
^ poseiblf/ vanieTt. 

Hence, (Tie only legitimate oonclueionfrom the relation xp^^xpi [or, x{p » 0) 
*eUher, flc-0, or, V^Pi but nof eimply 'p^^Pi except when x is known (c It 
}l egual to s«ro. 

Example 4. Show that if + and o- 6 +o U 

0 a 0 

o<-0, then ^ - 1 + ^ • [0.0.1876] 

From the given relation, we have 

1 g-b-f c(o+a) 

^ a 0 b * a bo 

« b(g**fe'i'o)+c(c^a -b) ^ (a^b-l-cXb+c) 

60 bo 

Hence, either, a-b+o-0, 

or, - [ Bee Note, laet example. ] 

g 00 

But by hypothesis, g~b+o is not aero. 

Therefore, we must have “ r + i ' 

g oc 0 0 
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Example P. If a + 6+c-O, show that 

2(a* + 6^ + c*)-(a“ + 6* + c*)*. 

From the given relation, we have 

a + 6»-c, a*+2a6+6*"o* ; 

a* + 6*-c*--2afe; 

(a* + 6 *-c*)*- 4 a» 6 V: 

or a* + 6* + c* + 2a*6* “ 2a*c* — 2i*c* ■■ 4 a*fe* ; 

. o* + 6* + c* -i2(a*6* + + c*a*). 

Henoe, 2 (a* + + c*) - a* + + c* + 2 (a*fc* + + o*a*) 

-(a* + 6*+cV. 

Example 6. If a +6 + e - 0 , show that 

i* + c*-a* c“+a*-6* a* + fe*-o* 

From the given relation, we have 

a+ft—'-c; a* + 2ai+fe*"C* ; 

(i* + 6*-c**- -2a6. 

Similarly, 6* + o* - a* * - 26 o, and o* + a* - 6* * - 2 ca, 

Henoe, the proposed expression 

.JL_x_L I 1 , o + 6+c ^ 0 _Q 

* — 2ho ^ 2ca 2a6 — 2a6o • 2a6o 

Example 7 . If a+&+o"* 0 , show that 

g* ^ _ c? .1 

2a* + 6o 26 * + ca 2c* + a6 * 

We have 2fl*+6o-a*+a,o+6o 

-a*-a(6+c)+6c [’.* 0"-(6+c)] 

■■(a-6Xg“c). 

Similarly, 26 * + ca ■■ 6 * - 6 (g + o) + ca (6 - oX 6 " g)i 
and 2c* +a6*c* — c(g+h)+gh*{c“"gXo““6). 

Henoe, the proposed expression 

g* , 6* I c* 

""(a-feXa-c) *^(6-cX6-a)'^(o-oXo-W 

o* , -fe* , ci; 

"(o-fcXg-^) (fe“cXo-6) (o-oXfc“c) 
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o*(b - c) - b*{a - c) + c*(o - b) 

" (o-6Xa-cX6-c) 

o*(6 ~ c ) + fc *(c ~ fl) + c* ( o ~ fc) (a ~ t X o ~ cX6 ~ o) -t 
" [a-b\a-eXb-c) (a-6X<*~cX6~o) 

[Art. laS] 

Examples. Prove that y) '*’(*'*^*) 

!)(.+ *)• Ilrai-I, 

(,+ l)’ + (» + J)‘-(«‘+2+“.) + (»'+2tJ,) 

-4 + (.‘+,*) + (i. + i,) 

■**(»**)(f *')• f-' •»'->) 

.•• the given «p. -4 + (| <•»)(«+ !) + («+ 1)’ 

-4e(.el){(..„).(j pi)} 

Example 9. It xv+v*+ **“1, show that 

g [ p I « 4a!pg 

g»Xl - v*Xi - »■)' 

Since, ajp+pr + ««“!, we have 

irp+p«"l-«®, or, ••• fi) » 

PB+ra-l-gy, or, xlp+el-l-ep ••• (ii) [ 
*®+®P“l-p*, or, «(*+p)"l-p« •“ (lii) ' 
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Now, the given expression 

ad - - g«) + «(1 - g*y 1 - y«) -I- g( l - a;«Xl - w*) ■ 

(l-a!*Xl-v’‘Xl-2‘) 

of which the numerator 

« f{l - (y* + *») + y»«*} + yil - (g* + ®») + + sil - (»• + V*) + x^y*\ 

“ (a: + V + *) “ y ®(* + ®) ~ **(» + y) ~ ®*(y ®y«{y» + « + ®y) 

" (* + y + s) - vMz + *)i - £]z{x + y)[ - x\x{y + *)l + iry*.l 
“(a: + y + *) - y(l - *) - «{1 - ®y) - ®{1 - ye) + ®y* 

[ by (i), (ii) and (iii) ] 

“ (a! + y + *) - (y + * + ®) + 3(ry« + arya “ 43T/a. 

Hence, the given 

Example 10. If x-a be the H. C. R of Oia:* + fcig 5 + ci and 
ii»* + 62 a;+Cji, prove that 

and (ii) (6iCa-6aCi)(aifc2'’flfiW*“{ciaa-Caai)*. 

Since, x-a must bo a factor of each of the expreBBions ai®* + 6jl«+ 0i 
and Oa»* + 68a5 + c8, we have by the factor theorem (Art. 166), 

aia* + 6ia + Ci*0, 

and O2a* + 6sa + Cs*0. 

Hence, by cross multiplication, 

0* ^ a_ ^ 1 . 

6iCg *“ hgCi Cj ctj ““ Cjfli j ctih^ ““ 

• ^ ^ Ci(l»2 *" CgOi ^ 

Qflbi ““ CL^bi 


6 iCs ■“ buC± <i\b% 


1 ( « \\ 


whence, (biCa - btCxXaiba - o»5i) “(ciOi - Csai)*. 


Example 11. By performing the operation for extracting the 
square root, find the value of x, which will make ®*+6a:® + ll®*+S* + 81 
a perfect square. 

«® + 6a:* + lla!* + 3ar+31 /** + 3a!+l 

®* I 

ite'+S* 6a!®+llar* 

/6a:*+ 9a:* 

ite* +6a:+l\2a:*+to + 31 
/ 2a;*+6a;+ 1 
-3a: + 30 
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Now, in order that the given expression may be a perfect square 
the remainder (-*3ir + 30) must be “O. and, therefore, 3® — 30, or, 05—10 
Henoe, when x — 10, the given expression is a perfect square. 


then will 


Example 12. If 05(6 - c) + y(c - a) + z{a - 6) - 0, 
bz -cy ^ cx-az ^ ay - bx^ 
b^c c-a a-b 
We have x(5-c)+i/(c-a) + «(a-i!)-0 \ 

and identically also, a(6-c)+Mc“fl) + c(a-5)— 0 J 
Henoe, by cross multiplication, 

b-c c-a a-h , , hz-cy ox- az^a y-bx ^ 

oy-bz^ az-cx™hx-ay ^ h-o e-a a-h 


Example 13. Solve ®+y+s—a + 6 + c 

.3 


- + ? + - 
a h c 


a* 6* c* a h 0 

(x - a) + (y - 5) + (s — c) — 0. 


- ( 1 ) 
- ( 2 ) 

(3) ) 


From (1), 

From (2), 

Henoe, by cross multiplication, 


^*-0)+ l(i/-6)+ i{*-c)-0. 
a 0 0 


x-a y-h z-c . 

11 1^1 1-1’ 

0 b a c b a 

and supposing each of these fractions -I5, wo have 

g-b 
ab 


tb""C. 7 ’I c— a » ^ — 

' y-b^k*-~* z-c»k* 
00 ca 


(a) 


Now, from (3), ^(x - a) + ^a(y - b) + - 0) -0. 


Substituting in this equation the values of «-a, y-6, s-c, found 
above, we have 


i 4. ? “ a. i + 1 \ - n 

nbc ca b»^ ab c»r^- 

, bc{b~o) + ca(c-a) + ab(a-b)_n 
, k — ^ “^1 


or, 


a*b*c^ 

, (b-cXa-bXa"c) -n • 

* a*bV ^ ' 

^-0, 


[Art. 129] 


since, a, b, 0 being impliedly unequal, none of the factors b-o, a-b, 
fl^-c is zero. 
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Henooi from (o), 

oj-a-O, or. 
y- 

Example 14. If x^cy + bz, 


j-a-0. or. ®-a j 
/-6-0. or, y-6 V 
j-c-0. or, J 


y*a« + c® and «-"6® + ay Bhow 


lhat 


g* ^ y* ^ g* 


From the given relations, we have 

a5-ci/-6g-0 
cg-i/ + ag“0 
6®+fly*“g"0 

From (1) and (2), by cross multiplication, 


or. 


— oc — 6 —6c — a -1 + c* 

g ^ y ^ g . 
ac + 6 6c + a 1 - c® 


Similarly, from (2) and (3), 

and from (1) and (3). ^ 

N ow, from (4) and (5), 


(4) 

( 6 ) 

--( 6 ) 


g ^ 


ac+6 1-c* 


and 


1-a® ac + 6 
Again, from (5) and (6), 


and 


whence, 


1-a* 1-c® 


1-a® a6+c 
a6+o 1--6* 

g® « y*_ 


whence. 


i-a* 1-6* 


Hence, 

Bxample 15. Bhow that if ag+ 6y + eg *0, and 

O + 6 + 0 _0, then will 
CVS 

tt®* + + Of * + (a + 6 + cXiev + V* + «*) “ 0 . 
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From the given relatione, we have 

ax-^hy-^cz^O 1 
and ayz + bzx + cxy * 0 J 

Uence, by cross multiplication, 

a c 

x{y^-z^) y{z^-x^) z(x'^’-y^)* 

aud . ' . each of these ratios 

+ («» - *«) + *»(*« -y») ' 

“3 1“' -Kfn:7.,+^V-)+-i5i^' I Art. 228 1 
Thus, we have 

- «*) + i/»u“ - a;*) + z^[x^ - y ■) 

^ a + h + c 

a{y*-z*)+ vU* - ®*) + «(*• -"p)' 

Henoe + hy*+cz' _ g-fy* - z«). + v»(g» - x*) + z‘{x* -v*) 

a+b+c x*(e-y)+v*{x-z)+z*(y~ x) 

^ (y_ - z^x -z'){ x -y'K.xy+ y z + zx ) 
-(v~tiXx-zXx-y) 

[ See Arts. 140 and 12B 

- -(xy+yz + zx) ; 

whence, o®* + fey* + c** + (a + 6+ cXajy + vz + «*) -0. 

Example 16. If * - ? ■ show that 
a 0 

x‘ + a‘ , y^+fe* (® + y ) *+(a + b )» 

®* + o* y* + fe* (®+y)* + (o + feJ*' 

Let each of the given ratios-fc. Then, we have B-aJfc and y-fek. 

Hence »* + o* 4 - y * + fc* - a‘(fe* + 1) ■ fe*(k* + ll 
“ ■ a!*+o*^y* + fe* o*(ife* + l)^fe*{/k* + l) 

. a(k* + l) . fe(k * + l) _ {k*+.lXo + 6) 
k* + l k* + l ' A* + r~ 

_ (k* + iXa + fe)* _ k»(a + fe)* + (o + fe)* 

(k*+lXa+fe)s k»(a+b)*+(a+W 

^ (ka + kfe)* + (g + fe)* (!e+y)*+(a + fe)* 

(ko+kfe)* +(a+fe)* (®+y)*+(o+^' 

t-.xample 17. Show that (bed +oda+dab+ abe)* 

-abed(a+b+e+d)*~(be-adXea-bd)(ab-od), 
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We have [bed + oda + dab + abc)* “ {cd(a + 6) + ab{c + 

- c^d^ia + 6 )» + Qabcdia + tXc + d) + a»^»(c + d )• ; 
and (a + 6 + c + d)^ ■* (a + 5)* + 2(a + bY,c + d) + (c + d)* , 

Hence, the given expression 

" c“d*(a + 6)* + a*5*(c + d)^ - abcd{a + 5)* - a6crf(c + dj* 

* aWc + d)“(a6 - od) - cd(a + b)^(ab - ) 

- (a?) - cd)\ab{c + d)* - cd{a + W*[ 

- (a6 - od)\ab{c* + d *) - c(f(a* + fc*)f 
■■ (a6 “ e(2)iac(5c - ad ) — - ad)\ 

■■ (at - “ ad){ac - 5cZ). 

Example 18. Show that the following expression is an exact 
square : (sr* + (y* - zx)^ +U* -icy)® - 3(a?“ -yzXv* ” ejrX«* - »y). 

Putting a for 5 fory*-«a; and c for we have the 

given expression 

“a® + 5* + c*-3a&c 

“(a + 6 + cXfl* + fc® + c* - fee - ca - at) [ Art. 128 ] 

■“J{a + t + c)Xa“t)® +(t~c)*+(c-a)*(. (1) 

Now, a-t-(x*-y«)-(y*-«a?) 

- («■ - y*) + «(« - y) *{» - yX» + y + «). 

Similarly, t-c— (y-sX®+y + s)i 
and C“a“(s-®X®+y + ») ; 

whence, (a - 6)* + (t - c)* + (c - a)* 

« (flj + y + s)*i(a; - y)* + (y - «)■ + (s - «)■ [ 
■■2(»+y+«)*(«* + y* + s*-ys-«a;-ajy), (2) 

Also, a+6+0“fl;*+y* + «*-y«-xflj-cry. — (3) 

Therefore, from (1), (2) and (3), the given expression 
"i(a*+y* + s*-ys“s»-fljy) 

xi2(a+y + x)®(aj* + y® + s®-ys-sa?-»y)f 
"-K®+y+*X®*+y*+»*"y«“«»-»y)f* 

- («® + y ® + s® - Sicys)*. 

Example 10. 

11 + 1+ 1 . 

U 6 0 / o*"+‘ + +C**^* 

where n is any positive integer. 
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From the given relation, we have 
bo -^alb + c) 1 . 

abc a+64-c ' 

la(h + c) + hcHa + (fc + c)[ - ahc - 0. 

Now, the left-hand expression . 

• + c) + a(h + c)* + 6c{& + c) 

■■(h+cHa* + a(h+c)+6ci-(fe + cXa+hXa + e) ; 

(ft + cXo ■1' 6X^1 + c) *0. 

Hence, either, ft +C-0, or, a+ft-0, or, a + c-0. 

Taking ft+o"0, we have C" - ft. 

> 

gM+l glO+i + _ 5 *»+» 

1 

[ *.* c*'*^*^-(-6)**^‘* ; see foot-note, page 126 ] 

BzampleBO. Having given «"ftv + c« + (iit, V“<»«+o« + (ia 
i-aoj+fty+dtt and li-oaj + ftv + os, show that 

-A— 4 . 4 . 4 . ,■ 1 

1 + a 1+ft 14-0 1 + d ^ 


Putting P for a«4-hv4-cs4-dtt, we have 
CB + 0® "(ftp 4- OS + dtt)4- a« 

-P, or, aj(14-a)-P ; 
v 4 ‘ftP“(fl«+CA+cf«) 4 'hy 

-P, or, y(l+ft)-P ; 
«+Cf-(a® 4 -hp+dtt) 4 -c« 

-P, or, *(l4-o)«P ; 
u 4- dtt - (a® 4- hy 4- c») + dtt 
-P, or, u(14-d)-P ; 
Hence, from (1), (2), (3) and (4), we have 


1 * . 
14-a P ' 

1 + 6 P* 


1 

1+0 P 


1 

l+d P 


a . ft . c . d a® . ftv . os . dtft a®+6v+eA+(2«__^ 
i+^+i+ft‘^rro-*“r+d“p+p“^p+^ — ? 



MISCELLANEOUS EXERCISES VI 
I 


*--l. V 
2 . 

S. 

4. 

5 . 

«. 

T. 

8 . 


Find Ihe value of V®l/***i when 

Simplify 8a - 2(6 - c) - l2(o - 6) - 3(c + fl)f - i9o - 4(c - o)K 

BeBolve into factors 8(a + 6)* - 2(o* - 6*) - o{a + 6). 

Divide 2»* - 10®*y + 26a;*y * - Slxy * + 20y * by »* - Ssry + 4y *. 

fi) I itiii 6 a6 ct b^ 

Simplify (a +6)* "(a +6)* 

Solve the equation — - 

X^CL X + O X 


If (*+^1 “S, prove that a!“+^“0. 


Simpiify 


8j!/8.-2J2 


^/ 8-^/2 


n 


1 . 

when a' 
2 . 
8 . 

4 . 

5 . 

8 . 

7. 

8 . 


1 . 

2 . 

8 . 


Find the value of (2a+6Xo-6)+(26+cX6-c)+{2o+oXo-a), 

■ 1 , 6 “ 2 , C" - 3 . 

Divide l+8a5-24flr*+8a:* by 2a;*+Sa!-l. 

If »■ + 7® + c is exactly divisible by « + 4, what is the value of e ? 

3;/r^^~277+8;72' 

Find the H.O.F. of 

qj*-3gj®-3aj* + 12®-8 and ®*-7»+6. 

Stoplilj 

« , *+l ■ 3e-l 6a:-7 , , 7®-6 

Solve the equation ^ + 1— - ^ « 


It c 


- ; “1, prove that ®* -;4-4. 

X X 

ra 


Find the value of (a*(6*-c*)+6*{c*-o*)+c*(a*-6“)f 

-•-(6o+eo+a6), when a— S, 6— -2, c-4. 

Bta,u.y 

Besolve into factors a*-6*+6fto-9c*. 
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4. Find the H.O.F. of 

cc*+6asc*-6a*{r-a* and 5a:*-3aa;*-6a*Qj + 3a*. 

6 . Find the L.C.M. of a;* - Soj + 6, aj* - 4aj + 3 and a:* - Sa5 + 2. 
« 21 .- I . ®*+6a?*+8ar“ + 4aj*. 


6 . Reduce to its lowest terms 




a;® + a;*+ 8 a;“+ 8 aj 


8 . If a : 6 : : cc : y, show that ah : xy : : a* + 5 * : a* + y*, 


1. Simplify 

2. If the product of two expressions be a?® + aj*y*+lf* and one of 
them be a:*-a^+V*, find the other. 

3. Resolve into factors ; 

(i) «* + a;*-a;-l ; (ii) a* 6 *-a*- 6 * + L 

4. Show that (ax + hy)^ + (fee -ay)* -(a* + 6 *X®* +y*). 

5. Find the L.C.M. of 8 ®® + 27, 16a;* + 36a;* + 81 and 6 af* - 6 « - 6 . 

- a 1 3a;-'4 . 2 - 

#. Solve -^+^^“3. 




7. Find X and V. if 


8* H stow that eaoh of these frao- 


tions — 


a;-Hy + g 
a+ 6 +c 


1 a;®-26y* a;*-4y* 

1. Simplify a;* + 3 jBy _ jo^i a,i _ 3 ^^ _ iq^ t 

2. Divide a“( 6 -'c)+ 6 “(c-a)+c®(a- 6 ) by a+ 6 +e, and find the 
factors of the quotient. 

a?® — ♦/* 

8 . Find the value of z^ ’«* when ®“a+ 8 , y*a- 8 , 
a> • If 

4. Find the square root of + 
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5. Show that (a* + i?* + c*Xa!* +!/*+«*)“ (a® + 6i^+c«)* 

“ (ay - + (hz - oy)* + (ca? - ai )■, 

«. Subtract from 

7. Solve 2“ X 4“ -321 
a^+gx- 3/ 

S. li a \ h \ \c \ dt show that (a* + c“X^“ + i^*)*(a6 + cciO*. 


VI 

1. Reduce to its simplest form the expression 

2 a(l-a; *)^ (l+a;)^(l~fl;) 2 fly*(l"-a;) , 

y2 y* * 

2. Multiply o+i + ^ + X by a-6+--X' 

a 0 a a 

8. Divide -(a*-6®)a;* + 2a*6a;-a*6* by «*-‘(a + 6)a; + afc. 

4, If a*y + «, &“« + », c*a;+y, then 

a* + i!?® + c*-6c-ca-a5*a;* + y* + «*-y»-f»-‘(ry. 

6a;® — 14a;* + 16 

5. Reduce ^ 16g - ^ lowest terms. 

«. Solve ^ + 7 - 29 . 7-7-2. 

X y % y 

7. Solve 2a5 + 3y-8« + 36*0, 7a;-4y + «-8*0, 12a;-6y-3i + 10-0. 
& If a : 6*c : prove that 

a : 6 : : N/m*a* + n*c*-p*fi* : \/wi*6* + n*d*-i?*/*. 


VII 

1. Divide -2a;*y“* + 17a;®y"*-6a;^-24a;*y* 

by -a;*y“* + 7a;*y“*^+8a?*y*. 

2. Find the H.G.F. of 

•*a* + 6** - a* - 1 and e**a* + 2c*'a* - a** - 2fl“ + a* - 1. 

9 flVin-nr fVinf 1 At* + " C* - (2* (tt + C + rf - tX^ + C + d “ tt) 

8. Show that ^ '■ 

1 nimnll’fTr Oh(®* +V*) + *»(«•+ ft*), 

4. Simplify 

K a„i„„ x-i X-5 X-7 x-8, 

®— 0 aj""b a;~o a;'-8 

6. Show that if each of the expressions a;* + px + y and «* 4- p'a; > q* 
be divisible by aj+w, then 
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7. A bill of £100 was paid with guineas and half-crowns, uod 
18 more half-crowns than guineas were used ; find how many of each 
were paid. 

8. If o : 6 ; ; 0 : d, prove that 4a® + 6t® : 4c® +6d® : : o®6® : c*d®. 


1. Show that (aa? + fcy + c«)® + (ca;“fey + as)® is divisible by 

(o + oXfiC + i). 

2. Besolve into factors : 

(i) (6 + c)* - Ga{b + c) + 6a* ; (ii) «* + 2ici/ - a* ” 2ay . 

8. Simplify 

4. If a + 6+C“0, show that a*-“6c“6*-ca*c*-a6. 

6. Solve 8(a; + 8)* + 6(a;+6)*-8(a; + 8)*. 

6. Extract the square root of 26»“* — 12® + 16®“* + 4®® — 24®“® . 

7. Find the value of ®, y. s, if ys“4, *®*9, ®y-26, 

8. If a : 6 : ; c : d, show that a(a+fc+c + d)»(a4-fcX<» + c). 


1. Find the value of la*-(6-'c)*[-i6*-{c-a)*Hlc*-(a-6)*[, 
when a*!, 6“2 and c« -3. 

^ ® 1 ®{®* + 3) 

1 Simplify 

3. Besolve into factors o* - 6* + 3ab + 1. 

4 . Solve -y-+^^2 W~ 

5. Show that ■, — * 

(y-s)* (t-xr (as-v) »~® ®~v/ 

6. Solve it+y : ®-y“6 : 8, *+6y"36. 

7. Find the time between 8 and 9 o'clock, when the hands of 
a olook are at right angles to each other. 

8. If o : fc : : 5 : c, show that (o+6+cXo-h+c)-o*+fc*+c». 

X 

1. Divide 27fl* - - 27c* - 64ahc by So - 2h - 3c. 

2. Find the H.C.F. of ®* + 11®* - 64 and ®* + 11® + 12. 

S. Besolve into factors (o* — 6*X®* + y*) + 2(o* + 6*)®y . 


4 . Simplify V - va 

CT + t + 2 

0 * o* 


Hilo 

(o-i-6)* 

ofc 
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5. Show that fl*(6 + c) + h®(c + a) + c®(a + h) + ahdia 
- (a* + 6* + c*X^ + ofl + ab), 

6 Solve V9+^- 

7. One man and two boys can do in 12 days a piece of work 
which would be done in 6 days by 3 men and 1 boy. How long would 
it take one man to do it ? 

8. If a : 6 : : 6 : c, prove that 

a* + o*c* + c* - 6* (' ! - 1 + ^*) (a* + 6* + c»). 


XI 


1. Show that 
1. Resolve into factors : 

(i) a*-'b*-c* + d*-2(ad-6c) ; 

(ii) a;*-i/*~a!“ + 2i/2J + a; + y-«. 

3. Extract the square root of ^ 

i Solve aj + 2y + 3i?*6, 2aj + 4y + «-=7, 3aj + 2y + 9;ef«14. 

6. Find the H.C.F. of +38a;y®-14v® and 

- 7aj*y + 21a;®i/® - 34a;®i/® + 28a^V 


6. A man buys 570 oranges, some at 16 for a shilling and the 
rest at 18 for a shilliog ; be sells them all at 15 for a shilling and gains 
three shillings ; how many of each sort does he buy ? 


7. 

ft. 


Simplify 




If a : 6*c ; d^e :/, prove that 

(a® + c* + fl*X5* + d* +/*) *(a5 + cd + e/)* 


XII 

1. If af*“o + d, y^b-^dt s*c + d, show that 

X® +y® + s*-ys- 0 a;-a?v*a* + &* + c*-’5c- ca-a5. 

• o- r/ y + s , s+ g , g+y 

?. Sunp ify (y»^xz){z^-xy) (0®-gy)(a?*“y«) r®®~ys)(y®~«i) 

B, Resolve into factors : 

(i) g®-2ag-"5**^2a5. (ii) g®+(o+6^c)g + a5+£ifl. 

4. Find the H.C.F. of 6g*-2g® +rg®+9g-4 and 9®®+80g®- 9. 
6g-i "13 3g^5 to, 

16 6g-25‘' 5 


5. Solve 


- 0 . 


f— 30 
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6. A and B oan together do a work in 12 days ; A and 0 in 
15 days ; B and C in 20 days ; find in how many days they will do the 
work, all working together, 

7. Simplify 4N/l57*“3\/75 — 6s/l + 18\/?f. 

8. Show that, ii x : y . . a : b, then will 

x^± a* ^ + 6* ^ (ff + y )*+( a tW* . 
a; + a y + b x^y + a-^b 

XIII 


1. If 2s = a + 6 + c, show that 

a(6~ cXs - a)® + b(c- aXs "• W® + c{a - 6X8 *“ c)* —0. 

2. Show that aj® + a:“a“+a® is divisible by + + 

a 1-- x^-yz . y^-zx , z^-xy 

imp iiy arX2 +^* 

4. Solve ~+^"j’* + ^‘’*=a+6+c-3a!. 
a;— a ai—o ®— c 

^5. Find how many gallons of water must be mixed with 
80 gallons of spirit which cost 15 shillings a gal'on, so that by selling the 
mixture at 12 shillings a gallon there may be a gain of 10 per cent, on 
the outlay. 

.. stapiii, 

7. Simplify 3 VliS - 4 + 2 V64. 

8. If a :^6 : : 6 : c, prove that a*+a6 + 6* : 6* + 6c + c* ; : a : c. 

XIV 

1. I! a + 6+c*“25, and o*-f 6* + a6+s*’“28(a + 6), show that 
(a-s)*+(6-s)* + (c-s)**s*. 

2. If a; + a be a common factor of ct'+ikt-^O and sr' + te-f show 
that a* ^^~p* 

>: Stop* 

.... a-b.a-h a b 
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^7 


6* A oan do a piece of work in 20 days, which B can do in 
12 days. A begins the work, but after a time B takes his place, and the 
whole work is finished in 14 days from the beginning. How long did 
A work ? 

7. Express (a;+aX® + 2aXaJ + 3aXaJ+4a) ai the difference of two 
•qaares. 

8. Show that if a(v + «) * h(s + ®) * o(x + y), then 

^ z-x ^ g-y 

a(d-c) b(c-a} c(a-b) 


XV 


1. For what value of b will a;^ + 2ar*‘ + (o* + 8)aj® +(4a + a6)flj+46 
be a perfect square ? 


2 . Prove that (b - cXl + o>bXl + ac ) + (o - aXl + hcXl 

+ (a - 6Xl + caXl + cb) * - c)(c - aKa - bh 


8 . Simplify 


2aj*+2 


+ + l x+ y/x + l X- Jx + 1 ®*-a5 + l 

4. Find the H.O.F. of 

2a?* + (2a-3h>r*-(2h+3ah)a;+36* and 2a;*-(3h-2c)aj-36o. 


6. Find the value of 


b^ 


2na*^-2nx 2nb^-2nx 


* when a?“ 


2 


20a; + 36 L6«+20_4a; , 86 
Solve —^ + ^16—6 


7, A vessel is filled with a mixture of spirit and water, 70 per cent, 
of which is spirit. After 9 gallons are taken out and the vessel is filled 
np with water, there remains 68i per cent, of spirit ; find the contents 
of the vessel. 


8. If x-9 : y-« ::x* : y*, show that 

x+9 : y+s : : ^ +2 ; ^ +2. 
y X 

XVI 

1. Find the H.O.F. of 

e*+2it*-6iE*-7®+3 and 3«*-8!t*-18a!*+a!*+2e+3. 

t Solve V&iF4. 

8. If (o+6+c)as-{-a+ft+e)K-(a-&+o)»-(«+6-o)w, Bhowthal 
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4. Solve 

® V I 

y X 6 ^ 


6. Eesolve into factors + fc®) + hy[hx^ + a*y). 

ft. Find the continued product of ^/6+ n/o, N/a + 

n/a- ^/6+ Jc, V6+ ^/c- Ja. 


7. 


If 


a+_6|^ 

a-b"“ 


show that 




c* + cd 
cd-d*' 


n/6- 


Je. 


8. Each of two vessels contains a mixture of wine and water ; 
i mixture consisting of equal measures from the two vessels contains as 
much wine as water, and another mixture consisting of four measure! 
from the first vessel and one from the second is composed of wine and 
water in the ratio of 2 : 8. Find the proportion of wine and water in 
each of the vessels. 


XVII 

1, Find the H.C.F. of tc® +a;* + 2a; + 2 and a;* + jr* + l. 
t. Solve _ 

8. Find the value of (^)* + 

4. Show that a*(6 ~ c) + b^{c - a) + c^{a- b) <^h^bc + oa. 

6. If a + 64* c-0, show that 4(6V + c“fl* + a*6*)«(a* + 6* + c»)* 
Hence, prove that (y - «)*(« - a:)* + (2; - x)^(x - y)“ + (a; - y)*(y - «)• 

- (»* + y * + r * - - «a; - ®y)*, 

ft. One of the digits of a number is greater by 6 than the other. 
When the digits are inverted the number becomes | of the original 
nnmber. Find the number. 

7. Simplify 6a;* + 29ie* + 26® - 21 

8. If 3(o* + 6* + c*)“(a+t + c)*, ahow that 0“6”c. 

XVIII 

1. Show that J(®-v)* + (v-«)*+(*-®)*i* 

- 2i(® - vY + (» - z)* + (* - e)* t . 

«. eoi™ ;4^-Wa{ tTrjKi f' 
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8. ftesolve into factors : 

(1) 14flJ*-87»+6. (ii) (l+a)*(l+o*)-{l + c)»(l + a*). 

(iii) w* ~ n* + 2n(m* + n*) - (m + nY[m - n)*. 


4. A baker charges ^d, for a loaf which he represents as weighing 
4 lbs., but which really weighs 3 lbs. 12 oz. After he has sold a certain 
Dumber of loaves, he is detected and fined £5. and thus loses 5 shillings 
more than he has cleared by selling short weight. How many loaves 
did he sell ? 

6 . Simplify ^ 0 ^-^ 


6. If then each of thoBB 
ay -^bx hz + cy cx + az ax + by + cz 


mtios “ supposing a + 6+c not to be zero. 

7. Solve ic(aj + i/ + z)*24, y{x+y + z)’*48t z(a;+v+s)“72. 

8. Eliminate x from the equations a + c^^ -dx, a-c^ ^ - fee. 


XIX 


1, 

t. 

3. 


Solve (a:*-2a!i: + 3a*)^ + (a;*-4fla; + 6a*l^ 

- (iT* - So® + 7o*)^ + (®* - To® + 9a*)^. 

,, , a(a + 6Xa + c) , 6(6+aX6+c) . c(c + aXc + 6) . 

Show that ^ -a+6 + o. 

Simplify c'-:^-^+dr- ' 


4. If m gold coins are equal in weight to n silver coins and p of 
le former equal in value to q of the latter, compare the values of equal 
eights of gold and silver. 

5. If a;-64-c, y»o + a, s-a + ^ show that 

05® + V® 3a?yz * 2(a® + 6® + c® - 8a6c). 


6. 


1 . 


g. 


i + 1 _ 1 . or. a*+fc*-o 6 . 

Simplify 


Eliminate x and y from the equations 

(6+e)»+(o+o)v+(o+i>)-0, (o+a)®+(a+f>)w+(6+o)-0, 

(a + 6)« + (6 + o)» + (e + o) “ 0. 
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XX 


1. Show that o(6 + o)* + Wo + o)“ + c(a + W* “ 4a6o 

■“(ft+cXo+oXo+W- 


2. If «+ a be a factor of a*a:®-6*®*+oc*!r + 3o*6c, and If o 1 b ntt 
oqnal to zero, show that a*+i)®+c*“3aic. 



4 . Divide a*{b - c) + i*(c - a) + c®{a - b) by (a - bXb - cXo - a). 
B. If a + 6+c-O, show that o® + 6* + c*-5a6o(c*-oi)). 


«. Solve “2- 

7. Solve fl® + 6v+c*-o + 6+c. + ^ + 

8. A person starts to walk at a uniform speed without stopping 
from Outtaok to Jobra and back ; at the same time another starts to 
walk at a uniform speed without stopping from Jobra to Cuttack acd 
kmok. They meet 2i kilometres from Jobra and again, an hour after i 
U kilometres from Cuttack. Find their rates of walking, and the 
distance between Cuttack and Jobra. 


XXI 


1. Show that 

\(h + c)* + (c + a)* + (a + fc)*} x \a^{b - c) + h*(c - a) + c*(a - 6)1 
- 2la*(6 - o) + 6*(c - o) + cHa - 6)K 

2 . Show that (olaXa-^+fa-hXfe^ (i-oXc-S 

8. If a+6+O"0, show that a* + a6+6**6* + 6c+c*"o*+ca+a*. 

4. If « - a + 6 + c, prove that 

[$ - 3a)» + (a - 36)* + (a - 3c)* - 3\{a - 6)* + (6 - o)» + (c - a)*l . 

6. Resolve into factors a* + 2a6 2ac — 36* + 26c. 

6. Find the H.O.F. of - 2»* + 6aJ* - 4® + 3 and 

2a?* -05* + 6flj* + 2® + 3. 

7. Find the condition that aa?* + 6a? + c and o'®* + 6'® + c' may have 
a ootDinon factor of the/orwi ®+/, 

8. If o : 6-6 : o— c : d, prove that 

a : d- Vfl*+6*o*+o*o* : M^6*c+d*+6*od*. 



tflSOELLANBOUS BXEBOISB6 VI 


ill 


XXII 

1. Show that a(b- cXl + a6Xl + ac) + b{c- aXl + i«Xl + ba) 

+ da- Z?Xl + caXl + cb) * abda - b)ia - c){b - o). 

2. Jf a + 6 + c“0, show that + 6^ -J-c’ =7a6c(c* — a6)*. 

8. Show that if ax^ + ha; + c and ax^ + b'x + c' have a common factor 
of the form x+ft then will (ac'-a c)®-{hc'-h cXah'-a'h). 


4. A and B run a race ; B has 50 metres start, but A runs 
20 metres while B runs 19. What must be the length of the course that 
A may come in a metre ahead of ? 


6 . Show that tta±!:_2(ir+^Hp+r).(p-.?+^)^ 


p-fl 


«. Show that (a+iXt+oXc+a). 

7 , Solve a; + v + «*2a + 2h+2c, fla;+hy + C2r*2hc+2ca+2ah, 

(h - ck + (c - a)i/ + (a - h )0 - 0. 


8 . Eliminate a;, v, z from the equations 

aa; + cy+h0*O, oa;+hv+a0*O, ha; + ay + c0*O. 


XXIII 

1. Show that [b - cXl + a*hXl a*c) 

+ (c - aXl + h*cXl + h*o) + (a - hXl + c*aXl + c*h) 

- abda + h + cXa - bXa - c){b - c). 

2. Find the L.O.M. of 

2la;*-13a; + 2, 28a;*-15a;+2 and 12a;*-7a; + l, 

8. Show that (a ; + vY - a;^ - y ^ is divisible by (»■ + a;y + y •)•. 

4. If 2s*a + h+c and 2t**a* + 6* + c*, show that 

- a*X^ * - 6*) + (t* - - c») + U • - c»Xt* - a») 

-45(5-aX«-hX5-c). 

5. If (l+«a;'4-yy')*-(l+a;*+y*Xl+»'*+y'“). show that 

oj-a;' and y*y'. 


6. 


WTTtT^iifv hXa* h*) + Mh - cX h * + c*) + ccjc - qXo* + o*) . 

^ ^ o*h*(a - h) + h*c*(h - c) + c*a*(o - a) 

n.-n+.-o. 
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8. Eliminate x and y from the equations 

ax + by ya* + 6*' ^5 + jS-^V^*' + 

XXIV 

1. Solve x-i-y + z^a + b + c, bx‘^cy + az^cx + ay^bz*^ab’^b0'*‘ca. 
Z» Divide 243 into three pirts such that one-half of the first, 
one-third of the second and one-fourth of the third part shall all be 
equal to one another. 

3. If 4(a* + 5“ + c* + J*) = (a + fc+c-l-rf)*, show that 

4. If 25*=a+6+c, show that 

a{b - cXs ” a)® + 6(c - aXs - b)^ + c(a - bXs - c)* -0. 

5. If bz + cy=^a, az + cx — b and ay-^bx — c^ prove that 

a“_ 

6. Eliminate x and y from the equations 

ax'\■hy-x■^y■^xy=x^■^y^-l^(^, 

7. If aa?* -hx'^c and dx^ -bx-^c have a common factor, show that 
a*-aW + cd**0. 

3. If a® + + c® * (a + 6 + c)®, then will 

^8n+i +^2n-»-l =(a + + 

where n is any positive integer. 


XXV 

L If x^a^-bc, y^b^-ca, z^c^-ab, prove that 


{E* -yz y^ 


s _ 


zx 


•- — ^*(a4-fe + cX»+y + s). 
c 


2. If 25 *a + 5 + c + d, show that 

i(bc + ad)® ~ (6® + c* - a® - d®)® * 16(s ~ aXs - bXs - oX» “ d) 

8. Prove that (6 + c-a)® 4-(c+a- 6)® +(a + ^-c)* 

“ 3(6+ c- aXc +a - 6Xa + 6 - c)*4(a" + 6® + o® Sabc). 


4. 


fi. 


Show that, if a + 6 + c*0, then 

Ik-c + L- o + ^)( «- + -9. 

\ a b c l\b-c e-a a-bl 


If X : a^y : b^e ; c, prove that 

i^+ ^ ^ tf * + b* ^ z*+c* ^ (a;+v + g)*+(o->-fc+fl)* 

»+o y+b t+e " K+y+$+a+b+e 
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> Prove that, if oa + tv + of”© and - + - + - -O, 

X y z 

flo?* + fey* + Cje® + (a + + cXv + + icX® + y ) * 0, 


7. 


8 . 


Eliminate aj, y, z from the equations : 

(i) a« + fey+(7«*0 ' 
hx^by + fz^O ^ 
i/»+/y + c»*0 . 


(ii) aiy + z)-^x 
b(z+x)^y 
c{a?+y)«f 


Eliminate Z, ?n, n from the equations 

al^hm^cn 
Z* + w* + n**l 

a*Z* + fe*w* +c*n* *a^*Z + fe'*w f c'*n 


CHAPTER. XXXIV 

QUADRATIC EQUATIONS AND EXPRESSIONS 


We have already explained in Chq-pter XX what quadratic aqua- 
ttons are and how easy types of such equations can be solved. We shall 
in the present article consider some examples of a harder type. 

1. Pure Quadratic Equations 

^ 233. Such equations may, after suitable reduction and transfor- 
mation, be expressed in the standard form 

ax®-c. 


the required solutions are 

The following examples will serve as illustrations 
Example 1. H end v. 

By transposition, we have 


6«*±7_^-^ 35-2a; 16. 
6 !e*-7 9 " 9 ”9* 

e®* 16+9_26 . 


ij 9 *- 't" ’ f oomponendo and dividendo 

a!*-5: x^±j6 
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Sxample 2 . Solve sj®! " 3 ) + 4 

By Iraneposition, we have 


or, 




or, 


Sir* 


3 x-^ 2- 

^ x«+3 


4X 

^ x‘+d 

3 2 

flc* +9 +3 


[ removing the factoi? 18 
from both sideB ] 


+g-2!r* + 18 ; . K* “9 : ±3- t arguing, as before ] 


Example S. If ® 

We have (a + fcX® + Vl + ®*) “ 2a Jl + a:* ; 

(o + 6)»-(a-6)s/r+'!r*. or, {a+6)*ir*-(o-b)*{l + ®*). 
.■. fl;*l{a + 6)*-(a-6)*H(a-6)*. or, !t*.4ob-(a-b)* : 


_*_(ar^')* • 
® 4 oJi> ■ 


®”- 2 ; 75 S 


Example 4 . If 


1 + s/x^-l 


l + 2a Jx^-1 


find a. 

SC * -2 


Put V for Jx*-1 and y* - 1 for 05 * - 2. 


mu U 1 + V _ y-l __l_. 

ThuB, we have i^2av y^~l V + l 

Therefore, (l+v)*-l + 2av, or. l + 2v + v*-l + 2av : 

y + 2“2o, or, v-2{o-l): 

».e.. v'i*-l-2(a-l): ®*-l-4(o-l)* : 

a!«± x/l + 4(o-l)*. 

Example 6 . Solve (a + x)^ + (a — a;)^ “ b. 

Since l(o + ®)^+(o-a:)^f* 

- (o + 05 ) + (a - a:) + 3(a* - a5*)*i(o + a:)* + (a - ®)*i 

•• 2 o + 3 (o*-»*)^xfe : [ because (a+e)^+(a-*)^"6 ] 
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therefore, onbing both sides of the equation, we get 


X* — 'T* a 




Example 6. Solve 


a + a; 


a-x 




o^+(o+a:)^ o^+(a-a!)^ 

Since, (a + x)\a^ + (a - a:)^f - o^(a + a) + (o + (a* - a:*)^ 

and (a - *)jo^ + (a + a!)^f “ a^(a -») + («- ®)^(o* - ; 

therefore, clearing the equation of fractions, we have 
2a^ +[a*- it*)^Ka + as)^ + (a - a!)^i 

- la^ + (o + + (o - 

« o^[a + o^Ko + + (o - !t)^f + (o* - «*)^] 

- ff* + aKa + x )^ + (o - + aha* -x*)^. 


I 

Hence, removing or from both sides and transposing, we get 
a^la - (a* - x^)h • Kfl + + (a - x ja - (a* - ••• (A) 

whence «(a + x)^ + (a - x)^ ; 
squaring both sides, a “ 2o + 2(a* - a?*)^, 
or, -a“2(a*-a:*)^ ; 

*. o*-4(a*-a:*) ; 4a;*«3a* ; 


Note. It must be observed that the above equation admits of another solution 

nohieh has been overlooked : for being a factor common to both sides 

of (A), if this be taken equal to seroj the given equation is evidently satisfied, Bence% 

or, floOis anothe/r solution. The same remark applies to eacmple^ 
^oMeh the student ufitl very easily see for himself. 
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EXERCISE 127 

Find lihe value of x in each of the following equations ; 


1. 24!t+”-^!E. 

X I 

q 14?*+i6 2a;»+8 2ar* 

21 8®* -11 3 

, x’-l !E* + 1„„ 
(i-l)*" (* + !)■« 


, 8x« + 10 - 60 + 4** 

15 ' ■ ^ 

- ___i . 1 ■__i. 

vi-®+i >/r+*-i * 

[ Rationalise both the tenoB of the 
left-hand side and then proceed. ] 


7. (1 +a: + a:*)^“a-{l -!r + a:'’A 

g (x-aXx-b)_ ^ ( x + aXx + b) g 

[x-maXx-mb) (x^maXx-^mb) ' + j - (a»a;* — i)^ ® 

to. (o + !E)^ + (o-a‘)^ = 3(a*-ar*)^. 

.. 6!r* + 17 . 14a:»-117 x*-l x*-b a*-2 **-6 


18. lo+(a*-ir»)¥ + la-(a»-a;»)¥ 


[ Stnoe, a+(a’ -*’)* . • 

and almllarly, a-(a’ I 

the left-hand side s/a(o+x)*, 

Henoe, squaring both sides, (Sco. ] 

(l-“2a?r + l (l+2a;P-l 

11. Solution of Adfected Quadratic Equations 
by factorisation 

284. Adfected quadratic equations can, by suitable lrani*ormar- 
tion and reduction, be expressed in the standard form 

aa:*+te+c-0. 
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ill 


H Ihe left-hand side can be easily faotorised, then by equating to 
MEO either of these factors, we get a solution of the quadratic. 

the following are the illustrative examples. 

Bxample 1. Solve 10(2a5 + 3Xx -* 3) 4- {lx + 3)* ■= 20(x + 3X® ““ 1). 

We have 10(2x‘ - 3a; ~ 9) + (49® » 4 42® + 9) - 20(®* + 2® - 3) ; 

49®*-28®-21-0; 7®*~4®-3-0, 

or, (7®* -7®) 4 (3®- 3) *0, or, (7«4 3X®-- D-O. 
Hence, either 7® 4 3 = 0 1 or, ®~l=0l 

and T*-?/ and ® = 1/ 

Thus, - i and 1 are roots of the equation. 

Example 2. Solve (7-4 n/ 3)® * 4 (2 - x/3)® - 2. 

Since. 7-4 n/3 = (2- s/3)*, 

we have. (2- s/3)*®* 4(2- v/3)® = 2. 

Hence, putting z for (2- n/ 3)®, we have 

0*40-2 = 0, or, («4 2X«‘^’ 1)*0. 

Hence, either, 042= Ol or, s-l—Ol 

and 0=-2/ and ««1J 

Thus, •® = 2 -“^3 ■= - 2(2 4 s/3) 

“ 2 - 

Example B. Solve ••• (1) 

We have identically 

(3®*-7®-30)-(2®*-7®-5)»®*-26 (2) 

this relation is true for every value of ®, and hence it is also true 
iODT the particular value which ® has in the proposed equation. 

Arom (1) and (2), by division, 

(3®* -7®- 30)- (2®* - 7®- 5) _®*-26. 

>/3®*-7®-3CI- s/^»-7®-6" ®“6 ‘ 
or, s/^*^7®-^4 s/^*^7®^6-®4 5. (3) 

From (1) and (3), by addition, 2 s/3®^ 7®^^*2® ; 

3®*-7®-30*®*, or, 2®*-7®-30-0, 
or, (r® 46X®”'6)»0 ; ®«-4, or, 6. 

IV. B. W$ might at well at haiw aubtracted (2) from (S) and got the same result. 
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Example 4. Solve 


1 . 1 

(o+^a!-c) (o+6X®“i) 



1 

1 

105-6 fl + cj 

a + b 

la;-6 


Therefore, either, 

X“~ 0 a + c 


or, 


x-c a-^ b 


whence fl5“a + 6+ 
whence also a5*a + fc+ 


Thus, the equation has got two eqiial roots, 

Examples. Solve + “ V' 

a-^c{a-x) X a -2005 

Hinr.fi “L+_c(oj:®)_ __ a 4 .„c(a + ®) , 

' a + da-x) a+c(a-®) a + da-x) 
we have by transposition, 

(a + jr) a+c(a-fl5)}^ 

nr / , a(14-c) c{a‘¥x) 

‘ a;)a+c(a-a5)( ® (a- 2o®)ltt + o(a-®)| 

(a+gXl"*"c) ^o (a^'g ) 
jr a-2ca?* 

Hence, either, a +{r*0, and »— -a, 

l + c_ c . a(14-c) 


or. 




Thus, -o and are the roots of the equation. 

EXERCISE 128 

Solve the following equations ; 

1. **+9»+18-6-4a!. 2. (*-2X!t + l)-90a 8. e*+8o*-4a» 

4. ^-g^+oh—a*. 5. o6aj*-{o+i))«e+c*"0. 

«. 12«»+a8a«-24a*-0. 7. 10(<r-o)*-4l(a!-a)6+216*-a 

8. ia{*-o)*+28(fl!-oX!t-6)-f5(e-6)*-0. 

•. 90B!*+a!(a+ai)-30(o+6)*+te. 

10 (a-6)**-(o+6)«+»-a 



QUADBATIO HQUATIONB 


U, V It- 

\ / (ai*) ’+(a*6) ’ 3a 2 !e 4 


1 2 i 

JT 

ift . 17. 

0+ J 2 ax-x^ 0,-x 

18. s/3a;® + 7iE-l+ 73®“ + 73;- 10“ 9. 

19. 74®* -7® +16+ 74^-7®-! “17. 

20. 7^*-to + 8- n/5®*-G®-7 “1. 


x-a x-b P 5-0 


17. j2x^ + 5x-2- V2x* + 6«-9-1. 


235. If in the process of solving an adfected quadratic by factori- 
sation, the factors are not easily obtained, any one of the following 
methods should be adopted 

236. The ordinary method of solving an Adfected Quadratic. 

Bring the terras containing the unknown quantity to the left-hand 
side of the equation, and the known quantities to the right-hand 
side; if the ooeliicient of be negative, change the sign of every 
term of the equation and then divide every term by the coefficient of 
a:* ; thus, the equation is reduced to the form x^-^px^Q. 

Now, add (t.e., square of half the coefficient of ®) to both 

si les, on which the left-hand side becomes a complete square and we 

get (a+ 2 ) “ff + V 2 

and, therefore, ®“ — -g + /sj 


BXERCISE 129 

Solve the following equations : 

1. 70® -63 -7a?*. 

[ By transposition, we have -7x* + 70®‘=6S, 

Blnoe, the ooeffiolent of x* is negative, changing the sign of every term, 
we get 7x* ~70i* -63. 

Dividing both sides by 7, x*-10x* —9. 

Now, adding (>^)*, or, 25 to both sides, 

X*-10x+26 - 26 - 9«16, or, (x-6)*«16. 

Henoe, z - 5 4, ( beoause x - 6 la a quantity 

of whloh the square is 16 ); 

xib 6-«-4, or, 6-4, i.e., s»9, or, 1.] 
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1 2a!*-llx+6-0. 

( By transposition, 9I** - Has® - 6 ; 

dividing both sides by 2, - |. 

Adding (V)’ to both sides, 

x*~-Vx+(-V-r=V«‘- 1, i.6., (a-w®!* ; 

V-±l®6, or, i, } 

8. 87-98a:-30ir-16a;^ 

4. I7x*- 85® + 216= 65a: -8a:*. 5. ®*jp-6®-»*-6. 

«. 4(®*-3|®) = 10(®*-4|®-6) + 3(f-«). 

7. 4(5®*-35®) = 5(®*-7® + 12) + ^-”®^ 

g. 2a:+02-2'45®-®*. 9. 4(®* + 23®-24)-29a:* -8fl)+ 1. 

10. (3®-lXa:-4) + (®-2X2a:-3)=4a:(®-3)-5. 

( The left-hand side - (3a:*~13a; + 4)4-(2a;*— 7x+6) = 6a5* — 20aB+10r 


Hence, we have 5x ’ - 20a: + 10 = 4x* - 12x - 5, 

, ‘ . X* - 8x = - 16 ; (by transposition ) 
x*~8x + (4)’-16-16 ; or, (x-4)* = l ; 
z-4^+l‘; /. i = 4±l*6, or, 3. 1 

11. (2a: - 5X3® - 7) - {* - lX4® - 5) = ®* - 3(® + 14), 

12. (3® - llX® - 2) + (2® - 3Xa: + 4) + 13® = 10(2® - D* + 1?. 

13. (® - iXa: - 4) + (® - JXa; - i) * (® - iXx - 1). 

® . 40 _3(iP + ®). 

15 3(10-®) 95 

f „ . 40 3(10+*) * 1 

[ By tranaposiuon. gg— ig'&c. J 

2®.3^-J)0 lto + 70’ 

15 3(10+®) 190 


Ift. 


* + 4 . flc - 4 
aj-4 x + 4 


10. 

3 


[ Sabi "acting 2 from both sides, we have 



x-4 x+4 8 

2_x8 

I* ~ 16 s' 


X*- 16-48; x*-64; x-±P. ] 


Jg X ^ 1 ^ 18. 
® + 1 X 6 


17 


[ Prooeed as In the iMt esaxapltt] 
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IB g+S 1 18-8 2g!-8 
^ e+2 *-2 05-1 


05-2 . x+2 _ 2(a5 + 3), 

b+2^1-2 ®-8 


[ Frooeeding as In eiample 16, we get «*-4a"0| 
whence (a ~9)*«4 ; fl;«8±2»4, or, 0. ] 

g+2 x-2 ^ 5 , 

x-2 aj+2""6' 


20 . 


21 . 

28. 

24. 

25. 

26. 


x -6 

aj-12 x-6 


6 _ x±l ^ 1 

® + 7 ir + 2 3fl; + l 


■Ql 


.2a:-5^ 
flj-4 a;-3* 

+ 7 

fl? + 6“lLc-8 6-4i 

3 . 

fl! + a a; + 2a aJ + 3a « 


[ We have (^+|- 1) _(*_*_ i). 6- . or. *o. &o. ] 

99 205-9 2x-T 7 

“■ 2o 5-7 ar-9 12 

[ C. U. 1878 ] 

[wehave(^^-a) + (|^®-l.)-ij. ] 

-0. 


[wehave(-^--|)+(-J^-i)+(;^- i)-0. 

*(fl5+8o^*+9o 

■] 


whence +“:ro ^ ■ jp - *0, or, ~ 

x+a a:+2a c+Sa ' x+a x + 8a 


k} 


whence 


a;+3a ax-^6a , 


x+a 


x+aa 


287. General expression for the roots of a quadratic. 

iV. B. The roo/e of any equation are those values of the unknown quantity that 
satisfy the equation. 

As every quadratic equation can he written in the form otc'+to+e^O {after 
fuMoble reduction t if necessary), we must regard this equation as the general type of 
aU qua/dratics. Let us solve it. 

By transposition, ax* + fe® ■ - c. 


Dividing both sides by a, »*+ 
AddinT^^^’^P both sides, 

o \S(jv 4a* a 


or. 




c , 
a 



6*-4ao ■ 

~4a* 


-b± s/i*-4flc, 
* 2^; 


1—81 
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ThuB, tlio roots of the quadratic a-r* + 6a: + c"»0, are - ^ ^ 


‘-Ja 


h ^ and, therefore, we roust regard the expression 


~ as the general expression, for the roots sought, 

2a 

B> th< ari'li'.atiion of this fonuula wo can find out the roots ol 
a quadnd.c equation without going tlirough the process expiainod b 
Art. 236. 

Kxauipie 1. Write down the reet? of 2rr* - 13a: + 15*0. 

Ccjjnpin ijg tins with blie 6quati!)n ax** + 6x hc^O, we Lave a *2* 

> 13, c - i 

Cer' c, the roots of the given equati^)^ are 

• 13) ± 4j<_2 115 

2x2 

13± _v^^-T^)^13± M 13 ±7 

4 4 4 


That is. 'X=^5, or, S. 

Example 2. Write down the roots of ~ 3x* * llx *- 4. 
Brin?;ing all the terms to one side, we have -* 3x* ~ llx + 4 -*0, 
Here a * - 3, ?.»* -“ 11, <5-4. 

2x(-3) 

.11 ± ^121 + 48 . 11 ^^® 

”- 6 ' -6 


11 ±13 
-6 


- 4, or. i 
EXERCISE 130 


Write down the roots of the following equations : 

B 3x*-17x + 24-0. 2. a:*+9a; + 20*0. 3. 6fl:*-20-7a;. 

4. - 9x* + 25*6x-10. 5. 8a;*-14a:+ 15. 6. -3x* + 20a;*25 

7 5 + a:-4x®=0. 

f238. Sreedharacharyya's (or Hindu) method of solving a 
quadratic. Reduce the equation to the form pa?* + gfl;*r; multiply 
both sides of tliis by 4p (Be., by four times the coefficient of x*) and 
then add to both sides ; we thus get 4p*a:* + 4|)qa? + (?*"• 4|)r + fl*, 
the left-hand side of which is evidently a complete square, being equal 
to(2fw;+q)*. 
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Hence, we get {2px+q)‘“4ipr + g*, 
or, [2px + fl) - ± 
or, 2jra « - g ± Vi^+g* : 

. — 3 i s/^p r+g* . 

2p 

Example 1 . Solve 5a:*-17a:+6-0. 

By transposition, 6a:* - 17a: » - 6. 

Multiplying both sides by 4 x 5, 

4 X {5a:)* - 4 X (5a:) X 17 - - 120 . 

Adding (17)* to both sides, we have 

4 X (5a:)* - 4 x ( 5 x) x 17 + ( 17 )« =289-120 
or, (2x6a;-17)»-16S; Z. lCte-17-±13: 


a:- 


17+13 


'3, or, j. 


10 

Example:. Solve -8®*+ 10a: "3. 

Multiplying both sides by 4 x ( — 8), 4 x 64x* — 4 x 8 x 10 k — 98, 
Adding (10)* to both sides, 

4 X 64a:* - 4 X 8 X lOa: + (10)* - 100 - 96, 
or, (2 x8a: -10)* -4; 16a;-10-±2: 

10±2 3 1 

®“ 16 “ 4' 2’ 

Example 8. Solve 6a:* + 23a: - 12a: + 10. 

By transposition, 6a:* + Ha:*10. 

Multiplying both sides by 4x6, 4x(6a;)* + 4x(6a:)xll=240. 
Adding (11)* to both sides, 

4 X (6a:)* + 4 x (6a:) x U + (H)* -121+240, 
or, (2 x6a: +11)* -361; 12a: + ll-±19; 

^_-.ll±19_, 

• . 0/ 22 *fi 0^1 

EXERCISE 131 


Solve the following equationB by Sreedharacharyya's method : 
1 . 2a:*+9a:-18, 2. 15a:*-28-a:. 

8. 16a:* + 100 k* 8a:* + a: +40. 4. k*+60k“102-16k-k*. 

6. 17k* + 19k “1848. 8 2ok*— ooK“3(2K-a), 

7. **+aK“aii(3K+o)-2K*, 


488 
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m Equations solved Uke Quadratics. Borne “Oturtions ^ 
DOl ftotually quadratic themBelves, may by suitable BubstitutionSi be 
•zpreBsed as quadratics, and thus solved. 

Example 1. Solve sc* - 10a;* +9-0. 

Putting y tor »*, the equation is y*-10y+9-0, 

or, 

Hence, either, y-1-0, or, y-9-0, 

i.e., V"li 9, 

f.e., »*-!. or, 9, 

i.e., a;-±l. or, ±3. 


Example 2. Solve — « 

8 / 


+x*-26o*. 


Multiplying both sides by **, 25o* + !r*-26o***, 
or, »*-2doV+25o*-0. 

Putting V for **, we have y* - 26o*v + 25o* -0, 
or. (y-o-Xv-25a*)-0. 

Hence, either, v-o*-0, or, v-25o*-0, 

or* 25 o*, 

».e.. e’-o*, or. 25a*, 

t.e., *-±o, or, ±6o, 

Baansple 3. Solve (®*+3®)*~(®*+3»)~6”'0. 

Putting y for x* + 3®, we have y* - y - 6 -0, 

or, (y+2Xy—3)“0 1 

either, (i) y+2-0. or, (ii) y-3-0. 

(i) If y+2“0, we have ®* + 3®+2“0, 

i.e.. (®+lX®+2)-0, 

X--1, or, -2. 

(ii) If y-8"0, we have **+3®-3-0. 

. -b±M. 

Solving the gnadratic, ®“ 2 • 


e--!, -2, or. 


Example 4. Solve (*+2X®+8X®+dX®+6)“3d(**+Te+T). 
Bc'srranging the factors on the left side, we have 
i(e + 2X® + 6)H(* + 8X* + 24(** + 7* + 7), 



XXXIY. ] 


QUADBATIO BQTTAIIONB 


486 


or, («• + 7® + lOX®* + 7* + 12) - 24(®* + 7* + 7), 

or, (tf +10Xy+ 12)“24(v+7), [ putting y for «*+7«] 

or, v* + 22v + 120- 24v + 168, 

or, v*-2»-48-0: (v-8Xtf + 6)-0. 

Hence, either, (i)p- 8-0, or, (ii) y+6-0. 

(i) Ifv-8— 0, we have ®* + 7®-8— 0, 

or, (® + 8X«-l)-0| 

*+8-0, or, ®-l-0, ».e., ®--8, or, 1, 

(ii) If p + 6—0, we have ®* + 7®+6— 0, 

or, {® + lX®+6)-0; 

® + l-0, or, ® + 6-0, t.e., ®--l, or, -6. 

®--8. 1, -1, or. -6. 

Examples. Solve 3®*-4®+ >/3®*-4®-6-18. 

Adding -6 to both sidee, 3®* -4®- 6+ >/^-4®-6-12, 

Putting* for v/3^'^^4®^6, 
the given equation reduces to *® + * — 12, 
i.e., ** + *-12-0, 
or, {*-3X* + 4)-0: 

• either, (i) 5-3, or, (ii) *--4. 

(i) If *-3, V3®*-4®-'6-3, 

or, 3®*-4®-6-9. or, 3®*-4®-15-0, 
or, (®-3)(3® + 6)=0: ®-3, or, -i 

(ii) If*- -4, v'S®^-li-6--4, 

or, 3®*-4®-6-16, or, 8®*-4®-22-0. 

Solving the quadratic, t — n/I6 + 4.66-„ 2± >/TO . 

6 3 


240. Equations of higher degrees solved by factorisation. 
Example 1. Solve ®*-7®+6-0. 

By Inspection, ® - 1 is a factor of the left side. 

Hence, factorising the left side, the equation may be written M 

(*-lX®*+®-6)-0, 

or, '(®“lX*“2X*+S)— 0 ; [ factorising the auadiatlo taolor 



486 


ALOBBBA MADB BAST 


[OHAF. 


either, *-1-0, or, *-2-0, or, *+S-0, 
t.«., *— 1, 2, or, -3. 

Bzample 2. Solve ** 1-0. 

Here, we have (»+lX**-*+l)-0 ; 

/. either, (i)»+ 1-0, or, (ii) *•-* + ! =0, 

(I) H*+l-0,*--l. 

(II) II **—*+1—0, solving the quadratic, we have 


Bote. Th» tguart root of —8 ia an impoia^U operation. 8ueh tfuart ro$t$ 
aro, feoHOMO, fraguontty t***! Algebra and are called imaginary gaanUtlan. 

BnuapleS. Solve **+7®*+8«* + 7*+l-0. 

Vhe left side of this equation ia a reciprocal exprettion and may be 
pal Into botors, as in Art. 143. 

Here, re-arranging the terms of the left side, we have 
(** + l)+7{**+*)+8a!*-0, 
or, (** + l)*+7*(** + l)+6!r»-0. 
or, K®* + l)+*H(** + l)+6*(=^, 
or, (»*+*+lX**+6*+l)-0. 
either, (i)**+*+ 1-0, or, (ii) ** + 6* + l-0. 

(1) If *•+*+!— 0, solving we have 

2 

(ii) If + 6® + 1 »0, solving we have 

-3±JS. 


241. Exponential equations solved as a quadratic. 

■xample 1. Solve 6*“^ + 6“* - 1|. 

Here, we have ^ putting y for 6* 1 

or, y* -Gy +5*0, 

or, (y - iXy - 6) *0, whence y * 1, or, 5* 

i.Set 5**1, or, 5, f.tf., 5**5®, or, 5^; 
a;*0, or, h 
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Example 2. Solve 2“ * + 2*““ “ 3. 


we have 

+ 

oa 

.> = 3, 

: or. 


^ ==■ 3, [ putting V for 2* ] 

or, 

t-‘- 

! J'r -f ! 

+2=0, 



or, 

[y- 

4/!/- 

S)=0, 


or. 8, 

•.a., 

2*.^- 

4, or, 

8, i.e., 

2* 

=2**. or 2* : 


ie“2, or, 3. 


EXERCISE 132 

Solve the following equations : 

1. iE*-6!r* (-ILr-e-O. 2. a!*-4x*+a; + 2-0. 

8. 2a:* + 5a:* -4a; -3=0. 4. a:* + 5a:* -2a; -6=0. 

6. r*-6x* ^6a;•-5a:+l=0. 6. x*-5a:* + 14a:*-2Cte+16-0. 

7. X* + 8a-* + 24a:* + 32a- -20=0. 8. (® + 2Xx-l-3Xx-»-4Xx + 6)-360. 

9. {x - iXx - 2X* + 3Xx 1 41 !- 4 =0. 

10. x*-4**-x* + 10a;-f4- a 11. x*-6x* + 15x*-18a:+6-0. 

12. 2a;*-5x*-3a:*-l-9a:“-x-2=0. 13. x*-l»0. 

14. **-37®*-f-36“0. 15. 3*"* + 3“"* =4. 16. 7*“* + 7*"*-lJ. 

17. 2* -2*-** = 7(^2^). 18. x*-l-0. 19. ll* + ir*-12lij,. 

20. 2a:*-6®-6 V2a:*-5x + 3“ -8. 

21 . 9x-4a;*-l- V^* - 9x^+ll =5. 

22. 2(x*-3x + l)* + 6{x*-3x+l) + 3-0. 

23. (® + 4Xx-^■l)•^ s/(x + 5Xx-3) = 3x + 31. 

24. lOx* - 63a;* + 52a:* + 63a; + 10=0. 


2tt. The Nature of Roots of a Quadratic. If a. p denote the 
roots of the quadratic equation ox*+6a: + c=0, we have by Art. 237. 

and 

Three disfcinct cases do, therefore, arise accordmg as the expressioD 
binder the radical (b*-4ac) is (1) zero, (2) positive and (3) negative. 

Case I. Equal Roots. If 6“ - 4ac *0, ~ 4ac - 0 ; 


a 


-b + 0 
2a 


A 

2a 


and 




6^ 


Hence, the roots o/a«* + &r + c-0 ara real and equal if 
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Example. Examine the roots of 4a;* - 1205 + 9 "0. 

Here, a = 4, fc* “12 and c“9 ; 

. • . 6* - 4flc = ( “ 12)* “ 4.4.9 » 144 - 144 » 0. 

Hence, the roots of 4a5* “12a; + 9“0 are real and equal and are 
found to be 5, 

Case 11. Real and Unequal Roots. If 6* “ 4ac is a poottne 
quantity, ^6* - 4flfc is reaZ. 

a and ^ are real but unequal. 

Hence, the roots of ax^ — ^ are real and unequal if 6*“4ao 

is positive, 

(i) If i* “ 4uc iii a perfect square^ 4ac is rational and real, 

In tliis case, tho roots are also rational, real and unequal, 

(ii) If is positive but not a perfect square, s/i* — 4ao is raal 

but irrational. 

Hence, the roots are also real, irrational and unequal. 

Example 1. The roots of 2a;* + 7a;- 4=0 are real and unequal as 
well as rational, since 7* — 4.2.( — 4)=49 + 32 = 81 is positive and a perfeol 
square. The roots are found to be i and - 4. 

Example 2. The roots of 2a;* “9a: + 8=0 are real, unequal but 
irrational, since, (-9)* -4.2.8 =81 -64 *17 is positive but not a perfect 
square. 

Thus, the roots are 


Case ill. Imaginary roots. If 6*-4ac is negative, V6*-4ac 
■■the square root of a negative quantity, which is an impossible 
operation. Such square roots are however, frequently used in Algebra 
and are called imaginary quantities. 


Hence, if 6*“4ac is negative, the roots of aa;* + 6a; + o*0 are 
imaginary quantities. 

Thus, the roots of a;*“X + l*0 are imaginary, since (“l)*“ 4.1.1 
“ 3 and is, therefore, a negative quantity. 


. 1± n/(“1)*“ 4.1.1. ... 1± v'-S. 

The roots are - * ».«.• — ^ — 

EXERCISE 133 


Examine the roots of the following equations : 

1. 3a;* +2025-19*0. 2. Sa;* -1825+9-0. 8. a;*+6a;+4-0, 

4. 4a;*-12a;+9-0. 6. -3a;*-2a5+6-0. 8. -4a;*+6«-8-0. 
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7. 8a:*+7*+8-0. 8. 4a:*-8®+(4-o*-6*)-0. 

». (a-6)!r*+2(a + 6)!t-(a-5)-0. 

10. For what value of m will the equation 2ir* + 8a!+«»"0 have 
equal roots ? 

11. If 4®*— p®+9“0 has equal roots, find p. 

12. For what value of m will the equation ®*-2(6 + 2«i)« 

+ 3(7+ 10»»)“0 have equal roots ? 

[ By the condition of the problem. 

{ - a(6 + a - 4.1 .3(7 + in Til - 0. i.6.. 4(5 + 2m)* - 4.3(7 + 10m) - 0, 

or, (a5 + a0w + 4m*)-3(7 + 10m)-0, or, am*-5m + a«0, 
or, (2m-l)(7n~2) =0 ; w«i, or, a.] 

+ 14.T + 9 

13. Find the greatest and least values of -i- values 

of X, 

[Lot ^ Than ** + Ui + 9*m(#’ +ax+3), 

X +asc + o 

or, (l~m)i* + 2(7-m)*-f 3(3-m)*0 ; 

. a; - m)*-4( l-m ):3(3^?;5 

The expression under the radical sign 

*= 4(49 — 14ni + m*) — 12(3 - 4m 4- m *) 

» — 8(m*+m~20)» -8{m-“4)(m+5), 

Slnoe X Is real, the expression must be positive or zero, 
i.fl., --8(m - 4)(m + 6) must be positive or zero, 

rn cannot be greater than 4, but may be eq_ual to 4 (since for any value oi 
m greater than 4, say 5, the expression is negative). 

Hence, the greatest value of the expression « 4. 

Similarly, m cannot be loss than -5, but may be eqaal <o ( — 5) (since foe anff 
value of m less than ~ 5, say - 6. the expression is negative). 

Hence, the least value required = - 6. j 

14. Prove that must lie between 1 and - tV for all real 

values of x, 

IB, Prove that the value of ^ muBt not lie between —8 

and 8, if a; be real. 

and proceed ae in Bx. 18.] 
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16. If (T be real, prove that ^ cannoi lie between 

*6 and S. 

17. If jr be real, prove that ^ cannot lie between 2 

and -“V. ^ 

18. If tt be real* the vaka of does not lie between 

I and 1. 


*243. A quadratic equation cannot have more than two roots. 

Let aar* + ha; + c*0 be any quadratic equation. To prove that it 
oazuDol have more than two roots. 

Proof. Since ax* + + c 


[ putting a for — and fi for ^ 1 

^ 2a Sa J 


and since a is not zero, we have aa:* + 6a;+c=*0, when and only when 
any one of the two factors ar-a, a;- ^ is zero, 

f.f!., when and only when a;* a, or, fi. 


Thus, the quadratic equation aa!* + 6a: + c«0 has got the two roots 
a and and no more. 


244. If a quadratic equation in x n satisfied by three different 
values of x, the equation will he satisfied by every value of x. 

Let the quadratic equation aa;* + ^ + c«0 be satisfied by three 
different values a, y of x, 

aa* + 6a + c»0, (l) 

a^* + 6/3 + c = 0. — (2) 

and ay* + hy + c=*0. (3) 

Subtracting (2) from (1), we have /J*) + 6(a^/J)»0, 
or, (a - ^ )}a(a + ^) + 6l * 0. 

Now, *.* a-p is not zero ( a and P being different ), 
a(o + /5)*f6*0 ”• (4) 
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Similarly, £rom (1) arid (3), 

fl(a + y) + 6»0. (6) 

Bence, eubtraofcin^ (6 ' Iroix' (4), 
a(p-y)«0. 

Bnfc, /J-y is not zero ( since ^ and y are different )- 

a»«0. 

Bonce* from (4), 0.(a + ^) + 6*=0| *.a* 6*0. 

Since, ft*0, 6*0, we have from (1), c*0, 

ax ^ 4 6a;4c*0,ir* + 0,aj4*0*0/or every value of x. 

£45. Relations betw^^en roots and coefficients of a qaadratie. 

If a and ^ be the roots t,:ie quadratic ax* + 6a5+c*0, to prove that 

6 c 

a 4 ^ anc i/? ** 

a a 

Solving the equation at i”. Art. 237, we have 
- 6 + 

“ — - 

and 

2c 

Hence, by addition, a + ;? * ^ • 

j L li.* I’ i.» . f-“6+ iv/6* 4ac)( “* 6 - v^6*-‘4ac) 

and by multiplication, ~ a 

( - 6)* ~ (6* - 4ac) 4ac c 
“ 4i* "4a*" a' 

Since, the equation ax*4 6a:! + c*0 can also be written as 
b 0 

«■+ “ *0, we may express the results as follows ; 

In a quadratic equation of the form x*+iw + q*0 (».s., where the 
Miffioient 0 / x* * 1 and the terms are ail on one sideu 

(i) the sum of the roots* - the coefficient of x ; 

(ii) the product of the roots * the constant term, 
t.fl., the term independent of x. 

Example 1. If a, ? denote the roots of the quadratic x* + 6x + 9*0 
prove that a + P - - 6 and off * 9. 

Here, the coefficient of and the terms are all on one side, 

Hence, we have a + p— -the coefficient of x*-6 and aP*the 
constant term *9. 
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Example 2. If a, p be the roots of 3a;*-17fl;+19»0, prove that 
« + and 

Re-writing the equation in the form »•+(- V)a!+V"0, so that 
the coefficient of * 1, and the terms are ail on one side, we have 
0 + ^" -the coefficient of aJ* 
and afi * the constant term “ V. 


Example 3. If a, are the roots of a:* +i)a; + q-0, find 
(i)a-/3; (ii)a® + |3*; (iii) 

We have a + ^» --the coefficient of x in aj*+iW5 + q* -p, 
and * the constant term * q. 


(i) Since (a-|5)**(a + |5)*-4a/3»(-p)*-4q*p*-4q. 


(ii) 

(iii) + 


« (a + /J)® - 3a^(a + p) = ( - p)* - 3q( - p) - - p® + 3pfl. 

- 1 * 1 + i 

a 0 a0 Q 


246. Formation of equations with given roots. 

Let a, be the given roots and let a;*-paj+q*0 be the equation 
sought. 

a + ^“ -(the coefficient of x in x^-px + q)’" “(-p)"Pi 
and aP ■ the constant term * q. 

Substituting for p and q in a;®-pa; + q®0, 
the required equation is a;*-(a + ^)a; + a^»0, ••• (A) 

or, (a;-a)(a;-/?)*0. ••• (B) 

Otherwise : The expression ix - a)ix - jS) is zero, if any one of its 
factors aj-a, aj-i5 is zero, 

f.s., if X has any one of the values a and 
Hence, the equation whose roots are a, p is (fl5-aXaJ-"^)*0. 

[ JEQvldently the equation has no other roots ; for, If the left-hand side li isto, 
one of its faotozB must be zero, so that x must have one of the values a or /3. ] 

Note. Similarly, the equation lohoee roofe are a, p, 1 1s (a— a)(a — Tfl 
•0, and 80 on. 

Example 1. Form the quadratic whose roots are 4 and -5. 

By (B), the equation is (a;-4){a;-(-6)[“0, 
i.fl., (a?-4Xa: + 6)-0, 
or, ®* + a5-20"0. 
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BzampleS. Form the quadratic whose roots are 8+J6 and 
8- v6. 

Since, (3 + ^/6) + (3 - J5) * 6, 

and (3+ ^/6X3- V5)»3*-5*4 ; 
by (A), the equation sought is a;*-6«+4*0. 

Bzample 3. If a, ^ are the roots of ax^ + bx + c^^Q, form the 

equation whose roots are - and ^ • 
p a 

By (A), the required equation is 

f »•- 


Since, a + p * — “ and afi 


we have 




Hence, the required equation is + 

QfC 

or, acx^ - (5* - 2ac)® + ac » 0. 

Bzample 4. Form the quadratic whose roots are the reciprocals 
of the roots of the equation a;* + 3a? +4*0. 

Let a, ^ be the roots of a?* + 3a: +4*0. 

Find the equation whose roots are ^ and “ 

a p 

By (A), the equation required is 

But since a, are the roots of fiP* + 3fl; + 4-'0, we have a + (l--3 
and a8*”4. 

• “±l_z3, and 

•ad i ““ ad 4 

Hence, from (l), the required equation is a:*-(-f)a; + i-0, 
or, a?* + }a^ + }*0, or, 4a?* + 3<c + l-0, 
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247. Commou Roof of two f^quations. 

Lei a** the common root of the oquatioDB ooj* + i?(r+ C"*0 anfl 
a'a;* + t jr 4-c'^O. 

We have act* iwi c*0, and ^ 

By croBB-muliiii'icalion, 


1 


be “ b'c ca - c a ah' ah ’ 


n be b c n __ ea ( „ 

° "^ab'-ab ° ab'“-ah* 

(i) 

be' -b'c ^/ca ~c'a\*j 
ah' - ab \ab - ah) 


{ca‘ - c'a)* “ {be — b'cXab' - ah) 

- (2) 


wtiich ie the condition that the equations shall have a common root* 
From (1 ), the common root 

0 * ah' -a' h hc'-b'c eg ' - c 'a 

a " ca'-ca '"ctt^"“ca ad'-c'fe 

ab'-a'b 

EXERCISE 134 

Form the equations whose roots are : 

1. 3 o,rid 1. 2. Sand -7. 3. 3 and i. 

4. (i) 4 + v5 and 4- n/ 5 ; (ii) 2a^ Jb and 2a - Jh. 

B. Find the sum and the product of the roots o* ; 

(i) a?*-5x + 6=0 ; (ii) a?*+9aj“13*0 ; 

(iii) *-'3it* + 20a: + 15*0 ; (iv) 5a:*“'7a?+3 ; 

(v) 3a: + l*-15a;*. 

6. If a and P are the roots of the equation «* + + fonn the 
aquation whose roots are : 

(i) a* + a^ and ^* + a^ ; 

[ (a* + a/3) + (/3* + a/3) » + 2a/S+ i?* - (a + ft ’ - ( -jp*. 

and (a* +a/3)(/3*-t-ttft»=a(a + ftfta+ft«afta-*-/S)*»jp*j ; 

slaoei aiid 

Hence, the requited equation Ib «•— p*«+jp*g««0. ] 

(ii) a* + fi* and 2aP : (Hi) a~'+p'* and ! (iv) a+ ^ and J"' 
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7. H the equations ®* + te+ca“0 and !E* + ca: + o6“0 have a 
oornmon root, tbeir other roots will satisfy the equation a:* + aa: + 6c"0. 

[ C. U. F. A. 1879 1 

[ Iiet a - the common root oi the two equations. 

Then, a* + 6a + ca = 0, ( 1 ) 

and a*4-ca+afc = 0. 

Subtracting, {b ~ e)a + a(c - 6) «= 0 
Dividing by — c), a~a~ 0 , i.y., a = n. 

Since, the proiiuct of the roots of the first equation^ cn, and one of theit 
roots - a. 


the otiior root of the let equation *c. 

* a 

Bimiia, ly. the remaining root of the 2 iid equation 

Honce, the required equation ha., the roots n aril c. and is, iherofore, 
flc'-<i»4-c)a; + fer = 0. — (2) 

Binoe, a = o, we have frorn (1), 

+ ^.e.^ o(a 4 f + c) =» 0, or, a + fc + c*"©, 

ir.'Ui t‘i), we have 4 .’' 4 az r 6c~0. ( j+c~ ) ] 

[f X be real* shov can have any roai value, 

1 +X 1 ““iT 

[ M. D. 1883 ] 

(, Ijet the given eipreBsioni = t 
, w*(l — z) — a ■ 
l-z* 

oif, t/or* -(m' 4 -n*) 2 ’ C. 

Solvinc « - J{m * + n*r+ 4pU - w M n’’) 

2|^ 

Binoe, x Is reaJ, the expression under the raduia] sign must be positive, 
or, — 4p(77i* -n’l + ij/* is positive, 

or, — 4 j/(m*~n*) + 4 iy* + 477i’n’‘ Ip positive, 

or, n’-Spl’ + iw’n* must be positive. 

This condition can evidently be satisfied by giving any real value to p, i,e., to 
the expression. ] 


9. If the eqaationa x^-^px~hg^0 and a:* + p'aj + ff'*0 have a 
oommoB root, show that it must bo 


Miher. 


VQJZP’Sl, 

g-flr' 


or. 


P'-P 


10. Form the equations whose roots are the reciprocals of the roots 
of (i) 3flr*+8af+91“0 ; (ii) aa?* + 6ac+ c»0. 
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11. If one root of the equation + be the square of the 

other, prove that 6® + a*c + ac* * 3ahc. 

12. If ax^-^bx + c^ax* + b'x+c\ yfhen a; -183, 281 and 397 respec- 
tively, prove that a*a , fe-fc' and c=c . 

[ (ax* + bx+c)“(a'x* + 6'*+c) = 0, 

i. 0 ., (a - a)x * + (ft — b')x + (c — c') = 0 for three distinct values of x. 

by Art. 244, a-a'*0, 6-6' = 0 and c-c “0, ] 

13. Find a, b, c, if (a - 12)ir ® + (6 - 31)® - 181 - c for any value of ®. 

14. Find k, if the roots of 5®* + 7A;® + 3“0 be the reciprocals of the 
roots of 3® ® + (8 /c)® + 6 = 0. 

15. Find a and /c, if the roots, of 3®“ + 2^®+fc+2-0 be the 
reciprocals of the roots of 2a®* + (/c + a)®+3-0. 


CHAPTER XXXV 
EQUATIONAL PROBLEMS 

248. What are .eggs a dozen when two more in a shilling’s worth 
lowers the price one penny per dozen ? 

Let ®-the number of eggs we get for a shilling. 

12 

Then the price of each egg « pence, 

® 

144 

and the price of a dozen — — pence. ••• (1) 

3 / 

If two more were obtained for a shilling, i.e., if (®’b2] eggs were 
worth a shilling, the price of a dozen would, for a similar reason, be 

144 

2 pence. 

But by the condition of the problem, the latter price is one penny 
less than the former price, hence, 

144 ,.144_., . 

®+2 ® ' 

®* + 2®-288, 

®* + 2®+l-«289; 

® + l-17. 

®-16. 

Hence, from (1), the price per dozen -95, 
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. 249 . Find ^ two numbers, whose ditTerenoe multiplied by the 
difference of their squares *160 ; and whose sum, multiplied by the sum 
of their squares gives the number 580. 

Let x-¥y and cc-y be the numbers. 

Then, by the Ist condition of the problem, 

2y.(4aJi/)*160, 

or, iry**20. — (1) 

By the 2nd condition of the problem, 

2rtl2(aj* + y*)}=580, 

or, a;(fl;“ + p*)*145. (2) 

From (1) and (2), by subtraction, 

a.8«i25*5»; 

a;*5. 

Hence, from (1), xy^ * 6.v* * 20, 

1 . 6 ., y*-4; 

y-2. 

andy*2. 

Hence, the required numbers are 7 and 3. 

250. A sets off from London to York and B at the same time 
from York to London, and they travel uniformly ; A reaches York 
.6 hours and B reaches London 36 hours, after they have met on the 
'oad. Find in what time each has performed the journey. 

L M jr 

Iff n 

Let L and Y represent London and York respectively, and M the 
jlaoe where the travellers meet. Let w, n be the measures of LM, MY 
.’espeotively in kilometres. 

Now, since A travels n kilometres (i.e., from ilf to F) in 16 hours 
he travels 1 kilometre in - hours and /. m kilometres in • m hours ; 

fl 71 

16 

lenoe, the time in which A travelled from L to Af* — * m hours. 

0 

Similarly, the time in which B travelled from F to Jf * - * in hours. 

'/I 


1-93 
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Now, sinoe they started at the same instant, the time in whioh 
A travelled from L to AT is evidently equal to the time in which 
B travelled from Y to M, 



36 , 

— • n, whence — 
m n 


3 

2 * 


Hence, the time in which A performed the journey 
■ 16| hours = 40 hours ; 


and the time in which B performed the journey 
■■(^•n + 36) hours = 60 hours. 


251. A fraudulent tradesman contrives to employ his false 
balance both in buying and selling a certain article, thereby gaining 
11 per cent, more on his outlay than he would gain, were the balance 
true. If, however, the scale-pans, in which the article is weighed when 
bought and sold respectively, were interchanged, he would neither gain 
nor lose by the transaction. Determine the legitimate gain per cent, on 
theuarticle. 

[ In a false balance if any weight be placed on one of the scale-pans, the weight 
to be put on the other pan In order to make the beam horizontal will be different 
For Instance, If In buying rice a five-kilogram counterpoise be put on the pan, th 
quantity of rice put on the other will be either more or less than 6 kilograms. 
Suppose when the five-kilogram counterpoise is put on t he scale-pan A, we are rcv^ aired 
to put on the pan B, a quantity of rice whose real weight is greater than 6 kilograms ; 
but whatever may be its real weight, as its weight now Is supposed to be equal to the 
weight of the counterpoise, we take it to be 5 kilograms. Thus, we take for 5 kilograms 
what is really more than 5 kilograms. Hence, if the merchant contrives to put the 
counterpoise on A and the article bought on B, he will evidently take away more of 
the article than he is supposed to do ; lot the supposed weight of the article, so 
bought:, be tv kilogntms ; if then W kilograms be the real weight of the .article, w Is 
less than W, Again, in selling the article if ho puts the Qounterpoise on B and the 
ari cle on A and if W be the weight of the counterpoise, then 17' is greater than 
W, By this contrivance then the merchant buys 17 kgs. of the article at the prioe 
of tv kgs. and sehs away these 17 kgs. again at the price of 17' kgs. Henoe, in such 
a transaction the merchant’s gain is two>foId, he buys more of the article than he 
pays lor and the whole quantity thus bought he sells away at the price of a still 
greater quantity. ] • 

Let w and W be the apparent weights of the article when bought 
and sold respeotively. 
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Then, evidently w is less, and W* greater, than the true weight. 

Let prime cost of unit of weight, 
a;*” the legitimate gain per cent. 

Then, the selling price of a unit of weight 
hundredths (l"*" 

Hence, the price paid by t^^e merchant in buying the article, i.i. 
his outlay and the price realised by selling ' 

by the condition of the problem, 

T7.p.(l + i^ *tt;.p + (aj+ll) hundredths ofw,p. 

If the scale-pans were interchanged, the cost of buying the article 

wo "Id be W\p and the price realised by sale, w.p. hence by 

the 2nd condition of the problem, 

tt>.p.(i+iJ))-Tr.i.. - - (2) 

Frum (1) and (2), 


' X ^ ,.a: + ll, 

100, ’00 

Udo/ 100 4 100 4 Ido 

^ 1 • 

100 10-2 10* 
a;«10, 

f.c., the legitimate gain is 10 per cent, 

252. A body of men were formed into a hollow square, three 
deep, when it was observed that with the addition of 25 to their numl^r, 
a solid square might be formed, of which the number of men in each side 
would be greater by 22 than the square root of the number of men in 
each side of the hollow square. Squired the number of men in the 
hollow square. 
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[ A number ol men are said to be arranged In a solid square when they are 
arranged in parallel rows and the number of rows is equal to the number of men in 
eaoh row, The following diagram, In which A,, Bi, Cg, &o, represent men, will 
clearly lUustrate the matter. 

A, B, G, P, G» 

A. 

B. 

0, 

D. 

B, 

B. 

G. 

H, 

A. 

B. 

0.- 

D.- 

B.— 

-P. 

1 

G. 

H. 

A. 

Ba 

0. 

1 

D.- 

1 

Ba 

1 

P. 

G* 

H, 

Aa 

Ba 

1 

0. 

1 

1 

D.- 

B. 

P. 

1 

G. 

Ha 

A 

p 

i - 

D « 


1 

.S' 

n 

TT 

At 




iiii— 

* • 

«« 


h-i 

B, 

0 , 

D, 

B, 

p, 

G, 

H, 

A. 

B, 

0 . 

D. 

B. 

p. 

G, 

H. 


The above diagram reprosentB an arrangement in whloh there are 8 rows, each 
eontalnlng 8 men. This le a solid square, II the square be removed 

from Inside, the remainder will be a holUno square two deep having 8 men in each 
side ; if, however, the square D^E^E^Dt be removed, the remainder will be a hollow 
square three deep, 

Henoe, the number ol men in a hollow square two deep having x men in each 
ilde»K*-(ac-4)* ; in one three dsnjp 6)* ; and so on ; thus, the number 
of men in a hollow square n deep having a; men in eaoh Bide* a* - (a ~ 3n)*. ] 

Let the number of men in a Bide of the hollow square ; then 
the whole number of men* a?*- 6)* — (1) 

Henoe, by the 2nd condition of the problem, 
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a;^‘“2*7; whence tr* 81. 

Hence, from (1), the whole number of men 
-81*“75**156x6-936. 

253. K engages to play a game of chess with B on the following 
condition that B should name a certain number and put into iTs 
poBBOBsion twenty-four rupees together with as many rupees as equal to 
the square of this number and that at the conclusion of the game K 
should return to B only a number of rupees equal to eight times the 
number named. What number could B name with the greatest advantage 
possible to himself ? 

Let 5r*the number which B should name ; then he has to deposit 
with jSC, (24 + a;*) rupees and get back at the end of the game only 
6a: rupees ; 

hence, B has altogether to lose (fl:* + 24-8a:) rupees, 

X must be such that this loss may be as small as possible. 

Now, since a:*-8ir + 24“(a:-4)**f 8, which is always greater than 
8 except when a:*°4, the loss will for all values of x be greater than Be. 8 
except when x has this value. 

Hence, in order that the loss may be a minimum B should nance 
the number 4. 

254. With the object of examining a student of the Ist year 
as regards his progress in Algebra, I undertake to engage in a certain 
contract with him, which is as follows : be is to give me a certain 
number of books, each worth as many rupees as the number of books, 
and to get from me in return six times as many rupees as any of those 
books is worth and also 21 rupees more. How many books should he 
bring me, with the greatest possible advantage to himself ? 

Let a; “the number of books that the student brings me ; then, 
since the price of each book is x rupees, evidently I get sc* rupees from 
him ; and in return I give him (6a; + 21) rupees. 

Hence, his gain (or loss as the case may be) *(21+ 6a; -a;*) rupees. 

Now, 21 + 6a:-a;**21-(a;*-6ar)*30-(a:»-6a; + 9)*30-(®-3)*. 

Evidently, therefore, the student is a loser if a; -3 be greater than 6. 
1 . 6 ., if X be greater than 8 ; and he is a gainer if a; be 8 or less than 8. 

But not only should the student be a gainer but his gain must be 
the greatest possible, which evidently is the case when («-3)* is the 
least possible, t.6., when a; *3. 

Hence, the student should bring me only three bocks. 
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255. Baxna, Lakshmana and Bbarata went to visit a Bishi and 
brought their wives with them. The Bishi knew the wives' names to be 
Urmila, Mandavi and Sita, but forgot which was the wife of each hero. 
They told the Bishi that they had given presents to Pandits, and that 
each of the six had rewarded as many Pandits, as he or she had given 
gold mudras to each Pandit. Bama had rewarded 23 more Pandits than 
Urmila, and Lakshmana had rewarded 11 Pandits more than Mandavi, 
likewise each hero had given away 63 gold mudras more than his wife. 
The Bishi having thought on what they said, dismissed them with his 
blessing, naming correctly the wife of each hero. Prom the conditions 
given, do you also find out the names of the wives ? 

Let £r-*the number of Pandits rewarded by any hero, 
and y*the number of Pandits rewarded by his wife ; 
then the number of gold mudras given away by the hero*®* ; 
and the number of gold mudras given away by his wife“i/*. 

Hence, by the last condition of the problem, we have 

or, (x+y){x-y)^6B. 

But 63*63 X 1, or, 21 x 3, or, 9 x 7 ; 

hence, since aj+y and rc-y are positive integers, and a5 + y is necessarily 
greater than aj-y, we get the following three pairs of values fora; + y, 
and x-y and no other, 

(1) a;+y*63 1, (2) a; + y21 1 (3) a: + y*9 1 

aj-y*! / a;*-y*3 / x-y^l i 

Hence, we have the following three pairs of values for x and y : 


(1) *-321. 

(2) *-12 1 

(3) !E-81 

»-3l/ 

V-9 / 

v~li 


f.0., the 'wife of the hero who rewarded 32 Pandits, rewarded 
21 Pandits ; 

the wife of the hero who rewarded 12 Pandits, rewarded 

8 Pandits ; ••• ••• (a) 

and the wife of the hero who rewarded 8 Pandits, rewarded only 
one Pandit. ••• ••• ••• (p) 

Now, let us find out the names of the wives from the other condi- 
tions of the problem. 

The number of Pandits rewarded by Bama may be 32, 12 or 8 ; but 
since he is known to have rewarded 23 more Pandits than somebody 
elsei the number of Pandits rewarded by him must be 32. 

The number of Pandits rewarded by Lakshmana may then be 
either 12 or 8, but as he is known to have rewarded 11 more Pandits than 
somebody else, the number of Pandits rewarded by him must he 12. (a) 

Hence, the number of Pandits rewarded by Bbarata must is 8. (6 
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Again, uinoe lihe number of Pandits rewarded by Urmila is 23 less 
than the number rewarded by Rama, it must he 9 ; hence, by (a) and (a), 
Urmila is the wife of Lakshmana ; 

also, since the number of Pandits rewarded by Mandavi is 11 less 
than the number rewarded by Lakshmana, it must he 1 : and, therefore, 
by (rt and (6), Mandavi is the wife of Bharata ; evidently therefore, 
Sita is the wife of Rama. 

Thus, we have 

Rama V Lakshmana 1 Bharata \ 

Sita J Urmila J Mandavi J 

EXERCISE m 

1. A person bought a certain number of oxen for £80 ; if he had 
bought 4 more for the same sum, each ox would have cost £1 less ; find 
the number of oxen and the price of each. 

2. A gentleman sends a lad into the market to buy a shilling's 
worth of oranges. The lad having eaten a couple, the gentleman pays 
at the rate of a penny for fifteen more than the market price. How 
many did the gentleman get for his shilling ? 

3. The plate of a looking glass is 18 centimetres by 12, and is to 
be framed with a frame of equal width, whose area is to be equal to that 
of the glass. Required the width of the frame. 

4. A and B lay out some money on speculation. A disposes 
of his bargain for £11, and gains as much per cent, as B lays out ; B'a 
gain is £36, and it appears that A gains four times as much per cent, 
as B, Required the capital of each. 

5. A boat’s crew row 3J kilometres down a river and back again in 
1 hour and 40 minutes. Supposing the river to have a current of 2 kilo- 
metres per hour, find the rate at which the crew would row in still water, 

6. What two numbers are those whose sum multiplied by the 
greater is 204 ; and whose difference multiplied by the less is 35 ? 

7. What two numbers are those whose sum added to the sum of 
their squares is 42 and whose product is 15 ? 

8. A and B distribute £60 each among a certain number of 
persons. A relieves 40 persons more than B does, and B gives to each 
5s. more than A, How many persons did A and B respectively relieve ? 

9. The product of two numbers added to their sum is 23 ; and five 
times their sum taken from tlie sum of their squares leaves 8 ; required 
the numbers. 

10. A horse dealer buys a horse, and pays a certain sum for it ; he 
afterwards sells it again for Rs. 171, and gains exactly as much per cent, 
as the horse had cost him. How much did he pay for the horse 7 

11. The small wheel of a bicycle makes 135 revolutions more than 
the large wheel in a distance of 260 metres ,* if the oiroumferenoe of each 
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were one-third metre more, the small wheel would make 27 revolutions 
more than the large wheel in a distance of 70 metres. Find the circum- 
ference of each wheel, 

12. By lowering the price of apples and selling them one penny 
a do;5en cheaper, an apple- wo'nan finds that she can soil 60 more than she 
used to do for 5?. At what price jier dozen did she sell them at first ? 

13. There is a number between 10 and 100 ; when multiplied by 
the digit on the left the product is 280, if the sum of the digits be multi- 
plied by the saTue digit the product is 55 ; required the number. 

14. J and H are t\^o stations 000 kilometres apart. Two trains start 
simultaneously fro n A and B, e.icli to the opposite station. The train 
from A reaches B nine hours, the train from B reaches A four hours, 
after the> meet. Find tho rate at wliich each train travels. 

15. ^ By selling a hor.se for £24, I lose as much prr cent, as it costs 
me. What was the prime cost of it ? 

16. Find three numbers, siudi that if the fir-st he multiplied by the 
sum of Uie second and the third, the second hy the sum of the first and 
the 'third and the thir.l h\ the sum of the first and the second, the 
products shall be 40S, 4S0 and 501 respectively. 

17. There are two square ))uildings that are paved with stones, a 
metre square each. Tlie side of one building exceeds that of the other hy 
12 metres, and botli i^heir paveiuents taken together contain 2120 stones. 
What are the lengths of them separately V 

18. There are three numbers, the difference of whose differences 
ia 5 ; their sum is 44, and continued product 1950 ; find the numbers. 

19. A train A starts to go from P to Q, two stations 240 kilometres 
apart, and travels uniformly, An hour later, another train B starts 
from P, and after travelling for 2 hours, comes to a point that A had 
passed 45 minutes previously. The pace of B is now increased by 
5 kilometres an hour, and it overtakes A just on entering Q. Find the 
rates at which they started. 

20. A square court-yard has a rectangular gravely walk round it 
inside. The side of the court wants 2 metres of being 6 times the 
breadth of the gravel walk ; and the number of square metres in the 
walk exceeds tho number of metres in the periphery of the court by 92. 
Required the area of the court, 

21. Divide the number 26 into three such parts that their squares 
may have equal differences, and that the sum of those squares may 
be 300. 

22. The number of soldiers present at a review is such that they 
could all be formed into a solid square and also could be formed into 
four hollow squares each 4 deep and each containing 24 more men 
in the front rank than when formed into a solid square ; find the whole 
number. 
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28 . A and B run a race round a two-kilometre course. In the first 
hit B reaches the winning^ post 2 minutes before A. In the second 
hit A increases his speed 2 kilometres an hour, aad B diminishes bis by 
the same quantity ; and A then reaches the winning post 2 minutes 
before B, Find at what rate each ran in the first hit. 

24. From a vessel of wine containing a gallons, b gallons are 
drawn off and the vessel is filled up with water. Find the quantity of 
wine remaining in the vessel when this has been repeated 4 times. 

25. A wall was built round a rectangular court to a certain height. 
Now the length of one side of the court was two metres less, whilst 
three times the length of the other was 25 metres greater than 8 times 
the height of the wall ; anH the number of square metres in the court 
was greater than the numhor in the wall by 178. Required the dimen- 
sions of the court, and the height of the wall. 

26. A person bought a number of £20 railway shares when they 
were at a certain rate per cent, discount for £1,500; and afterwards 
when t’ley were at the same rate per cent, premium sold them all but 
60 for £1,000. How many did he buy and what did he give for each 
of them ? 

27. The sum of 4 numbers is 44 ; the sum th'^^ product of the 1st 
and 2n(l, and 'Ird and 4tih is 250 ; of the 1st and 3rd, and 2nd and 4th is 
234 ; and of the 1st and 4th, and 2nd and 3rd is 225. Find them. 

28 To complete a certain work A requires m times as long a time 
as B and C together ; B requires n times as long as A and G together , 
and C require^ p times as long as A and B together. Compare the times 
in which eacu would do it and prove that, 

1 + 1 .1 
TO+l n+l p + l 

29. In a certain village there lived in the year 1872 a number of 
families each consisting of as many members as there were families. 
Ten years afterwards it was found that during this interval there were 
670 births in the village and that on the average 50 lives were losfi per 
family. Prove that the number of persons, living in the village afe the 
time of this calculation, could not be less than 45, and if this number 
be actually 45, find out the number of souls that lived in the village 
in the year 1872, 

30. Suppose you agree to give me out of your landed property 
a square plot of ground and receive in exchange a circular plot of land 
whose area is 76 square metres and also a rectangular plot, one of whose 
sides is 36 metres and the other is equal to a side of the piece of laud you 
give me. What must be the area of the plot you give me, so that you 
can profit most by the exchange. 



CHAPTEB XXXVI 

GRAPHS OF QUADRATIC EQUATIONS AND EXPRESSIONS 
AND THEIR APPLICATIONS 

256. The graphs of A'K—O, X and Y being expressions of the 
first degree in x and 3 ;. 

Example 1 . Draw the graph of the equation a;* =25. 

The equation a;* =25 may be written as 
a!*-25-0\ 

or, (a;--5K« + 5)=0j 

Evidently, the given equation is satisfied (i) by all those points 

which satisfy the equation a;- 5 = 0 ; 
(ii) by all those points which satisfy 
the equation a; + 5 = 0 . 

Hence, the required graph 
consists of two straight lines, one 
being the graph of the equation aJ- 6-0 
and the other being the graph oi 
the equation a: + 5=0, as shown in 
the diagram with twice the length of 
a side of a small square as unit of 
length. 

Example 2. Draw the graph of the equation a;* - 3a; - 28 » 0. 

Factorising the left-hand tide of 
the equation, we have 
(a;-7)(a;+4)»0. 

Hence, proceeding as in example 
1 , we notice that the required graph 
consists of two straight lines, one 
0 eing the graph of the equation 
»-7-0 and the other being the graph 
of 0 + 4=0, as shown in the diagram 
with twice the length of a side of 
small s square as unit of length. 
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SxamplG 8. Draw the graph of the equation v**4ir*, 

From the given equation, we have 

or, (y + 2TXl/-2rr)»0/ 

^ Clearly, the given equation is satisfied by (i) all those points which 
saliBiy the equation y + 2a:=0, and also (ii) by all those points which 
satisfy the equation y — 2ir = 0. 

Hence, the required graph consists of two straight lines, one 
being the graph of the equation i/ + 2a;*0, and the other being the graph 
of the equation y~2a;“0. 

Hence, the required graph is as shown below with twice the length 
of a Bide of a small square as unit of length. 



Example 4. Draw the graph of the equation + 

+4y+6-0. 

Factorising the left-hand side of the given equation, we have 
(»+p-6X2aj-y-l)-0, 
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Obviously, tho given equation is satisfied (i) by all fehoBe points 
which satisfy the equation SC- 1 ' 1 / -6~C as well as (ii) by all those points 
which satisfy, the equation 2sc - 1 / - 1 ®= 0. 

Hence, the required graph consists of two straight lines « one 

being the graph of the equation — 6=0 and the other being the 
graph o{ the equation 2aj-y-l=0, as shown in the diagram with twice 
the length of a side of a small square as unit of length. 



257. Thus, it is clear from the above examples that whenever 
a quadratic equation can be expressed in the form Z’F»0, where X and 
Y are expressions of the first degree in x and y, the graph oonsists of 
a pair of straight lines, which are respectively the graphs of the 
equations X=0 and F*0. 

When, however, a quadratic equation cannot be expressed in the 
form Zr*0, its graph is a curve. We shall now proceed to consider 
a few graphs of this nature. 

258. The graph of a quadratic equation in which the coefficients 
of fl?* and y* are equal and positive and there is no term involving the 
product of X and y, is a Circle. The equation of this type of graph is 
generally of the following forms : 

(i) a?* + y**a*, (ii) + (y-fc)®=a*, 

(ili) af^ + y^ + aaj-hfev-l-c^O. 




zxzvi. ] 


GRAPES OP QUADRATIC EQUATIONS 


609 


l>raw the graph of the equation 

The process of drawing the graph is being explained, with 6 for 

the value of a. 

jr* + i/*=“36, or, i/®=36~a;*. 

It is evident that for every value of a?, there will be two equal and 
opposite values of y, 

(i) Ifa:-0. 

lf“± n/36*=±6. So the points (0,6), (0, -6) will be on the 
required graph. 

(ii) Ifa:-±6,y-0. 

the points (6, 0) and ( -6, 0) will be on the required graph, 

(iii) Ifa?"±2, p*"»32, 

/. y- ±4^/2•- ±4x r414-— ±5-666”— ±6T 

Henoe the points (2, 67), (2, -57), (-2, 57), (-2, -67) are on the 
required graph. 

(iv) If®- ±3. v**27. 

y- ±3 n/3- ±3x 1732-— ±5196-- ±52. 

Hence the points (3, 5'2), (3, -6‘2), (-3, 5*2) and (-3, -6*2) are on 
the required graph. 

(v) If ®-±4.y*-20, 

y-±2^/5-±2x 2*236* • • - ± 4*472* • • - ± 4*6. 

Hence the points (4, 4'5), (4, - 4*5), { - 4, 4*5) and ( - 4, - 4*6) are on 
the required graph. 

The corresponding values of x and y may be tabulated as follows ; 


X 

0 

0 

6 

-6 

> 1 > 

1 

-a 

-a 

8 

8 

-8 

-8 

i 

4 

-•4 

-4 

y 

6 

-6 

0 

0 

6*7 !-6-7 

1 

6*7 

-6-7 1 

6*2 


6*3 

-6*3 

re 

-4*6 

4*6 

-4*6 


Let five times the length of a side of a small square represent the 
unit of length. , 


Plotting the points tabulated above and drawing a free-hand and 
oontinuouB curve, we obtain the required graph as shown in the diagram 
at page 510. 

Note. In the diagram on page 610, if a circle ta drav^n with the origin 0 ae 
mntro and radius eqttal to 6 units of length with the help of a pencil compass, it will 
bi found ihat (he eirele almost coincides with the free-hand curve, Thus the accuracy 
of the free-hand drawing can he verified by drawing a eirele, 
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Take any point P on the circle, and let its oo-ordinatei be denoted 
by X and y\ evidently then aj*+y*“OP*“36. But if a point, Buob 
as Q, be taken anywhere not on the circlet it is easy to see that its 
oo-ordinateB will not satisfy the given equation. 



Thus, it is shown that the oo-ordinateB of every point on the oirolei 
and of no other point satisfy the given equaticm, Henoe, the oirole 
drawn is the required graph. 

269. Draw the graph of the equation (Jf - - W*- a*. 

With different values of h, k and a the process of drawing the graph 
of the equation (»- is being explained. When Ji-3, 
A; •2 and a -5, the equation becomes («“3)* + (y-9)*"'26, 
(aj«3)»+(y-2)*-25. 
or, (y-2)»-26-(a;-3)*; 

/. p-2-±>/26-(a;-'3)*; . 

y-2t j25-(x-W. 
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qbaphs of quadratic equations 


The jorresponding values of ® and y in the equation 
V-2± V26-(a!-3)“ may be tabulated as follows : 


z 

0 

0 

8 

3 

-1 1 I 

i 

1 

-a 1 

! 

6:6 

1 I 

7 

7 

6 

y 

6 

1 

-2 1 

7 

-8 

6 1 -1 

1 “ 

1 1 

6 

1 

' -1 

2 


Taking five times the length of a side of a small square as the unit 
01 lengEn, let us plot the points tabulated above on squared paper. The 
oontinuous curve line joining the points is the required graph. 


ft point (3, 2). With centre A and a radius equal to 

0 units of length describe a circle as in the diagram below. Then this 
circle and the curve passing through the points will be the same. Thus 
the accuracy of the free-hand drawing can be verified. 



Take o»v point P on the circle, and let its co-ordinates be denoted 
by X and y. Now from the diagram, it is clear that AP is the hypo- 
lenose of a right-angled triangle of which the sides are (*-3) and 
(ir-’3) nnlts of length respectively. 
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nonce, (ir*-3)* + (i/~2)‘*-iP®'^25, which ehowB tbati the oo- 
ordiuafcea oi P Batisfy Lho given oc]uation.^ But if a point, such as 
Q, he^ t;al>:eD anywiiere not on the circlet^ it is easy to see that its 
co-ordinates will 'not satisfy the given equation. 

Thus, it is clear that the co-ordinates of every point on the 
circle and of no other point, satisfy the given equation. Hence, the 
circle described is the required graph. 

Note 1. Th€ graph of <*+2)“+(y+5)*»49. Draw the graph after plottifg 
the points as siiown at page 511 and verify its accuracy hy drawing a circle of which 
the centre w the point (-2, —6), and the radius is equal to 7 units of length. 

Note 2. The graph of **4-y*-83r4'10y+25«0. The equation + 

+ 101/ +26=^0 can he easily reduced to the form. (x~4)* + (|/+6)*'=16. EencCt 
graph is a circle of which the centre is the point (4, — 6) and the radius is equal to 
4 units of length* 

Example 1. Solve graphically -- 6® - 12 *0. 

The equation may be written in the form 

(a;*-6a; + 9)+4“25, t.e.. (®-3)» + 2*-25. 

the roots of the given equation are the abscissas of the points 
where the line i/®0 (i.c., the jc-axis) cuts the graph of the equation 
'a; -3)* + (?/”- 2)^ = 25 [ for, putting y=0 in the equation of the circle, we 
have {x ~ 3)" + (y - 2)"* * 25, z.fi., (» - 3)* + 4 = 25 ]. 

Hence, drawing the graph of the equation (a: - 3)* + (y - 2)* = 25 as in 
Art. 259, we notice from the diagram that these abscissas are 7’6 and 
- 1*6 approximately. 

the required roots are 7*6 and —1*6 approximately. 

Example 2. Trace the graphs of (i) a;*+i/* = 169 and (ii) cc + y=»17. 
Elnd the co-ordinates of their points of intersection. 

{r*-Hy*-169, or. y» = 169-»*; y- ± x/169-a:*. 

The corresponding values of x and y in the equation y* ± >/l69-aj* 
may be tabulated as follows : 


OB 

1 1 

0 1 0 1 -13 

18 

■« 

6 

-5 

-6 

IS 

IS 

-12 

-13 


18 j -18 0 

! 1 

' i 

I 

IS 

-IS 

IS 

1 -12 

-6 

i 

6 

1 

6 

-6 
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Similarly the corresponding values of x and y in the equation 
« + y*17 may be tabulated as follows ; 


X 

17 

L- 

0 j 13 

4 

• 1 

1 

1 ® 

17 4 

- _l _J 

13 

1 



Taking twice the length of a side of a small square as the unit of 
length and drawing the graphs of the two equations we shall find that 
they will intersect at P(12, 5) and Q(5, 12) as in the above diagram. 

Note* To ioioo graphically the equations 

jc“+y®«169 1 
17 j 

10# notice that the co-ordinates, of each of the^ above points P and Q satisfy both the 
equations and are, therefore, the' required solutions* 

Thus, the roots are ) and a;« 6 1 

5 j l/«12 J 


1—33 
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Examples. Show that the graph of 3® + 42/ -25 touc^s that ol 
05 * + 1 /* — 25i and find the oo-ordinates of the point of contact. L C. U . 1911 J 



®» + 2/*-25. or, i/“-25-a;* ; i/-±V25-aj*. 

The corresponding values' of x and y in the equation y — ± is/26-" »* 
oiay be tabulated as follows : 


. ! 0 i 

1 

0 

1 “ i-M 


3 

“3 j 

-8 

1 

4 

1 

1 4 

i 

-4 j 

-4 

■ 1 1 

, 1 5 1 

o 1 
>o 

1 ' 

1 

0 

4 

-4 

4 


8 

“8 

8 

1 

-8 


3fl5 + 4y*25, 

or, y* ■» the corresponding values of x and y of the equation 
may be tabulated as follows : 


X 

7 

5 

-1 

-8 

y 

1 

2*5 

7 j 

i 

8*5 




ZXXYI. ] 


GBAPHS OP QDADBATIO EQUATIONS 


times the side of a small square as the unit of length 
M^drawing the ftaphs, we find that they touch at P(3. 4) as in the 
(uagram at page 514. 

EXERCISE 136 


the graphs of the following equations i 

1. a:* + p*-81. 2. (®-6)* + (y-6)**.49. 

3. (ir+6)* + (p-7)*»100. 4. a;* + i/*-8a!-14ii+l-0. 

6. a:*+i/*+14x-l6!/ + 32-0. 6. !E* + p* + 12it+18p+92-0. 

7. a!* + v*-10a:+16i/-65-0. 

Solve graphically ; 

8. a!*+y*-100l 9. ir* + y*-25 1 

!C +y - 14 J !E -p - 1 r 

10. ®* + j/*-4a:-6j/-12- 0 1 11. !E*-4a:-12>»0. 

®+p ”12 / [ The roots are the abscissse of the points 

where the ac-axU cute “4®-6j^-ia 

•0, etc. ] 

12. 0?*- 6a;- 16*0. 

13. Draw the graphs of a;* + y**36 and 3a?-4i/*80. Show that 
they touch at {3’6, - 4*8). 

14. Draw the graph of fl;* + y*-4a;-62/-23*0 and find its tangents 
parallel to the co-ordinate axes. 

15. Draw the graph of + 10a;- 10y + 25*0 and show that it 

touches the co-ordinate axes. Find the co-ordinates of the points 
of oontact. 

16. Draw the graphs of the following equations : 

(1) a;»-16; (2) a?*-6a;+6-0 ; 

(3) 6aj»-3a;-2-0 ; (4) y»-3y-0 ; 

(6) icy^O ; (6) aj*-3a;j^ + 2i/*— 0 ; 

(7) a?*-y® + 42/-4*0 ; (8) (a; + 3)**4{i/-5)*. 

17. Draw the graph of 6a;*-24a;y-ty®*0 and show that they are 
two perpendicular strai^t lines. 

18. Find the angle between the straight lines which represent 
the graphs of : 

(i) »y*0 ; (ii) (a?-3Xy-2)-0 ; 

(iii) (3a;-2y+5)(2a; + 3y + 2)-0 ; (iv) (7a;-6i/ + 3)(6a;+7i/ + 8)*0. 

260. The graph of a quadratic equation in which the coefficients 
of cud f/* are positive and unequal is a curve called an Ellipse. 
The equation is generally of the form a*a;* + 6*y*»c*. 
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Draw the graph of the equation 

(1) When ir**0. we have ^**4:, and, therefore, y*±2, Henoei 
the points (0, 2) and (0, - 2) are on the required graph. 

(2) When i/*0, we have a;* *9, and, therefore, a;* ±3, Hence, 
the points (3, 0) and (-3, 0) are on the required graph. 

(3) When a;“±l, we have 92/*~32, and, therefore, 


^4xr414._^ 
- 8 

four points (1, 
required graph. 

(4) When 
,2x2-236... 

" 3 


■ ± i 1*885- • • * ± 1*9 approximately. Hence, the 

1*9), (1, -1*9), (-1, 1*9) and (-1, -1*9) are on the 

ir*±2, we have 9i/^*20, and, therefore, l/»±t^/6 
* ± 4 4^1^* ^ + i’49o + 1*5 nearly. 


Hence, the four points (2, 1*5), (2, -1*5), (-2, 1*5), and (-2, -1*5) 
are on the required graph. 

Corresponding values of x and y may be tabulated as follows : 


X 

0 

0 

8 

-3 

1 

1 

-1 

-1 

2 

2 

~2 

-2 

V 1 

“ i 

-2 

0 

0 

1*9 

- 1-9 

1’9 

- 1-9 1 

1*5 

- 1-5 

1*6 

- 1-6 
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as now plot the twelve points as found above (taking 10 timet 
the side of a small square as the unit of leuglh) and draw a free-hand 
ourve through them, as in the diagram at page 516. 

The csurve so drawn is the required graph, 

Noto 1. Evidently the curve is symmetrical about the axis of x, f. 0 ., every 
chord at right angles to the axis of x is bisected by %t. Similarly ^ the curve ij also 
symmetrical about the axis of y. 

Note 2. The curve lies eni rdy within the s^ace enclosed by the four straight 
Hues a;*: -3, 2, since from the given equation it is obvious that x ta 

imaginary when^ y > ^ and < — 2 and y is imaginary whent x > 3 and < ~ 8. 

4 

Example 1. Diaw the graph of the expression ^ n/9-jc®. 

Let 

For each value of a*, there will be two equal and opposite values 
of y. Thus, ( 1 ) when rr=0, ?/*=±4 ; (2) when a** ±3, y»0 ; (3) when 
ic*±lf y*±W8“±3*8 approximately; (4) when a:* ±2, y»±|/v/6 
« ±3*0 approximately* 



618 ALGBBBA MADE EASY [ CHAP. 


The corresponding values of x and y may be arranged in a tabular 
form as follows : 


X 

0 

0 

8 

-3 

1 

1 

-1 

-1 

2 

2 

-2 

-2 

y 

4 

-4 

0 

0 

8*8 

- 8*8 1 

8*8 

I 

- 3-8 

3 j 

! 

1 

8 

1 -8 

1 


Plotting these twelve points (taking 8 times the side of a small 
square as the unit of length) and drawing a free-hand curve through 
them as shown in the diagram on the last page, we obtain the required 
graph. 

Example 2. Draw the graph of 4(rr - 2)® + 9{y - 3)® * 36. 

Be-writing the equation, we have 
9(i/-3)®-36-4{it-2)®. 

or, 1/-3*" ±i ^/9— (a?— 2)\ 



Hence, ^ for each value of a?— 2, we get two values of i/-S from 
wb'oh the corresponding values of x and y may be tabulated as followi : 
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X 

o 1 o 

2 2 

6 

-1 

1 

1 

3 ! 

8 


4 

0 

0 j 

V 

1 ! 

1 6 : 1 

1 ,j 

1' 

; S 

3 

o 

1 *] 

i 

4*9 

1*1 

! 1 

1 4*5 ; 

1*6 

4*5 

1*6 


Plotting these twelve points (taking 10 times the side of ft small 
square as the unit of length) and drawing a free-hand curve through 
them as shown in the diagram at page 518, we get the required graph. 

Example 3. Draw the graph of 4T® + 97/®“l6rr— 54j/ + 61“0. 

The left-hand side of the given equation 

* 4(£r * - 4 t) + 9(i/ ® - 6y) + 61 

* 4i(.T - 2)* - 41 + 9 1(?/ - 3)» - 91 + 61 

» 4 (rr - 2)* + 9(y -- 3)® - 36. 

/. the equation is 4(ir-2)* + 9(i,*-3)*-“36“0, 
or, 4(x “ 2)* + 9(i/ - 3)® * 36. 

To draw its graph see example 2 on page 518. 

261. Draw the graph of the equation 

(1) When we have y®*“*“l, and, therefore, y is imaginary. 

This shows that the graph does not cut the axis of y, 

(2) When i/*0, we have ir®*l, and, therefore, fr“±l. Hence, 
the points (1, 0) and (-1, 0) are on the required graph. 

(3) When ir“±2, we have ^**8, and, therefore, i/*±n/8 

"±1*732 ± 1*7 approximately. Hence, the four points (2, 1*7), 

(2, -17), (-2, 1*7) and (-2, -17) are on the required graph. 

(4) When a-* ±3, vto have y®»8, and, therefore, i^-±2\/2 

" ±2 X 1*414 ± 2*828 ± 2*8 approximately. Hence, the four 

points (3, 2*8), (3, -2*8), (-3, 2*8) and (-3, -2*8) are on the required 
graph. 

The corresponding values of x and y may be tabulated as follows : 


X 

1 


2 

-2 


r " 

3 8 

1 

-8 

-8 

y 

0 

' > i 

0 j 1*7 

- 1*7 1 

i 

1 

2*8 

- 2*8 

2*8 

1 - 2*8 
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Let us now plot the ten points as found above (taking 10 times 
the side of a small square as the unit of length) and draw a freehand 
curve through them, as in the diagram below. A and A' are the points of 
intersection of the right and left branches of the hyperbola respectively, 
with the a?-axis. 



The curve so drawn is the required graph. 

Note 1. The curve so drawn is evidently symmetrical about the axis of x and 
also about t?ie axis of y. 

Note 2. The curve consists of two branches^ one lying entirely on the right of 
the line 1 and the other lying entirely on the left of the line x * - 1 . 

A curve of this class is called a Hyperbola. 

Example 1. Trace the graph of (i) and (ii) + 

Show that they touch each other. 

Draw the graph of a;* — as above and the graph of the circle 
ajS+yS^l on the same scale. It will be found that they touch each 
other at the points (1, 0) and (-1, 0). 

Example 2. Trace the graph of (i) and (ii) sc -21^. 

Find the co-ordinates of their points of intersection. 
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Draw the Hyperbola and the straight line x^2y on the 

same scale* Produce the straight line, if necessary, to meet the Hyper- 
bola. They will be found to intersect at two points whose co-ordinates 
are (1*2, *6) and (-1*2, - *6) approximately. 

262. Draw the graph of the equation 


Evidently the following points are cn the required graph and their 
co-ordinates may be tabulated as follows : 


X 

0 

1 

-1 1-5 

1 

1 1 

-1*5 2 ' -2 

■ i 

2-5 !-2-5i3!-8 8-5 

! , i 

-3*6 

4 

-4 

t, 

y 

o| 

1 1 

1 2-25 

I ! 1 

1 2'25 ! 4 4 

1 1 

6*25 : 6-25 9 1 9 1 12*25 

! 12*25 

1 

16 

16 




1 

! 1 1 


I ; 




Let 4 times the side of a small square be the unit of length. 


Let us now plot the points found above and draw a curve through 
them free-hand, as in the following diagram. 

The carve so drawn is the required graph. 
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Note 1. Since, we ham x^± Jy; a is imaginary when y if negative. 

Hence, no point of the cwn^e can have a negative ordinate and, therefore, no part of 
the curve can lie below the x-axis. The curve passes through the origin, lies entirely 
above the x-axis and extends upwards to infinity. 

Note 2. Every chord drawn perpendicular to OY ie bisected by it as can he 
easily verified. IJencc, the curve drawn above is symmetrical about the axis of y> 
This is also evident from the fad that if the paper be folded about OY, the left-hand 
portion of the curve entirely coincides with the right-hand portion. 

A curve of this class is called a Parabola, 

The general equation of a parabola is y -f &x -f c. 

In the equation of a parabola either of x and y will be of the first degree and 
there wUl he no term involving the product of x and y fi.e., xy). 

In the above example, a^l, 6=0 and c=0. 

Note 3. The graph of y*— jc*. The curve j/=®’ lies entirely above the axis 
of X, and extends upwards to infinity. It is easy to see that the graph of the equation 
y would be an . equal curve being entirely below the axis of x and extending 

downwards to infinity. 

Note 4, To determine the equare root of a number from the graph of 

y***. Tlie abscissa of any point on the curve is evidently the square root of the 
ordinate. Hence, when the graph of the equation y^x* is drawn by measuring the 
abscissa of any point on the graph we can determine the equare root of the number 
which represents the ordinate. Thus, in the diagram, Die ordinates of P or Q 
represent 5. the square root of 5 s^the abscissa of P or Q=2'25, or, --2“25 approxi 
mately, [ 4 sides of a small square = 1 umt. ] 

263. Draw the graph of £he equation 

Evidently the following points are on the required graph and their 
oo-oidinates may be tabulated as follows : 


X 

0 

i 

-i 

i 


1 

-1 

li 

-li 

V 

0 

1 

i 

1 

1 

8 

8 

6i 

6i 


Taking 12 times the side of a small square as the unit of length, 
let U8 plot the points found above and draw a curve through them free- 
hand, as in the diagram on page 528. 
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The curve so drawn is the required graph. 



Note 1. S%nce toe have x^^iy. x is imaginary for every 

tine value of y, Hence^ as in the graph of Art, 262, the curve passes through 'the 
origin^ lies entirely above the x^axis and extends upwards to infinity. 

Again, it may he easily verified that every chord drawn perpendicular to OT is 
bisected by it, Bence, the curve is symmetrical about the axis of Y, 

Note 2. The graph of y^- 3a;* can he easily seen to he an equal curve passing 
through the origin, lying entirely below the x-axis and extending downwards to infinity 

264, Draw the graph of the equation 

Evidently, the following points are on the required graph and then 
oo-ordinates may be tabulated as follows : 


flC 

0 


-i 


-1 

1 

-1 

i 

-i 

1 

-1 

y 

0 I 

-i 

-1 

-i 

-i 

-H 

-n 

-H 

-31 j 

-6 

-6 
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Taking 10 times the side of a small square as the unit of lengtbi let 

us plot the points found above* and 
draw a curve through them free-band, 
as in the diagram. 

The curve so drawn is the required 
graph. 

Note 1. Since we have 

* - iy* • ‘ • * ifi imaginary for every positive 
value of y. Bence, no point on the curve can 
have a positive\ ordinate and, therefore, no 
part of the curve can He above the tc-axis. 
The curve passes through the origin, lies entirely 
below the x-axis and extends downwards to 
infinity. 

Note 2. It may be easily seen that every 
chord drawn perpendicular to OT' is bisected 
by it, Bence, the curve M symmetrical about 
the axis of y. 

Note 8. The graph of the equation y * 5»* 
can be easily seen to be an equal curve passing 
through the origin, lying entirely: above^ the 
x~axis and extending upwards to infinity. 

265. It is clear, from Arts. 262, 263 and 264, that the graph of 
any equation of the form y—ax^, where a is any numerical constant, 
positive or negative, is a curve which (i) is symmetrical about the axis 
of y, (ii) lies entirely on one side of the axis of x, and (iii) extends up to 
infinity on that side, A curve of this class is called a Parabola. 

If a be a positive integer, the curve vnll as in the figure of 
Art. 262 but will rise more steeply in the direction of OY, [ See the 
fig. of Art. 263. ] If a be a positive fraction, we shall have a flatter curve, 
extending more rapidly to the right and left of OY, If a be negative, as 
in Art. 264, the curve will lie below the sc-axis and will be steeper or 
flatter than the graph of y^x^, according as a is greater or less than 
anity. [ See the fig. of Art. 264. ] 

In every case, the axis of a; is a tangent to the curve at the origin. 

266. We shall now discuss the graphs of some quadratic func- 
tions of the form ar* + 6a; + c. It will be seen, as in the next article, 
that the curve is always a parabola, differing in shape and position 
according to values of a, b, c, 

267. Draw the graph of the expression 3-4jf-2.x®. 

The required graph is the same as that of the equation 

y»3-4a:-2a;*. 
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is easy to see that the following points are on the required 





1'6 

y~-T5 



}■ 


«**-2 
y- 3 


)• 



«“- 8‘6 

y--7‘6 
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Take twenty sides of a small square as the unit for m. asuring x, and 
two sides of a small 'square as the umt for measuring y. 

Let us now plot the above points and draw a curve through them 
free-hand, as in the diagram on the last page. 

The curve so drawn is the required graph. 

Note. The gra^h of any expreesion of the form ax* + bx + c ij a paraboUit 
provided the numerical value of a is not zero. 

268. Graphical solution of Quadratic Equations. 

Example 1. To solve grapbioully the equation 3- 4a?- 205* •O. 

Draw the graph of i/*=3-4aj-2a;* as in the l.st arti le. 

From the figure it is evident that |/*0, when x is approximately 
equal to '6 or - 2*6. Hence, 3 - 4a; - 2a;* *0, when a; ■= ‘6 or - 2*6 approxi- 
mately, in other words, the roots of the equation 3-4a;-2i*“0 are 
’6 and -2*6 approximately. From this it is clear that the roots of the 
equation 3 -4a?- 2a;* *0 are the abscissce of the points where the graph 
of the expression 3 -4a; -2a;* cuts the axis of x. 

Example 2. Trace the graph of y^x^-x from to a?»2 

and therefrom obtain an approximate solution of the equation 

l-a;*-a-. [ 0, U. 1917 ] 

The following points evidently lie on the graph : 
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Taking 16 sides of a small square as the unit of length* the graph 
will be as shown in the diagram on page 626. 

If we now put t/*l, the equation becomes 

Eenoe, the rcots of the e(iuation l^x^-x are the abscissa) of the points 
P and Q of the graph of y^x^-x, at which the ordinate is 1. P and Q 
are evidently the points where the line y = l meets the graph. From 
the figure, we find that the absciasie of P and Q are 1*6 and — '6 
respectively, which are, therefore, the required solutions. 

Example 3. Trace the graphs of (i) 2/»3a?“ and (ii) y^2x+L 
and determine the points where they meet. [ C. U. 1916 J 

Deduce the roots of the equation 3a;**2a;+ 1. 

Evidently the corresponding values of x and y on may be 

tabulated as follows : 
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Also, the points rc-O 1 x^i \ and 1 
j l/-f / 2/*2 / 

lie on the straight line y^2x+h 

Taking twelve times the side of a small square as the unit of length 
the graphs will be as shown in the diagram on the last page. 

Let the straight line meet the parabola at P and Q whose co-ordi 
nates are found from the diagram to be (1, 3) and (-4» i) respectively. 

The abscis8a3 of the points common to the graphs of and 

are evidently the roots of 3ir®=2a:+l. But, from the figure, 
these abscisasB are 1 and -4, which are, therefore, the required roots of 
3£C*==2a;+i. 

269. Draw the graph of 

We lia\e ?/“± Jx» The corresponding values of x and y ]iia> he 
tabulated as folh)WS : 


X 

0 

, -25 ; -25 1 

' ‘ 1 

: 1 ’ 1 

1 ' 2-25 ! 2-25 i j 

4 ' 6‘25 6*26 ^ 

! ! ! 

y 


*5 -*5 ' 1 1 

- 1 , 1'6 1 - 1-6 ’ 2 

1 1 1 

-2 ' 2-5 '- 2-6 

1 : ! 



Let eight sides of a small square be the unit of length. Now 
plotting the points found above and drawing a curve through them 
free-hand, the graph will be as in the diagram. 
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Not© 1. Since for every point of Oie graph, y^±J^andis, therefore, imagi- 
fiary when a is negative, it follows that no point of the graph can Jiave a negatit% 
dbacissai i.©., fio part of the graph lies on the negative side of the x-axia, Thii 
graph, therefore, lies on the positive side of the x-axis and extends to infinity on that 
aide. It is easy to see that the curve is symmetrical about Oie «-axis. 


Note 2. The graph of y"=— * is evidently an equal curve turned in the 
opposite direction on the negative side of the x^axis. 


270. Maximum and minimum values of quadratic expres^ 
sions. 


Example 1. Show graphically that the expression Z-ix-2x* is 
positive for all values of x between -*2*6 and ‘6 and find its maximum 
value. 

Let i/-=3-4rc~2a;*. 

Drawing the graph of 1/ = 3 ~ Aa; - 2rr* as in Art. 267, we find that 
for all values of x between - 2‘6 and *6 the curve lies above the a;*axiB 
and the ordinates are positive, and for values of x greater than ‘6 
and less than -2‘6, the curve is below the axis of a? and the ordi- 
nates are negative. But the ordinate ( 2 /) = 3- 4a: -2a:*. 

Hence, 3-4a;-2x* is positive for all values of x between -9*6 

and '6. 

Also, we notice from the figure that the ordinate is greatest at the 
point P ( - 1. 5), its greatest value being 6. 

the maximum value required "=5. 

Example 2. Show graphically that the expression a:* - a; is negative 
for all values of x between a:*0 and a:*l. Find its minimum value, 

Let y^x^-x. 


Drawing the graph of y*®*-® as in Art. 268, Example 2 (see the 
diagram on page 526), we find that for all values of x between a:*0 and 
x^l the curve is below the sc-axis and the ordinates are negative. 

But the ordinate (y)*a;*-a;. 

Hence, a:*-® is negative for all values of x between a5*0 and a:**!. 

Also, it is evident from the figure that y {i.e,, a;* -a:) has the mini- 
mum value - i at the point A, 

271. Draw the graph of the equation xy-1. 

It is easy to see that the following points are on the required 
graph : 


a;- 
y-10 

X 

y 


2}‘ 


!C=-21. 

V-5i 


E ’ 4 . 

'=2’5 i’ 


'■5 1 

■2J 


■ ‘S 

a'25 


)■ Pi)' 


■ 2’ 

■' 6 . 


1—34 
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Bvidently also the following jioints are on the required graph ; 
*11 a :-- *41 ®--*6 

y—— lOj j/— - 5 / y*-2 

‘SI 

y-~l*25J I/-- 1 J v-“'5/ 



Let two centimetres he the unit for measuring x and 2 millimetres the 
unit for measuring y. 

Let UB now plot the points and draw a curve through them tree* 
hakid, as In the above diagram. 

The curve bo drawn U the required graph. 

Note 1. As X diminishes from 1 to Bero^-y increases from 1 to infinity ; and aS 
m dkmkeishes from wvro to increases from negative infinity to ^1, 
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Note 2. As X incrsases from 1 to infinity^ y diminishes from 1 to §$ro ; and at 
X d/iminishes from -I to negative infinity ^ y increases from -I to sero. 

Note 8. The graph consists of two branches, one lying between OX and OT 
and the other between OX' and OT. 

Note 4. The more we move towards the right or left of 0, the nearer does the 
curve approach the axis of x ; whilst the nwre we move upwards and downwards 
from 0, the nearer does the curve approach the axis of y. But in no case does th§ 
curve meet the axis except at an infinite distance from 0. Hence, each of the 
axes is said to be an Asymptote to the curve* 

Note 5. A curve of this kind is called a Rectangular Hyperbola. 

Example. Draw fctie graphs of (i) xy^^S and (ii) a+y-G, Find 
the oo-ordinates of their points of intersection. 



Drawing the graph of a?y*=8 by the above method and the graph 
of the straight line ic+y*9 in the same figure on the same soaleias in 
the above diagram it will be found that they intersect at two points P 
and Q whose co-ordinates are 

and respectively. 

y&i 

EXERCISE 137 


Draw the graphs of the following equations : 

1. ** + 4v*-4. 2. 4 b* + 9f*" 1. *• 26ic* + tf*-25. 
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4. 16a;*+9y*-L B. 5. 

7, 4a:*-y“«16. 8. v*“9ic*-9. 

9. In one and the same diagram draw the graphs of (kr®-9y*“'0 
and 4tr*-9y*“36. 


10. In one and the same diagram draw the graphs of 9y*'-4a;*=0 

ana9y»-4a;**36. 


11. Draw the graph of the equation taking the unit 

for measuring y five times as large as that for measuring x, 

12. Draw the graph of the equation a:® - 4a: + 2^*0, taking the unit 
for measuring y twice as large as that for measuring x. 

18. Draw the graph of the equation ?/* + a:=®0, taking the unit for 
measuring x equal to half that for measuring y, 

14. Draw the graph of the equation 3y=*a;*, taking the same unit 
for measuring both x and y. 

15. Find graphically, correct to the first figure after the decimal 
point, the square roots of ; 

(i) 3 ; (ii) 5 ; (iii) 7. 

16. Find graphically, the minimum values of the expressions ; 

(i) a;® + 6aj + 10 ; (ii) 4fl;* + 4£r + 5 ; (iii) ia:* + 4a;+l ; 

(iv) 2®* -6a: + 7. 


17. Find graphically, the maximum values of the expressions : 

(i) 4a:-a:* ; (ii) 8 + 6a:-9a:* ; (iii) 12-3a:-“ ; 

(iv) 1 + 2® -2a:*. 

18. Draw the graphs of the equations (i) xi/-4 and (ii) x + y-8, 
and find where they intersect. 

19. Show graphically that (i) the expression 4® - ®* is positive for 
all values of ® between 0 and 4; (ii) the expression ®* + 6®+12 is 
positive for all values of ® and (iii) ®*-4®-5 is negative for all values 
of » between - 1 and 6. 

20. Draw the graphs of (i) ®y- -8, and (ii) ® + y-2 and find where 
they intersect. 

Solve graphically : 

21. ®*«4®-8. 22. 3®*«® + 2. 


28. 2®*-7® + 6-0. 
25. (i) ®*-y*»l 

X -2i// 
(iii) y* -4® 1 . 
y - 2 ®/* 


24. 7®*-2®-5, 

(ii) ®y -51; 

a;+y-«-6 I 
(iv) »■ - y 1. 

X - -2y / 



OHAPTEE XXXVII 
ARITHMETICAL PROGRESSION 


HITS. Definition. Quantities are said to be in Arithmetioal Fro* 
8f©BBion when they increase continually by a common quantity (called 
the common difference). 

Thus, each of the following series of quantities is in Arithmetioal 
Progression : 


a, 

5. 

8, 

11, 

14. 

Ac, 

9. 

6. 

1. 

-3, 

-7. 

Ac. 

a, 

0+6, 


a + 25, 

a + 35, 

Ac. 

a, 

0-6, 


a -25, 

a- 35, 

Ac. 


In the first of the above examples the quantities increase by S. 
whereas in the second the quantities decrease by 4 ; so the common 
differences of these two cases are said to be 3 and - 4 respectively. 
Similarly, in the third example the common difference is b and in the 
fourth it is - 6. 

N. B, Arithmetical Progression is briefly written as A, P, 

273. The common difference of the terms of an A, P. is found 
by subtracting any term of the series from the term following it. 

Thus, in the series a, a + &, a +25. a + 35, .... the common difference 
-(a + 5)-a*(a + 25)-(a + 5)»(a + 35)-(a+25)» *5. 

274. To find the nth term of an A. P. 

If a be the first term and 5, the common difference of a seriei 
of numbers in Arithmetical Progression, we have the 2nd term "a + 6* 

the 3rd term » a + 25, the 4th term * a + 35, the 10th term * a + 95, 

the 2lBt term *a + 205 ; and so on. Hence, the nth terra*«a + (n-l)5. 

Example 1. Find the 19th term of the series 10, 8, 6, 4, &c. 

The first term =*10, and the common difference* ~2. 

Hence, the 19th term =* 10 + 18{ — 2) ** 10 - 36 - 26, 

Example 2. What term of the series 5, 7, 9, 11, &c. is 25 ? 

Let the rth term of the given series be the required term ; then, 
we must have 

25-6+(r-l]t9 
•■3 + 2r, whence r*ll. 

Thus, the 11th term of the given series *25. 
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275. Given an^ two terms of an A. P., to find it completely. 

Example 1. The 7th and 13th terms of an A. P. are 84 and 64 
respectively. Find the series. 

Let a»the first term, 

and h*tbe common difference of the A. P, 
the 7th term *a+(7~ 1)6 =a + 62>*34, ••• (1) 

and the 13 th term ** a + (13 — 1)6 * a + 126 *64. • • • (2) 

From (l) and (2), by subtraction, 

66*80, i,e.t 6*5. 

Now from (1), a + 6 x 5 = 34, or, a * 34 - 30 * 4. 

Hence, the first term and the common difference of the required 
series are 4 and 5 respectively. 

the series is 4, 9, 14, 19, 24, ... 

Example 2. The pth and gth terms of an A. P. are c and d 
respectively. Find the series completely. 

Let a* the first term, 

and 6 ■■the common difference of the A. P. 
the pth term-a + (p~l)6*c, ••• ••• (1) 

and the gth term*a + (g-“l)6“d^. (2) 

Solving equations (1) and (2), a and 6 can be obtained. Thus, by 
subtracting (2) from (1) we have, 

{p-gh^c-d, 

Also, from (1), o+{p-l)i”a + (p — !)•““ “C. 

• (p-lXc-4.^ <?(p- l)-c(g-l) 

p-g p-g 

Hence, o and h being known, the whole serieB may be written 
down, 

EXERCISE 1S8 

1. Find the Sth, 20th and (» — 3)th terms of the aeries : 

(i) 2, 4, 6, 8. &c. (ii) 1. 3, 6, 7, &c. (iii) ¥. i. h "i Ac. 

(iv) h h Ac. (v) 5. 11. 17. ... 

2. What terms of the eeries 9, 11. 13, 15, Ac. are 66, 99 and 
Bn- 13? 



ZXZVIl. ] ABITHMETIOAL PBOGBBSSION 685 

8. The hrBi term of a given series is 3 and the 7th term 89. fiod 
the common difPerenoo. 

4. If there be 60 terms in A. P. of vjhich the first term is 8 and 
the last term 185 ; find the Slst term. 

5. The 3rd and llUb terms of a series in A. P. are —40 and 0 
Find the Br3rieB and determine hs 20t.h term. 

6. The 5th and Slst terms of an A. P. are 1 and -77. 'Obtain 
its Ist and 18tb terms. 

7. Find the 1st term and the common difference of a series whose 
8th and 102th terms are 23 and 305 respectively. 

8. The pth term of an A. P. ie c and its gth term is d. Find the 
rth term. 

9. If every term of an A, P. he increased or diminished by the 
same quantity, the resulting terms will also he in A. P. 

10. Prove that if each term of an A. P. he multiplied or divided by 
the same quantity, the resulting series will also be in A. P. 

11. If a be the first term and I the last term of a series of nnmbera 
in A. P., show that the 5th term from the beginning + the 5th term from 
the end*a+Z. 

12. In the preceding example, show that the rth term from the 
beginning + the rth term from the end *= a + ^. 

18. Is 302 a term of the series 3, 8, 13, 18, Ac. ? 

[ Here, the common difiercnce »= 6. II possible, let 802 the rth term of the 
serlefl, r being evidently an integer. 

, , 302 - 3 804 

802-3 + (r-l)5, or, or. 

The value of r being IraoUonal is inadmissible. 

.'. 302 Is not a term of the series. ] 

14. The pth term of an A. P. is q and the gth term is p. Show 
that the mth term is p + g-m. 

276. To find the sum of n terms of an Arithmetic seriea ot 
which the first term is a and the common difference, b. 

Let S denote the required sum, and I, the last term (i.e., the nth 
term). 

Then. S*a+(a + /->) + (a + 26)+(a + 35) + &c. + ia + (n-l)M. 

And, by writing the series in the reverse order, we have also 
5 — i + (i - 5) (? - 25) + (Z - 35) + &c, + iZ - (n — l)5i. 



536 


ALGEBBA MADE EAST 


[OHAF. 


Therefore, by additior, 

2S*(a+ i)+(a+ Z)+(a+ 0 + to n terms *fi(a + 

+ ••• ••• ••• ( 1 ) 

Thus, the sum of n terms in A. P. is n times the semi-sum of the 
first and last terms, or, in other words, n times the average of the first 
and last terms. 

Also, since Z=a+(n“l)6, 

N, B, The formulae (1) and (2) should be carefully re^nembered so that thfy 
fnight readily he applied in any suitable case. 

Example 1. Find the sum of 20 terms of the series 5. 4i 3i Ao. 
The first term = 5, and the common ditf.* V“5** -f. 

Hence, the required sum * ^-\2 x 6 + (20 - 1) x ( - 1)| 

- 10 (10 - - 10( - 1) - - 26i 

Example 2. Find the value of 1 + 2 + 3 ■+ 4 + Ac. to 100 terms. 

The last term of the series evidently * 100, 

Hence, the required sum »-f®(l + 100) = 60 x 101*5050. 

Example 3. Find, without assuming any formula, the sum of 
1 + 4 + 7+10 + + 37. [ 0, D. IBIB] 

Evidently, the common difference *3, and the number of terms In 
the series * 13. 

Let S denote the required sura. 

S-1 + 4 + 7+ + 31 + 34 + 37. 

Also, re-writing the series in the reverse order, 

5*37 + 34 + 31 + + 7 + 4 + 1. 

Adding together the two series, 

25 = 38 + 38 + 38+ '••••• to 13 terms = 38 x 13. 

S=^^®«19x 13 - 247. 

Example 4. Find, without assuming any formula, the sum of the 
aeries 1 + 3 + 5 + 7 + ton terms. 

Evidently, the common difference— 2, 
and the nth term-l + (n~ l)x2-2n-l. 

Let 5 -the sum required. 

S-l + 3+6 + - + (2n-6)+(2n-3)+(2n-l). 
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Re-writing the series in the reverse order, 

S“(2n-l)+(2n-3)+(2n-6)+ — + 6+3+l. 
Adding the two series, 

2S»2n + 2n + 2w + to n tenn8»2n.n. 

S*n*. 


EXERCISE 139 

Find the sum of the following series ; 

1. 1 + 2 + 3 + 4 + &c. to 25terma. 

2. 1 + 3 + 5 + 7 + &c. to 30 terms. 

3. - 3, 3, 9, 15, to 14 terms. 

4. f + f + J + to 20 terms. 

5* A + W + A + to 30 terms. 

6. U + l + J + # + to 16 terms. 

3 + 4+8+9+13 + 14+18 + 19+-to20terms. [ 0. D. F. A. 1881 } 

i The given series - (3 + 4) + (8 + 9) + (13 + 14) + (1 8 + 19) + *- 
-7 + 17 + 27 + 37+ to 10 terms 

JU + (10-i)>LW»^,0.630.3 

8. 5 + 4f + 4i + &c, to 21 terms. 

9. 13 + 12i + HI + &c. to 40 terms. 

10. 2 + 7 + 12 + &c. to 101 terms. 

11, - J + ^ + &c. to n terms. 


fi 71 n 


a -J? . 3a - 26 . 5a -36 , 

a + 6 a + 6 a + 6 

& 0 . to n terms. 

1 + 5 + 3+9 + 6 + 13+7+17 + -' 

to 30 terms. 



(a + 6)» + (<x* + &») + (a-b)* + " 

*••• to n terms. 


Find the sum of the following series without applying any formula : 

16. 3 + 5 + 7 + to 29 terms, 

17. - 10- 6-2 + 2 + to 22 terms, 

18. (a; - y) + (2a? - 3y) + (3a; - 5v) + to n terms, 

19. 6 + 8 + 11 + + 166. 20, 8 + 3 - 2 - 7-12- ton terms. 
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277. Applications of the formal® (1) and (2) of the preced- 
ing article. The followirg examples illustrate some important applioa- 
’lions of those formuloe. 


Example 1. The first term of a series in A. P. is 17, the last term 
— 12i and the sum 25 tV *• find the common difference. 

Let n = the number of terms ; then, we must have 




X4^. 
2 ^8 


407 STn 
16 “ 16 ‘ 


” 37 


If, then, b be the required common differeuce, we must have 

“12|{*=the nth term) = 17+m 

106* -121-17= -291* 

. , m_ ._5>ii7. 47 

■* 8xl0" 6x2x8“""i6' 


Example 2. The sum of a series in A. P. is 72, the first term 17, 
and the common difference -2 ; find the number of terms, and explain 
the double answer. 

Let n*the number of terms. 

Then, we must have 

72-|}2x17 + (m-1)x{-2)1 

- 1 )34 - 2(n - 1)} - 2 (36- 2n) » 18n - n*. 

»''-18n + 72=0. or. (n-6X«-12)-=0. 
n"6, or, 12. 

The double answer shows that there are two sets of numbers, satis- 
fying the conditions of the prcblem, and this can be easily verified. For 
Ibe series to 6 terms is 17, 15, 13, 11, 9, 7 ; and to 12 terms it is 17. 15^ 
18 , 11 , 9, 7, 5, 3, 1, -1, -3, “6 ; now since the sum of the last 6 terns 
of the latter set of numbers *0 ; evidently, therefore, the sum of 6 terms 
of the series, is exactly the same as that of 12 terms. 
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“®'°y of the series -8, -6, -4, &e. 

Anaonnt) to 02 ? 

Let n*the required number. 

Then, we must have 

62-^i2x(-8)+(,i-i)x2t 

-|(2«-18)=n*-9n. 

»*-9n-52*0; 

or, (n-13Kn + 4)=0 : n- 13, or, -4. 

Hence, since the number of terms can only be a positive integer, 
we must reject the negative value and take 13 to be the answer to the 
question. 

Example 4. The sum of p terms of an A. P. is g and the sum of 
q terms is p ; find the sum of p + <? terms. 

Let a be the first term, and b the common difference ; then, since 
the sum of p terms “ff, we must have 

C-2j2o + (p-l)hi, 

or, 2cr-p.2a+j)(p-l)h. ••• ••• (l) i 

Similarly, ^p^q.^ + q{q-l)h. ••• (2) J 

Subtracting (2) from (1), we have 

2(g -p) “=(p - ff).2o + i(p® - ff *) - (p - g)}d 

“ (p - ff).2a + (p - gXp + 9 - 1)6. 

-2“2a+(p+g-l)6. 

Hence, the sum of (p + g) terms 

i2a+(p+g-l)6| 

.£+5x(_2).-(p+g). 

EXERCISE 140 

1. The first term of an A. P. is 5, the number of terms 80, and 
4heir sum 1455 ; find the common difference. 

2, The first term of a series being 2, and the 5th term being 7t 
find how many terms must be taken so that the sum may be 63. 

8 . What is the common difference when the first term is 1, the 
last 50, and the sum 204 ? 

4. How many terms of the series 19. 17, 15, Ac., amount to 91 7 
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5. The riiim of a certain number of terms of the series 21, 19, 17, 
Ac. is 120. Find the last term and the number of terms. 

5. How many terms of the series 54, 51, 48. Ao., must be taken 
to make 513 ? Explain the double answer. 

7. If the sum of 8 terms of an A. P. is 64, and the sum of 19 terms 
is 361, find the sum of n terms. 

3+ n 

8. Find the series of which the nth term is ^ •' and also find 
the sum of the series to 105 terms. 

9. Find the series whose rth term is 2r - 1 ; find the sum of the 
series to n terms. 

10. The sum of n terms of an A. P. is 3n“ - n, and the common 
difference 6 ; find the first term. 

11. The sum of n terms of an A. P. is 40, the common difference 2, 
and the last term 13 ; find n. 

12. Prove that the sum of the latter half of 2n terms of any 
arithmetical series of the sum of 3n terms of the same series. 

13. If 2n + 1 terms of the series 1, 3, 5, 7, 9, Ac., be taken, then 
the sum of the alternate terms 1, 5, 9, Ac., will be to the sum of the 
remaining terms 3, 7, 11, Ac,, as n + 1 is to n. 

14. Prove that (0 

and (ii) a-^b). 

278. Arithmetic means. 

Definitions : (l) When three quantities are in Arithmetical Pro- 
gression, the middle one is said to be the Arithmetic mean between 
the other two. 

Thus, 5 is the Arithmetic mean between 3 and 7. 

(2) If A and B be any' two quantities and flJi, a;#, rra, Xt* Ac., 
irii-ii Xnt a number of others such that 4, aJi, jr*, Xs, Ac., ajn-ii Xn, B 
are in Arithmetical Progression, then Xi, x^, Xa, Ac. are called the 
Arithmetic means between A and B. 

Thus, 3, 4, 5, 6, 7 aro Arithmetic means between 2 and 8, and so 
are the numbers 3i, 5 and 6i ; for both the series 2, 3, 4, 5, 6, 7, 8 and 
2, 8i, 6, 6i, 8 are in A. P. 

Note. It is emdeni from tiis above example that between any two quantitiu 
the member of different sets of Arithmetic means is unlimited* 

279. To insert a given number of Arithmetic means between 
twp given quantities. 

Let a and c be the two given quantities, and n the number of 
Arithmetic means to be inserted. 
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Then, we have to find out n quantities Xx, ara, {Ca, Ac., Xn-ut x% 
BUoh that a. Xi, x%, Xg, &c., Xn-x, Xn, c may be in A. P. Evidently the 
series [a, Xx, X 2 , &c., Xn-x, Xm c] consists of n + 2 terms of whioh 

A is the first term and c the ^ast. 

Hence, if b be the common difference, we must have 
c«a + (w + l)6. 


whence b 


n+ 1 


Hence, 


i X . c-a 

JTi 

1 cti I 0 /) 

Xa^a-^%^a-r » 

Ac. Ac. Ac. 

Xn‘‘a + nb==a-^'^^^Y 


Example 1. Find the Arithmetic mean between any two quan*^ 
titles a and b. 

Let a;=*the quantity sought 

Then, a, x, b are in A. P. ; and we must have 

, a + 6 

whence a; * -g • 

Example 2. Insert 4 Arithmetic means between 3 and 18. 

Let Xxt Xit »«, Xg be the required means. 

Then, 3, OJi, a;*, {r», Xg, 18 are in A. P. 

Hence, if 6* the common difference, 
we must have 18*3+66. 6*3. 

Hence, a;i*3+ 6* 6 

{ra*3 + 26" 9 
flJa “ 3 + 36 * 12 
a;4*3 + 46*15 

Thus, the required means are 6, 9, 12 and 15. 


EXERCISE 141 

1. Find the Arithmetic means between (i) 5 and 8 i (ii) -6 
and 21 ; (iii) m-n and wi + n ; (iv) (a+sc)®' and {a-xr, 

2 . Insert 2 Arithmetic means between (i) 8 and 12 ; (ii) -6 and 14. 
8. Insert 3 Arithmetic means between 117 and 477. 

4 . Insert 4 Arithmetic means between 2 and — 18 

5. Insert 17 Arithmetic means between 3i and - 41i. 

6 . There are n Arithmetic means between 1 and 31, such that 
Ihe 7tb mean : (n-l)th mean -6 : 9; required n. 
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280. The natural numbers. The numbers 1. 2, 3, Ac. are called 
the natural numbers. 

(i) To find the sum of the first n natural numbers. 

Let S denote the sum ; then 
/S*! + 2 + 3 + ****^’*****' 

+ ”• (A) 

(ii) To find the sum of the first n odd natural numbers. 

Let S denote the sum ; then 

S=*l + 3 + 5 + 7 + ‘—** to M terms 

-2t2f(n-l)x2| 

x2ra = n*, ••• (B) 

(iii) To fiad the sum of the squares of the first n natural 
numbers. 

Let iS denote the sum ; then 

S-l* + 2’‘ + 3»+4* + + »». 

We have, n*-(n-l)’~ 3n‘ - 3n + 1. 

Hence, putting 1, 2, 3, &c., for n, we have 
1*-0»=3.1*-3.1 + 1. 

2»-l'>- 3.2* -3.2+1, 

3® - 2“ « 3.3’ -3.3 + 1, 

4’ -3’ -3.4* -3.4+1, 

(n - D’ - U - 2)’ - 3.(fi - D* - 3.(n - 1) + 1, 
«’-(n-l)’=3.n*-3.n + l. 

Hence, by addition, 

n’-3(l*+2*+3* +— +n*)-3{l+2+3+— +n)+n 
-3S-3.^-^h«: 

3S-n’-n+®-^2— ^-n(n + lH(n-l)+ll ; 
i^^nin + lpn + 1) ... (qj 
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(iv) To find the sum of the cubes of the first 
nambers. 

Let S denote the sum ; then 

S-l* + 2*+3“ + + «» 

We have, »*-(n-l)*=4n®-6n®+4ii-l. 

Hence, putting 1, 2, 3, &o., for n, we have 
1*-0* = 4.1»-G.]* + 4.1-1, 

2‘-l* = 4.2“ -6.2® + 4.2-1, 

3* -2* = 4.3“ -6.3® I 4.3-1, 


n natural 


{« - D* - (n - 2)* = 4.(n - 1)“ - 6.(n - 1)* + 4.(n - 1) - 1, 
n* —(n~ IJ* = 4.«“ — 6.«® + 4.n — 1. 

Hence, by addition, 

n* = 4(1“ + 2“ + 3” + &c. + n“)- 6(1® + 2® + 3® + &c. + «*) 

+ 4(l + 2+ 3 + &c. + n)-« 

— AO /. »(w + l)(2n + l) j w( w + 1) 

-4S-6.- g 4.-2 n: 

4S == n* •*- n + n(n + 1)(2» -I- 1) — 2n( « + 1) 

* n(n + l)Kn* - n + 1) + (2n + 1) - 2l * n{n + l)(n* + n) ; 

+ ... 

Thus, the sum of the cubes of the first n natural numbers is equal to 
the square of the sum of tJiese numbers. 

Example 1. Sum the series 1.2 + 2.3 + 3.4 + &c, to n terms. 

The nth term of the series evidently = n(n + l) = n® + n. 

Hence, putting n*=l, the Ist term = l* + l, 

• jf n*2, » 2nd term~2* + 2, 

• • n = 3, » 3rd term *^3® + 3, 

and so on. 

Hence, if S denote the sum of the given series, we hive 
S « (1» + 1) + (2« + 2) + (3* + 3) + &c. to n terms 
«(l“ + 2“ + 3* + &c. + n*) + U + 2+3 + &c. + n) 
n(n + lX2n + 1) . n(n + 1) 

“ 6 2 

_n(n + l)/2n + l ^ -,l_n(n+lXn + 2). 

2 I 8 3 
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example 2. Sum the serieB 1* + 3* + 6* + 7® + &o. to n terms. 

Since evidently each term o( the given series is equal to the square 
of the correspondiny term of the series 1, 3, 5. 7, &c.i ■ . the nth term 
o( the given series “the sc^uare of the wth tonn of the series li 3| 5i 7| &0i I 

and the nth term = {l + (n“l)x2l*^»(2w-'l)*-4n*-ln + l. 

Hence, putting n®l, 2, 3, &c., wo have 
the Ist term * 4.1* - 4.1 + 1, 

» 2nd * ■= 4.2* ~ 4.2 + 1, 

« 3rd » "=4.3* -4.3 + 1, 

and BO on. 

Hence, if S denote the sum of the given series, we must have 

S ■* 4(1 * + 2* + 3* + &c. + n*) ~ 4(1 + 2 + 3 + &c. + n) + n 

- A + lX2n + l ) __ s n{ n + 1) , 

-4. g - ft. 2 +n 

-2n(n + l)pii^- + 

-|H(n*-l) + 3[= |(4n»-l) 

Example 3. Sum the series : 

1* + (1® + 2*) + (1* + 2* + 3*) + &c. w ft tcimf 
The nth term of the given series 
«=l® + 2* + 3* + &c. + n* 

«. ^ + l)(2n +l) ^ n (2n* + 3n + l) ^ ^ 

6 6 

Hence, the Ist term *i.l® + i.l“ + 4.1, 

2nd » «=4.2*‘ + i2* + i2, 

3rd * «=4.3® + 4.3* + 4.3, 

••• »•• 

and so on. 

Hence, if S denote the required sum, we must have 
S-i(l» + 2‘ + 3* + &c. + n'’) 

+ i(l* + 2* + 3* + &c. + n»)+4(l+2+3+&o.+n) 

1 ""iw + lJ’j. 1 n(?i+lX2n+l) . 1 n(n+l) 

“3‘ 4 2 6 6 2 

“ 1»(« + 1) + (2n + 1) + 11 
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Example 4. Sum the series 

3.7 +6.10+ 7.13 + 9.16 +••• n terms. [ D. B. 19361 

The nth term of the series evidently «(2n + lX3n + 4) 

*6n* + lln + 4. 

Hence, putting n-1, the 1st term *6.1* + 11.1 + 4, 

» • n*2, • 2nd term *6.2* + 11.2 +4, 

• • n*3, • 3rd term *6.3* + 11.3 +4, 

and BO on. 

Hence, if S denote the sum of the given series, we have 

S-6(l* + 2* + 3* +—nterms)+ll{l + 2+3+4+— n termB)+4n 

^ 6. n(n + lX2n + ij , llMn + 1) , - 
6 2 ^ 

* n(n + lX2n + 1) + ^w(n + 1) + 4n 
■■n|2w* + 3n + l+Wn + ^ + 4j 
- n{2»* + f ) " I (4n* + 17« + 21). 

EXERCISE 142 

Bum the series : 

1. 2* + 6* + 8* + Ac. to n terms. 

2. 1.2* + 2.3* + 8.4* + Ac. to n terms. 

8. 1.3 + 3.6 + 5.7 + 7.9 + Ac. to n terms. 

4. 2.3 + 3.4 + 4.6 + Ac. to n terms, [ B. B. 8. B. 1949 ] 

5. 3x8+6xll + 9xl4+Ao. to nth term. 

[W. B. S. E. 1954 (Suppl.)] 

6. 2.3.4+3.4.6+4.6.6+6,6.7+'- n terms. 

7. 1x3* + 2x4* + 3x 5* + 100th term. [ W. B. 8. E. 1964] 

8. 1® + 3* + 6* + Ac. to n terms, 

9. l+(l + 2) + (l + 2+3)+ Ac. to n terms. 

10. (l)+(l + 3) + (l + 3 + 6)+ Ac. to n terms. 

11. 1.2.3 + 2.3.4 + 3.4,5 + Ac. to n terms, 

12. 2.3.1 + 3.4.4 + 4.5.7 + Ac. to n terms. 

18. l-2+8-4+6~6+Ac. to n terms. 

14, 1* - 2* + 8* - 4* + 6* -6* + Ac. to n terms. 


1—36 
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281. MiBcellaneous Examples and Problems* 

Example 1. Prove that if the number of terms of an A. P. be odd, 
twice the middle term is equal to the sum of the first and last terms. 

Since the number of terms is odd, let it be denoted by 2n + 1, 

Evidently, the middle term is one which has n terms on either 
side of it ; hence, it is the (n + l]th term from the beginning and also 
the (n + l)th term from the end. 

Hence, putting M for the middle term, we must have 

j!lf*a + (n+i-l)6=a+n6 ••• (1) 

and also + ••• (2) 

Hence, by addition, 2M^a+l 

Example 2. Prove that the sum of an odd number of terms in 
A. P. is equal to the middle term multiplied by the number of terms. 

Let 2fi + 1* the number 3f terms. 


Then, the sum of the terms 

- — + 1) * ^ [ last example ] 

Example 3. Find the first five terms of the series of which 


the 

&o.. 


sum to n terms * fin* +3?i. 

Let ti, fti ft, ^Ac., tn denote respectively the 1st, 2nd, 3rd, 
nth terms of the series ; 

and let 3i, Sti St, Ac., $% denote respectively the sums of I, 2, 3. 
Ac., n terms of the series. 

Evidently then ai *■ fi ; 5* * + f g ; St * f i + f g + f t i and so on, 

Now, by the question, we have 8»*5n* + 3n, 

(t.s., the sum of any nwnber of terms *5 times the square of that number 
4- S times that number), 

Hence, putting n “ 1, we have Si * 6 + 3 * 8, 


m 

n"‘2. 

- • 

3g-20 + 6 - 26, 

m 

CO 

N 

» 

3.-46+9-54, 

» 

n»4. 


34 * 80 + 12 ^92, 

m 

n-5, 

m 

3. - 125 + 16 - 140, and so on. 

Hence, 

<i*3i*8, 

fg*Sg’“3i“ 

26- 

' 8-18, 


fg"*!!”" 3g"“ 

M- 

26-28, 


fi-lA-lg- 

92- 

54-38, 



140- 

92-48, and so on. 


Thus, the first five terms of the series are 8i 18, 28, 38 and 48. 
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Example 4. Sum the series : 1 + 6 + 12 + 22 + 35 + Ac. to » terms. 

• t 0^ the series is that the saooessive differeaoea of thi toemi 

are in A. x*. ] 

Let S denote the required sum and let (, denote the nth term of 
the senes. Then, we Lave 

S»l + 6 + 12+22 + -.. + i^; 
also S-0+1+ 6+12+ — + fH-i + in. 

Hence, by subtraction, 

0 * 1 + 4 + 7 + 10 + Ac. + ( - f , 1 - 1 ) ~ 

*{1 + 4 + 7+10 + Ao. to n termed — fn. 

tn- I |2+{»-1)31--^^2“' 

i.e,, the nth term of the given series “|.n* — 4n. 

Hence, the 1st term — 4.1, 

2nd • -1.2* -4.2, 

3rd • “f.3* — 4.3, and so on. 

Hence, S-Kl* + 2* + 3* + 4c. + n*)-4{l+2+3+4o.+n) 

^ 3 n(n + l X2n-H) _ 1 n(n + l) _n(n4j] „ sUSfl+j) 

2 6 2 2 4 8 ‘ 

Example B. Sum the series ^ + 2 S ^ 

Let S denote the sum to n terms. 

Now, we have 

2 ’ 

*•“0“ i “ i’ 

t -i»i_ 1. 

3.4 3 4 

Ac., Ac., Ac., 

i 1 1 . JL. 

^ n(n + l) n n + 1 

Hence, S»1 — 

n+1 n+1 

Example 6. Divide 15 into three parts whi< h are in A« P. and 
whose product -120, 

Let a-p, a and a + 0 be the numbers ; 
then, we have 

(a - fila.ia + /j) - 120 (l) \ 

and (o-3)+o+(a + fl)- 16. (2)/ 
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From (2), 3a ■■ 16. / . a " 6. 

From (1), a(a* - U*)* 120. 

6.(26- ?»)-l20. 25-^*-24. 

3*-l. /. J-±l. 

HeDoe, the numbers are 4, 5. 6. 

Example 7. If a*, 6*, c* be in A. P., then 

ri" * -J » ~iT 

6+c o+a a+o 

Bvldently J-' are in A. P.. 

,,_1 1_._1 1 _ : 

“c+a 6 +c a+b c+a ‘ 

6-a c-b , 

^*(c+al(6+c) (a+6Xc+fl) 

if (6-aX6+fl)*(c“6Xc+6), 
if 

but, this is true by hypothesis. 


1.0. , 

1.0. 1 
t.e., 


-1-. 


XT are in A. P. 


* 6+0 c+a 0+6 

Example 8. If o, 6 and c be respectively the pth, Qth and rth terms 
of an A. P., prove that o(g-r)+6(r-p) + c{p-fl)*0. 

Let a denote the first term and p the common difference of the 
A. P., of which a, 6 and o are the pth, gth and rth terms ; then, we 
must have 


a-a+tp-l)? 

( 1)1 

6 -a + (g-lW 

2 V 

c—a + (r-l)P 

( 3 ) J 


Now, we have to eliminate a and P from .these three equationf. 
Subtracting (2) from (l), and (3) from (2), we have 
o-6-(p-q)^, 

6-o*(q-r)i3. 

Hence, (a - 6Xq “ r) »(6- cXp "" q)» 
or, a(q-r)+6(r-p)+o(p-fl)-0. 

Example 9. A person lends Rs. 1000 to a friend agreeing to charge 
no Interest and also to recover the amount by monthly instalments 
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deoreasing gaooessively by Bs. % In how many months will the loan be 
paid up, i! the first instalment be Bs. 64 ? [0. IT. 1990 ] 

Let n*the number of months required, 

the Buocessive instalments are evidently in A. P. 

whose 1st term ■“64, 
and whose common difference * - 2. 

Since, the sum of the n instalments ^Bs. 1000, the sum of the 1st n* 
terms of this A. P.*1000, 

|l2x64+(«-lX-2)f-1000. 

or, (65n-«*)-1000. 

or, n^-OSn+lOOO^O, 

or, (n-25){n-40)-0. 

Hence, ft“25, or, 40 

But n cannot be 40, since in that case the 40tb instalment 
■“the 40tb term of the A. P. 

-64 + (~2X40-l)-‘-14. 

which is inadmissible, as no instalment can be negative 
/. n must be 25. 

EXERCISE 148 

1. The (n + l)th term of a series in A. P. is I required the 

sum of the series to (2a + 1) terms. 

2. Find the first five terms of the series of which the sum to 
n terms is 2n* + 7n. 

8. The sum to n terms of an A. P. is 3n* + lOn ; find the first term 
and the common difference. 

4. Find the 35th term of the series of which the sum to n terms 

is + 

5, Sum the series .* 1 + 3 + 6 + 10 + 15 + &o. to a terms. 

8, Sum the series : 2+ 5+ 10+ 17 + &o. to n terms. 

7. Sum the series ; 2 + 7 + 14 + 23 + 34 + &o. to a terms. 

8. Sum the series : (i) 3^5“*" ^7 a terms. 

(ii) A + ^ + A + &o. to a terms. [ W. B. 8. F. 1968 ] 

1.3 8.0 0.7 
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9. Find 4 numbers in A. such that their sum shall be 56, and 
Ihe fmn of their squares 864. 

[ Let a -8/3, a-/3, a4/S and a + S/S be the numbers. ] 


10. Divide 36 into three parts which are in A. P., and whose 
product "1536. 

11. The sum of three numbers in A. P. is 15, and the sum of the 
squares of the two extremes is 58, What are the numbers ? 


12. There are four numbers in A. P., the sum of the two extremes 
Is 8, and the product of the means is 15. What are the numbers ? 


18. Find six numbers in A: P., such that the sum of the two 
extremes may be 16 and the product of the two middle terms 63. 

[ Let o - 6/3, a - 3/8. o - o 4^, a 4 8/3, o 4 6/3 be the numbers. ] 


14. If (5-c)*, (c-o)®, (a- 5)® are in A. P., show that 


L. 

h-c c-a a-h 


are in A. P. 


15. If a, 5, e be in A. P., show that 


(1) are in A. P. (2) 5 + c, c + a, a + b are in A, P- 

(3) o*(6 + c), 5*(c + a), c*(a + 5) are in A. P. 


(6) a(^ + J )■ + 1)' c( J + i) are in A. P, 


(6) {a+35“"cX25+o--aXc4'fl-6)*4a5c. 


[ D. B. 1931 ] 


16. If a, h and c bo respectively the sums of p, Q and r terms of 
an A. P.i prove that 




' 0 . 


17. The pth term of an A. P. is a and the ^tb term, 6. Show that 
the ram of the first (p+q') terms is 

[M.D.1887] 
[ See Example 2, Art. 276 ] 

18. There are n Arithmetic means between 3 and 54, sueh that the 
8ffa mean : fn*2)th mean"3 : 5 ; 6nd n. 
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19. If Sit be the sums of n terms of three Arithmetic series 

ftbe first term of e&ch being 1 and the respective common difference 1, 9, 
8, prove that Si + Sg " 2S8. 

Tl, If there be r Aritlimetic Progressions, each beginning from 
cnity, \ hose comrricn difiorencet irc 1, 2, »3, &c., r, show that the sum 
of their n \i t.'rnjS i6*4)(w-.l).r® Ij.r]/ 

21. £urr} the series : n.l + (7i ^ l).2 + (?i~2).3 + («~3l.4 + &c. + l.n. 

[ The rth term of tie aeries ' h -!)}.>• = In + 1) r-r*. Eonoe, the required 
■att»(n + l)|l-f 2 + 8+»«4n}-{l* + 2’-4 J.' 4 — 4n*}»&o. ] 

22. On the ground are placed r stones ; the distance between the 
first and second is one metro, between the 2nd and 3rd three metros, 
between the 3rd and 4tli five metres, and so on. Dow far will a person 
have to travel who shall bring them, one by one, to a basket placed 
at the first stone ? 

28. A class consists of a number of boys whose ages are in A. P., 
the common difference being four months. If the youngest boy is just 
eight years old, and if the sum of the ages is 168 years, find the number 
of boys in the class. [ C. U. Bntr. Paper, 1879 ] 

24. The interior angles of a rectilineal figure are in A. P. If the 
least angle is 42” and the common difference is 33”, find the number of 
sides. 


25. If sums of the first i?, q and r terms of an A. P. are jc, v and s 
respectively, prove that xqr[q-r)^yrf{r“-p)^zpq{j>-q)™^. 


CEAPTEE XXXVIII 
GEOMETRICAL PROGRESSION 

282. Definition. Quantities are said to be in Geometrical 
Progression when each is equal to the product of the preceding and some 
constant factor. 

The constant factor is called the common ratio of the series, and 
it is found by dividing any term by that which immediately precedes it. 

Thus, each of the following scries forms a Geometrical Progression ; 
1. 9, 4. 8. 16. &c. 

1, 4i if Ji Af &c. 

1, if ~Af At 

a. ar, ar*. ar®, ar*. Ac. 
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In the first example the common ratio is 2, in the second ii in the 
third -4, and in the fourth r. 

N, B. ^Geometrical Progression' is briefly written as G, P. 

283. To find the nth term of a G. P. 

If a be the first term and r the common ratio of a* Geometric series, 

we have the 2nd term*a.r, the 3rd term *=a.r“, the 4th term *a,r® 

the 10th tenn = a.r®, the 21st term*a.r®°, and soon. HenoOt the 

nth torm^a.r”*^. 

Example. Find the 6th term of the series % 6, 16. 54, &o. 

Here, a*2 and the common ratio* j *3 ; 

. * . the 6th term * 2 x (3)* * 486. 

284. Given any two terms of a G. P., to find the series 
completely. 

Example 1. Find the G. P. whose 5th term is 81 and whose 
6 th term is 2187. 

Let o*the let term, and r*the common ratio. 

81*a.r*"^*ar*, ••• (1) 

and 2187*ar«-^ *ar^ (2) 

Dividing (2l by (1), r®*=Hf^“27. r“3. 

Hence, ar**a.3**81, 



Thus, the series is 1, 3, 9, 27, &o. 

Example 2. If c and d be the ptb and qth terms respectively of 
a G. P., to determine it completely. 

Let a “the 1st term, and r“the common ratio, 

0 “the pth term of the G. P. 

- ( 1 ) 

Similarly, (2) 

By division, ^ >’*(^) ' 

Substituting for r in (1), we have 


1 



Hence, the .1st tenn and the common ratio being known, the 
complete series msif be written down. 
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EXERCISE 144 

1. Find the 8th term of the series 4, 12, 36, Ac. 

2 . Find the 6th term of the series 3f , 2i, li, Ao, 

3. Find the 9th term of the series 1, 4, 16, 64, Ac. 

4. Find the 6th terra of the series 1, -3, 9, -27, Ao. 

6. Find the 5th term and the (n — l)th term of the series f, — 1, j, Aor 

6. Find the 7tb term of the series - 21, 14, - 9J, Ao. 

7. Find the nth term of the series \/3 + -^<o + «-/« + ••• 

V U 0 V d 

8. The first two terms of a series in Q, P., are 125 and 25. 
what are the 6th and 7th terms ? 

9. Find the series (i) whose 6th and 11th terms are respectively 

192 and 6144 ; (ii) whose 2nd and 8th terms are 9 and A respectively ; 

(iii) whose 5th and 8th terms are 8 and — respectively. 

10. The pth and the qih terms of a G. P., are c and d respectively. 
Find the nth term. 

11 If every term of a Q. P, is multiplied or divided by the same 
quantity ^ the resulting series is also a G. P. 

12 In a G. P., if the (j?+g)th term=m and the (j7-g)th term^n. 

find the pth and gth terms. [ B. U. 1888 1 

13. In a G. P., prove that the product of any pair of terms equi- 
distant from the beginning and the end is constant. 

14. There are 2n terms in a Geometric series. Prove that the 
product of the first and last terms is equal to the product of the two 
middle terms. 


285. To find the sum of a number of terms in Geometrical 
ProgreBsion. 

Let a be the first term, r the common ratio, n the number of terms 
and S the sum required ; then 

S^^a^ ar+ ar* ar* + Ac. + 

Sr* ar + ar* + ar* + Ac. + ar’'~*^ + ar’*. 


Hence, by subtraction, 
Sr-S-ar’^-a. 
o a( r”-l) 
r-l 


a(l-r*) . 

1-r 


S(r-l)»a(r’‘-l). 

( 1 ) 

- ( 2 ) 
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Cor, If I denote the last (or the nth) term of the series, we have 
; hence, from (1), ••• (3) 

T“~X 

Rote. The formula (2) may conveniently be used in all cases except when 
r i§ poaithe and greater than 1. 


Example 1. Find the sum of - S + 4 - Ac. to 7 terms. 
Ihe common ratio “ = - I xfj ” "f. 


Eenco, by formula (2), tho Bnm = ^-*-^Y+ 


Example 2. Find the sum of 3 + 4i + 6f + &c. to 5 terms. 

The common ratio = x J=S. 

Fence, if S denote the required sum, we have by formula (1), 




3xWx2»W“=39A. 


Example 8. Find, without the help of any formula, the sum of 
Ihe series 1 + 5 + 25 + &c. to 10 terms. 


The common ration’s. 

the 10th term =*1.5® =5®. 

Suppose S is the required sura. 

S«l + 6 + 5» + - + 6® - - (1) 

6S- 5+5® + - + 5® + 5^® ••• - (2) 

Subtracting (1) from (2j, 

4S*6^'»-1. 

S - - 1) - i(9765625 - 1) - i x 9765624 - 2441406. 


EXERCISE 145 

1. Sum 1 + 3 + 9 + 27+ Ac. to 12 terms, 

2. Sum 1 + '^ + ^2 ■*” g8 + &c. to w terms. [C. U. 1939 (Suppl.) ] 

3. Sum 81 - 27 + 9 ~ Ac. to 8 terms. 

4. Sum 2 - 4 + 8 “ Ac, to 10 terms. 

6. Sum 4 " J + } ^ Ac. to 5 terms. 

5. Sum 2 - 4 + 8 - Ac. to 2r terms. 

7. Bum 2i - 1 + 1 Ac. to n terms. 
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8 . Find without applying any formula the sum of 

(i) The scries 1+ | + A c. to n terms. 

' [ C. U. 1938 ; D. B, 1940 ] 

(ii) The series 5 + 15 + 45+ &c. to 8 terms. 

9. Show that the sum of n terms of a G. P. beginning with the 
|3th term, is times the sum of an equal number of terms of the same 
series beginning with the qth term. 

286. If n be an integer and'r a given proper fraction, tc prove 
that diminishes as n increases. 

Let Now, since ? of any number is undoubtedly less than 

that number, 

(?)* is less than because (t)® ~ ? of ? ; 

(D* is less than (f)®, because of (?)* ; 

(f)^ is less than (f)®, because of (?)® ; 

and so on 

Hence, it is clear that in the series (?)®, (?)®. (^)^i each term 

is less than the preceding one ; which is briefly expressed by saying that 
(^)" diminishes as n increases. 

Similarly, the proposition may be proved for any other value of r 
which is less than 1. 

Hence, generally speaking, if t has a given value less than 1» 
diminishes as n increases. 

Note. From the above it is guile clear that if r he a proper fraction, r" 45 very 
small when n is infinitely large, 

237. The sum of a Geometrical series continued to infinity. 

Let us consider the series a, ar, ar®, ar®, &c. 

If S denote the sum to n terms, we have 

Q * ._a_ _ O'TI. 

1-r i — f i“"f 

If then r be a proper fraction, the larger n is, the smaller will be 
( and ^ • hence by suflQciently increasing the value of n we can 

make less than any assigned quantity, however small ; and there- 

fore by suffi,ciefitly increasing the value of n, the sum of n terms of the 
Swiss can he made to differ from ^ by as small a Quantity as we pleassr 
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This statement is usually put thus : the turn of an infinite number 
of terms of the Oeometrioal Progression is r^’ or more briefly, the sum 

to infinity is 

Let us apply all these remarks to a particular example. 

Consider the series 1, i, J, &c. 

Here, a = 1, r=i ; hence the sum to n terms 

Now, by taking n large enough, 2""^ can be made as large as we 
please, and therefore, 2 »-i as small as we please. 

Hence, we may say that by talcing n large enough, the sum of 
n tefrms of the series can be made to differ from 2 by as small a quantity 
as we please ; or briefly, the sum of an infinite number of terms of this 
series is 2. 

N, B. It must be borne in mind that the sum of n terms of a Oeometrioal Pro- 
gression afsproaehes a fixai limit as n increaaas inieflnitBly only when r It Ittt 
than anity, !fr ho greater than unity there tt no each fixed limit 

^ Example 1. Prove that in a decreasing Geometrical Progression 
continued to infinity each term bears a constant ratio to the sura of all 
which follow it. 

Let the series be a, ar, ar^, ar®, Ac., where f is less than unity. 

Then, the nth term^ar”*^ and the sum of all the terms which 
follow this 

* ar*^! + r + r* + r® + Ac. to infinity) 


-ar 


>n. 


1-r 


Hence, the ratio of the nth term to the sum of all which follow it 

Now, this is constant whatever value n may have, which proves the 
proposition. 

Example 2* Sum to infinity I - j + JV - Ac. 

Here, a*j, and r» -f-fr-f ■■ 

Hence, the required sum- x 
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EXERCISE 146 


Bum to infinity each of the following series : 

1. i+i+i+A+&o. 2. + 3. i + 4+f+A+&o. 

4. 5. 3f+2i + l4+&o, 

2 3 2 3 

6 ^ 5“ 5® 6* ^ ^ series. J 

7. + + 8. ^/3+j3 + ^+*o. 

». (^/2+l)+l+(^/2-l)+&o. 


10. Find the common ratio of a G. P., continued to infinity in 
which each term is ten times the sum of all the terms which follow it. 

288. Recurring Decimals. Recurring decimals furnish a good 
illustration of infinite Geometrical Progressions. 

Thus, for example, '264**234843434 

• ‘2 \ - 2 . 34 . 34 . 34 

+ *034 iO ^ 10** 10* 10^ *°* 

+ •00034 
+ *0000084 
+ &c., &o. 

Here the terms after A constitute a 0. P. of which the first term 

84 1 

is and the common ratio |qs* 

Hence, we may take which 

agrees with the value found by the usual Arithmetical rule. 


289. Geometric means. Definition 1. When three quantities 
are in Geometrical Progression the middle one is called the Geometric 
mean between the other two. 

Definition 2. When any number of quantities Xx, Xn, Xn, Ac., are 
such that a, Xi, x^t Xb, Ao., b are in G. P., then Xxt Xu, Xb, Ac., are c^led 
Geometric means between a and b, 

(i) To find the Geometric means between two given quantities. 

Let a and b be the two given quantities ; 0 the Geometric mean. 

Then since, a, G, b are in G. P., we must have, ^ ^ * each being 

equal to the common ratio. .*. G**a6, and .*. G* Jab * . 

(ii) To insert a given number of Geometric means between two 
given quantities. 
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Let a and h be the two given quantities ; and Xi, iTg, Xai Ao.i 
the n means to be inserted. 

Then a, Xu ajg. &c., Xn* b are in G. P» 

Let r denote the common ratio of the series ; 
then 6 = the (n'f2)th term^a.r*^'*'*^, 



1 % B 

-1 I BO on. 


Exfunple. Insert 3 Geometric means between i and 128. 
Let Xi, x%, Xb be the means. 

Then, i, Xu ®a. ®8i 128 are in G. P. 


Hence, if r be the common ratio of the series, 
we must have 128* the 5th term*i.r^. 

r* * 256, whence r * 4. 


Hence, 


Xt’^iJL 

a;a*i4* 


2 

8 

32 



% 

290. The Arithmetio mean of any two positive quantities is greater 
than their Geometric mean. 


Let a and b be two positive quantities. 

their Arithmetic mean*— and Geometric mean* Jab, 


Now, \/fl5*4[a“2s/a.>/6+6]*i(N/^^“ n/W* 

*a positive quantity. 


EXERCISE 147 

L Insert 2 Geometric means between 3 and 24. 

2*. Insert 3 Geometric means between 2i and t, 

8. Insert 4 Geometric means between i and **5^. 
4. Insert 5 Geometric means between 3t and 404. 
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5. What are the three Geometric means between 25 and 164025 7 

[Pat. U. 1919] 

6. If a, b and c be in G. P., and Xt y be the Arithmetic means 
between a, b and b, c respectively, prove tliat 

^+£-2 and i J -f- [P.U. 1892] 

X V X y 0 

7. The Arithmetic mean of a and b is to their Geometric mean ai 

m to n ; show that a : [ A. D. 1889 ] 

8. If the Arithmetic and Geometric means between two quantities 
be respectively A and JB, prove that the quantities are 

A+ JA^B* and A- 
[ Let the numbers be a and b. Suppose a > b. 

j*. a+b-2A, **• — (1) 

and 

Now, (a - b)* Ha + 1)* 4ab « 4(4» - B»), 

or, a-b*a^i'»rB\ (a) 

( taking the positive root, slnoe, a > b, 

M., a- b is positive. ) 

Adding (1) and (3), 3a~iA+i J A^-W, or, a-d+ JA'-B'> 

Also, labtraoUng (3) from (1), b^A- J A' ~ B', ] 

291. Miaeellanedttt Series and Examples. 

Example 1. If a; < 1, sum the series 

1 + 2* + Sa* + !«• + &o., to infinity. 

Let S denote the required sum ; then 
S ” 1 + 2* + 3®* + to* + Ac. 

and S®“ *+2®* + 3®* + Ac. 

Henoe, by subtraction. 

S(l-®)“l + * + ®* + ®* + Ac., to infinity 

1 -* 

. o L,. 
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Example 2. Sum to n terms 5 + 55 + 655 + &c. 


Let S denote the required sum ; then 
S—6 + 56 + 556+&C. to n terms 
“ 5)1 + 11 + 111 + &o. to n terms) 

■« 4 X 9)1 + 11 + 111 + Ac. to n terms) 

■■ J)9 + 99 + 999 + &c. ton terms) 

-4j(10-l)+(10*-l)+(10*-l)+ Ac. to n terms) 
- S)(10 + 10* + 10* + Ac. to n terms) - n\ 


5 

9 


f l0(10”-l ) 
I 10-1 



Example 3. Sum to n terms 1 + 5 + 13 + 29 + Ac. 

Let tn denote the nth term of the series, and S the required sum ; 

then 

S“l + 5+13+29+**» + in; 


and S*0+1+ 6 + 13+**' + tii-i + tn. 


Therefore, by subtraction, 

0*(l + 4+8+16+&c. to n terms)* ti*. 
- 1 + 14 + 8 + 16 + Ac. to (n - 1) terms) 
. 4(2»“**1 ) 

^ 2-1 " 

-l + 2*.(2""*-l)-2^^-3. 


Hence, the 1st term *2* *3, 

» 2nd » -‘2* *8, 

» Srd » -2**3 
and so on. 

Hence. S - (2* - 3) + (2* - 3) + (2* - 3) + Ac. + (2^^ - 3) 

- (2* + 2* + 2* + Ac. to n terms) * 3n 

.81^-5, 

Example 4. If a, b, c, d be in 6. P„ show that 
(a - d)* - [b-c )' + (o - o)* +{d- b)*. 


We have ^ “ I “ ^ ’ each of them being equal to the common 

Of 0 0 

6*“oc, o'—dd. and ••• (o) 


ratio ; 


••• 
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Hence, (6-o)* + (c-a)» + ((2- W* 

- (6* + c* - %c) + (c* + a* - 2ca) + (d* + 6* - 2d5J 
* 2(6® — ac) + 2(c® “ 6d) + a® + d® “ 26c 
* 2 x 0 + 2 x 0 + a® + d®~ 2 ad. [ by a ] 

“(a-d)®. 

Sxample 5. If a, 6, c. d be in G. P., shew that 
a® -6®, 6®“C®, are in G. P. 

Evidently a® -“6®, 6®*-c®, are in G. P., 

if (fl®-6®)(c®-d®)-(6®-c®)®. 

Now, since a, 6, c, d are in G. P., we have ^ ^ ^ • 

a 6 0 

ac * 6®, 6d"=c® and ad = 6c. 

Hence, (a® - 6®Xc® - d®)»a®c® - 6®c® - a®d® + 6®d® 

*6*-6®c*-6®c® + c* 

«6"-26®c® + c^=(6®-c®)*. 
a®-6®, 6®- c®, c®“d® are in G. P. 

Example 6. If p, g, r be in A. P., ;;rovo that the .nfch, ffth, and r3:j 
certna of any Geometric series form a Geometric serica. 

[ W. B. S. P. 1963 ] 

Suppose the 1st term of the Geometric series “a and the common 
ratio •'B. 

the pth term«*aB®“^, gth term=aB®''^ and rth te^m*aS•‘“^ 
aB«’^ and aB’’”^ will be in G. P., if (aB®’M® *aB*'*\aB»’-S 
a®B*®’®-a®B®’+»-®. i.e., if 2g-2-p + r-2. 
or, 2g»p + r. 

Now, 2ff-p + r, if p, 5^, r are in A. P. 

Example 7. The continued product of three numbers in G. F. 
is 216, and the sum of the products of them in pairs is 156 ; dnd the 
aombers« 

Let ^ * a, ar be the numbers ; 

then by the conditions given, we must have 

® -a.ar-aie - (1) | 

fcnd ^ ‘a + ~ •(*>■+ o.oy “ 156 ••• (2) | 

From(l)i o*“216. 
r— 36 


a*6, 
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Hence, from (2), J • • 3(l+r + r')“13r. 

or, (3r»- 10r + 3) = 0, or, (r-3)(3r-l)-0. 
f = 3, or, i. 

Hence, the nuicbers are 2, 6, 18. 


EXERCISE 148 


1. Find by the method of summation of infinite Oeometrio aeries 
the values of : 


(i) •02’7 ; (ii) 1'146 ; (iii) -21601 ; (iv) *14286^ 
2. Sum l + 3a; + 5a;® + 7a;® + &C. to infinity. 

8. Sum 1.2a; 2.4a;® 4- 3.8a;® + &c. to infinity. 

4. S! in 1.3a; + 4,9a;® + 7.27a;® + &c. to infinity. 

6. Sum a + 2a® + 3a® + 4a* 4* &c. to n terms, 

6 . Sum 1“" 3a; + 5a;® '"7a;® 4- &c. to infinity. 

7. Sum i4-f 4- JV4'&c. to infinity. 

2 3 4 

8. Sum 1 4- 2 4* gj + -g + &c. to n terms. 

9. Find the nth term, and the sum to n terms of the series . 

1.1. 2.3. 4.5, 8.7. &c. 

10. Sum 14-^ ^ terms. 


11. Sum to n terms 4 4- 44 4- 444 + &o. 

12. Sum the serfes 94- -994- '9994- &c. to n terms. 

18. Sum the series 1 4* 3 4- 7 4- 16 4- &o. to n terms. 

14. Sum to n terms -6-44-04-84-24 4* &o. 

16. Find the sum of 6 4- 9 4- 21 4- 69 4* 261 4- &o. to n terms. 

16. Find the sum of (1)4'(14-3)4-(14-34-3*)4-(1 -h 34-8*4-3®)-*— to 

[ a D. 1931 ] 

17. If a. 6. 0 . d be in G. P., show that 

(ft* 4- 6® 4- C® X6* 4- c» 4- d*) - (a6 4- he 4- Cd)®. 

C We have 5 - * - ' (gay) ; 


thus. a-6/f, 6*cfc, c»dfc, 

henoe i c*4-d*), 

and also a*+t*+fl*»ft(at4*fcc+ed). 3 
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18. If a. bt 0 , d are in G. P., prove that 

(i) (6+cX6+c2)*(c+a)(c + 6Z) ; 

(ii) (a-HdX6+c)-(a+c)(6+t^)»(6-c)* ; 

(iii) a» + 6», 6* + c», + are in G. P. [ C. U. 1919] 

19. Three numbers whose sum is 15 are in A. P. ; if 1, 4 and 19 be 
added to them respectively, the results are in G. P. Determine the 
numbers. 

[ Let. a - |S, a, a+/S be the numbota. ] 

20. Three numbers whose product is 612 are in (31. P. ; if 8 be added 
to the first and 6 to the second, the numbers are in A. P. Find the 
numbers. 

21. The sum of three quantities in G. P. is 24]^, and their product 
is 64 ; find them. 

22. If a, bt c be respectively the pth, qth and rth terms of i 

Geometric series, prove that ■■ 1. 

23. If a, bt 0 be in A. P. and y, z in G. P., prove that«*^"V'^«“”*’“"l* 

24. If a, bt c be in G. P., prove that are in A. P. 

[ D B. 1946 ; G. D. 1948 ) 

25. The 1st term and nth term of a Geometric series are a and I 
respectively and the product of the first n terms of the series is P. 

Prove that P-(ai)*. [ 0. U. 1918 ; D. B. 1948 1 

26. If S be the sum, P the product and B the sum of ths 

fj^\n 

reciprocals of n terms in G. P., prove that ' 

27. Find the sum of n terms of the series, the rth term of whiol 
Is (2r+l)2^ 

28. If .4*l+r®+r*® + *'*to infinity and P—l+f^+r**^+**- to infinity, 
prove that r - (^) " - (^) 

29. If there be n terms in O. P.. pr ^ e that the nth root of their 

product is equal to the square root of the product of the first and last 

tenns. 

80. If n Geometrical means be found between two quantities 

n 

a and c, show that their product will be (ac)^. 

81. If a, bt Ot d are in G. P., show that the reciprocals of a'-b*, 
o*-d* are also in 6. P. 
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82. li Si. Sg, Sg, &c., Sn are the Bums of infinite Geometric Beries, 
whoBe firBt termB are 1. 2, 3. &c., n, and whoBe common ratios are 

i. i. i ftc„ reBpeotively, prove that 

Si + S» + S. + &o. + S„“ -^(« + 3). 

83. Find the sum of the infinite series— 

l + (14-a)r + (l + a + a*)r^ + (l + a + a* + a®)r* + &c., r and a being 
proper fractions. 


CHAPTER XXXIX 
VARIATION 


292. Definition. One quantity is said to vary directly as 
another when the two quantities are so related that if one of them be 
ehanged, the other is changed in the same ratio ; or, in other words, if 
o, a' be a 7 iy 'two values of a quantity At and 6, b' the corresponding values 
of a second quantity B, then A is said to vary directly as B when 
a : ; l\ 

For instance, suppose the measure of the area of a triangle is a, 
when that of the base is b ; now if the height remaining unchanged, 
Ihe base is increased to 26, then as we know from^ Geometry the area 
will become 2a ; if the base becomes 36, the area will be 3a ; and 3o on. 
Thus, the height remaining the same if the base is doubled, trebled, 
auadWe^i the area also becomes doubled, trebled, quadrupled. &o.. 
ft 6 the area changes in the same ratio as the base) and so we say that 
H the height of a triangle remains unaltered, the area varies directly 
as the base. 

Note 1. The word directly is often omittedt so that when we say A varlee 
at B, it is.implied that A varies directly as B. 

Note 2. The symbol oc used to express variation ; thus, A oo B stands for 
*'A caries as B”. 


298 If A varies as then the numerical measure of any 
value of A and that of the corresponding value of B are in 
a constant ratio. 

Let ai, a%t at, &o., be the measures of a series of values of i, and 
let 6i 6g 6t. be the measures of the corresponding values of B. 
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Then, by definition, : and so on. 

Ab Ob Ab Os Ab Ot 

Hence, proves tbe proposition. 

Note. Putting m for each of the above ratios, we have a, -mb,, a, ■■mb*, 
at«>m2)i, ond so on,. Thus, io?wn ii varies as B, the numerical measure of any ealui 
of A is equal to that of the corresponding value of B multiplied by a cons'rni. This 
result is briefly expressed as follows: ''If A oc B, then A^-mB, ir.isre m it 
a constant," 


294. Definition. (1) One quantity A is said to vary invereelff 
as another quantity B, when A varies directly as the reciprucal of B, 

Thus, if A varies inversely as where m is constant. 

Illustration : If 20 men do a certain work in 4 hours, 10 men 
would do it in 8 hours ; 40 men in 2 hours ; and so on. Thus, when the 
number of men diminishes, the time proporticnally increases and t;to« 
versa. This is expressed by saying that if the amount of work to be 
done remains constant, the number of men varies inversely as the time. 

(2) One quantity is said to vary jointly Bi* a number of others 
when it varies directly as their product. Thus, if A varies jointly as B 
and C, A ^m,BG, where m is constant. 

Illustration : The monthly income of a day labourer varies 
jointly as his daily earning and the number of days he works in a month. 

(3) A is said to vary directly as B and inversely as^ 0 when 
A varies jointly as B and the reciprocal of C, that is, when 

jg 

A^m. q' where m is constant. 

Illustration. The time of travelling a distance varies directly 
as the distance and inversely as the speed of travelling, 

295. An Important Theorem* 

If A varies as B when C is constant, r . ^ A varies as 0 when B is 
constant, then will A vary as BC when both B and 0 vary. 

Suppose Ai is the value of A v 1 t : s that of B, and Ct that of 
C. Suppose also that Ab is the value of A when Z?b is that of B and Cg 
that of 0. Then the proposition will bo proved if we can show that 

Ai ,* Ab*'^!^! • heC%, 

Now, the change of A from Aj to og is due to two causes, namely, 

(l) the change of B from hi to h% and (2) the change of 0 from 
ii. to Cg. 
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Hence, it is clear that if one only of these causes be present 
(t.c., if either B or C alone undergoes the supposed change), A will 
change from Ui to some value which is different from as. Let, therefore, 
a' be the value of A when fes is that of Bt and Ci that of C. 


Thus, we have the value of A 

•ai when those of B and C are respectively bx and Ci (1) 
•a' when those of B and C are respectively 6s and Ci ••• (2) 
“tts when those of B and C are respectively bg and Cs ••• (8) 

Hence, from (1) and (2), we see that A changes from ax to a\ when 
B changes from 6i to 6si C remaining constant (t.a., retaining the 
value Cij, and, therefore, by hypothesis. 


a bg 


(a) 


and from (2) and (3), we see that A changes from a' to as when 0 
changes from Cx to c^, B ^:maiv,ing retaining the value 6 b.) 

and, therefore, by hypothesis, 


a 

as Cs 


(^*) 


Hence, from (a) and 

fr X j-' or, which proves the proposition. 

a ag Og Cg ag bgCg 


Illustration: (1) Suppose that a number of plants have to be 
watered ; the quantity of water supplied for watering evidently varies 
directly as the number of men employed if the time for watering rtmaira 
unchanged ; and also it varies directly as the number of hours for which 
the men can work, if the number of men engaged remain the same ; hence, 
if the number of men and the number of hours be both variable, the 
quantity of water will vary as tiio product of the number of men anc the 
number of hours. 

(2)^ The area of a triangle varies directly as the base when the 
height is constant, and it also varies directly as the height when the 
base is ; hence wh^n both tho bq,cio and the height are variable, 

the area varies as tlie product cf the numbers which eTpress tae baaC 
and the height. 

Cor. If there be any number of quantities B, C, Z), Ac., each of 
which varies as another quantity A, when the rest are constant ; then if 
they are all variable, A varies as their product. 

296. Some results worth rememboriog. 

(1) If 4 « B and B « C, then A ^ C, 

For, let A""fnB, and B’^nO, where m and fi am constants i then 
A ""mnO ; and as mn is constant, A ^ 0, 
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(2) If 4 « C, and B « C, then il±B C, and AB « C. 

For, let A^mCt and B = nC. where m and n are oonstantB ; then 
1 -4 B*=(wi + n)C, and A-B^(m-n)C, (il±B) « C. 

Also jAB^JmnC^-Cjmn, \/4B°^C. 

(3) If 4 “ BC, then B « ^ • aLd C « | • 

For, let A’-mBC, then B- - • 4 • B « 4 • 

A 

Similarly, C « ^ • 

(4) If i4 « B, and C then AC « BB. 

For, let il“mB, and C*nl), then AC^mnBD ; 40 « BD. 

(5) If 4 « B, then 4“ « B~. 

For, let 4*fnB, then 4*‘*m^B’‘. 4^ « B^, 

(6) If 4 « B, then 4P « BP, where P is any quantity varidbh 
or constant. 

For, let A^mBt then 4P“wiBP. /. 4P * BP, 

297. Examples. Application of the principles explained In 
?m 0 of the preceding articles will be illustrated by the following 
lamples . 

Example 1. If y varies as a;, and when x^l% find the valne 
of y when «-18. 

By supposition, y^mx^ where m is constant. 

Putting v-5, a;-12, we have 6*m.l2. wi-A. 

Hence, x and y are connected by the relation y " 

Hence, when cr“lR, we have y* A.18*V “7i. 

Example 2. If s varies as poj + y, and if s*3 when 05 "!, y— 2, and 
z -6 when a;-2 and y -3, find p. 

By supposition, s“m(pa; + y), where m is constant. 

Putting s=*3, oj-l, y»2, we have 3*wi(p+2). ••• (1) 

Again puioing 2f*5, a;=2, y = 3, wi. L.C b 5 » n»(2i; + 3). ••• (2) 

Hence, from (l) and (2), by division, g whence P"l. 

Example 3. If y-the sum of 3 quantities, of which the 1st •« 0*. 
the 2Dd « 0 , and the 3rd is constant ; and when 0*1, 2, S ; y*6, ll. 18 
respectively, find the equation between x and y. 

By supposition, y*9n0* + n 0 +p. where in, fi, p are constants. 
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Now, since v*6, when ic-l, we have 
6“w + n+;3. 

Similarly, ll=4w + 2n + i3, 
and 18 *=9771 + 371+1?. 

Prom (1) and (2), by subtraction, 377i + n = 5. 
Similarly, from (2) and (3), 67?^+ n *7. 


( 2 ) 

(3) 

(4) 

(5) 


Now, subtracting (4) from (5), we have 
2771 = 2. 77i = l ; 

hence, from (4), n *= 2. irom (l), f? = 3. 

Hence, the equation between x and y is i/ = a;“ + 2a; + 3. 


Example 4. If (i) a + a - o, prove that a® + d* « ah \ 
and (ii) a b, prove that a* ~ 6® ah. 
fi) By supposition, a + h^m{a-b}, when m is constant. 
Hence, {a + Z?)® * mHa - Z>)®, 

or, a* + Z?® + 2^iZ)=77i®(a® + Z?®-2aZ?). 

. (tn® - iXa® + Z>®) * 2aii[l + w®). 


tt® + b* 


^^77l» + l) , 
771 “1 


But is constant. a* + 6* “ aZ, 

77t 

(ii) Since a = 77th, 

multiplying both sides by a, we have a^^m.ah 
and also multiplying both sides by ^ • we have h®*^^» 

771 771 


( 1 ) 

( 2 ) 


Subtracting (2) from (1), 

a® - h® * Itti - 'ah, where |77i - — | is constant , 
a®-h®®^ah. 


Example s. The wages of 5 men for 6 weeks being £14, 5s., how 
many weeks will 4 men work for £19 ? 

Let X denote the wages (in pounds), earned by v men in $ wjeki. 
Then, evidently x y, when e is constant ; 
and also x z, when p is constant, 
when p and z are both variable, 
fl? « VS. 

X'^m.pz, when 7» is constant. 
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Now, Binoe flj-141, wheo y“5 and b-6. 

Ui-»nx6x6. ••• - (1) 

Alao, if 5i denote the required number of weeks, then, sinoe Ibe 
lorreBponding values of x and y are respectively 19 and 4, we have 
19*“mx4x«j (2) 

Hence, dividing (l) by (2), 

3 6^6. . in 

7 —7-^ — * whence 2i*lu ; 

%.e., the required time *10 weeks. 

Example 6. Assuming that the quantity of work done varies as 
the cube root of the number of agents when the time is the Bame, and 
varies as the square root of the time when the number of agents is the 
same ; find how long 3 men would take to do one-fifth of the work which 
24 men can do in 25 hours. 

Let X denote the quantity of work done by y men in i hours. 

Then by supposition, 

a; oc yi when z and is constant, 

and also, x ^ z^ when y and is constant. 

Hence, when both y and z and and z^ are variable. 

i i 

X « y z^, 

t.fl., x^k.y^z^t when k is constant. 

Now, since by the problem, 

x*l, when y*24 and s*25 

l-A:.V2i.>/25. (1) 

Also, if Zi be the required number of hours, since the correspond ln| 
values of x and y are respectively i and 3, we have 

i^k.V^.Ji,. - - ( 2 ) 

Hence, dividing (l) by (2). 5- ^^^ - 

\/si-2 and Si*4; 

i.fl., the required time *4 hours. 

Example 7. A sphere of metal is known to have a hollow spaot 
about its centre in the form of a oonoentrio sphere, and its weight is 
i of the weight of a solid sphere of the same substance and radius i 
compare the inner and outer radii, having given that the weights of 
spheres of the same substance « (radii)*. 
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Let B be the outer radius and W the weight of a solid sphere of 
the given metal of radius B ; also let r be the inner radius (i.e., radius 
of the spherical cavity), and w the weight of a solid sphere of the given 
metal of radius r. 

Then, by hypothesis, 

W^KB^t and where K is constant. 

Now, since [W-w) is the weight of the given sphere, we have, by 
the question, TT-w-jTF, hence, we must have 

K[B^-r^]^lKB\ 

T 1 

Ji2®*=r®, whence g ' 

Example 8. A point moves with a speed which is different in 
different kilometres, but invariable in the same kilometre, and its speed 
In any kilometre varies inversely as the number of kilometres travelled 
before it commences this kilometre. If the second kilometre be des* 
oribed in 2 hours, find the time occupied in describing the nth kilometre. 

Evidently, the time of describing any kilometre varies inversely as 
the speed in that kilometre ; hence, if Vn denote the speea in nth kilo- 
metre and tn the number of hours required to describe the nth kilometre, 
we must have 

where m is constant, 

Vn 

Also, by bypotbesiB. whore E is constant ; 

hencr, 

Evidently, then is known it ^ is known ; and since the time of 

describing the 2nd kilometre is two hours (t.e., t„-2, when n-2). wo 
h%ve 


2-1 


1 , 




Hence, tn-2(«-U 

the Rth kilometre is described in 2{n-l) hours. 

Example 9. A locomotive engine without a train can go 24 kilo- 
metres an hour, and its speed is diminished by a quantity which varies 
as the square root of the number of waggons attached. With four 
^ kilometres an hour. Find the greatest number 

Of waggons with which the engine can move, 
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Lei 0*the nnmber of waggons attached. 

Then the number of kilometres travelled by the train per hoar 
i.s., its speed) * 24 where m is a constant. 

Now, since the speed is 20 kilometres per hour when a ■*4, we 
mast have 

20 - 24-wiN/'i-24-“2w. w"2 

Hence, the speed of the engine with » waggons "24-2 n/J j 
evidently, therefore, the speed diminishes as x increases. 

Now, let us see for what value of x the speed is reduced to nothing. 
If Xi. be this value, we must have 

0— 24-2i/«i. ^/^l"12, and aJi"144. 

Thus, when 144 waggons are attached, the engine fails to move 
*lhe train. 

Hence, the greatest number of waggons with which the engine can 
more “143, 

Example 10. If tr, Vi s be variable quantities such that v + 
is constant, and that (a5+y-s)(rB + s-y) varies as ys, prove that aj+y + i 
varies as yi. 

By supposition, we have y + s- a;“^ *^(1) 

and («+y-£;X®+«"y)*wys, (2) 

where h and m are constants. 

Now, from (2), we have aj*-(y-«)**my«. 

(y + ;!;)*« (w - 4)y2:, 

or, (oj + y + z){x - y - «) = (m - 4)j/«. 

Honce, from (1), 

(c! + y + sX “ W * (wi - 4)y£:. 

flj+y + j5-|^ i.fl., “(a constant) xy;8i. 

Hence, a! + y + s y«. 


EXERCISE 149 

1. If y « a, and V“5 when 0 ** 15 , the equa*ion between 
X and y. 

2. If y « 0 , and y “10 when a? “25, find y when a? ^ 35, 
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8, If P varies inversely as Q, and 0*10 when P*2, what wilR 
P become when 0*8 ? 

4. If P QBt and the three corresponding values of P, 0* -B b® 
6, 9, 10 respectively, find the value of P when 0*5 and P*3. 

5. If the square of x vary as the cube oi y, and a;-2, when v*3. 
find the equation between x and y. 

6. Given that y varies as the sum of two quantities, one of which 
varies as x directly, the other as x inversely and that y*4, when «*1> 
and y"5 when «*2, find the equation between x and y. 

7. lixy ^ a;“ + y*, and y^i when a; = 3, find the equation between 
X and y. 


8. Given that y is equal to the sum of two quantities, one of 
which varies as a;, and the other varies inversely as a;*, and when 
®“1, 2, y*6, 6 respectively, find the equation between x and y. 

9. If y*^ che sum of 3 quantities of which the 1st is constant, the 
2nd « X, and the 3rd a;*, also when a;* 3, 6, 7, y*0, -12, -32 res- 
pectively, find the equation between x and y. 

10. Given that y* «: a® -a?* and when x* 
equation between x and y. 

11. If y—r + s, whilst r « x, and s « Jx\ and if, when x*4, y^fie 
and when x*9, v*10, show that 6y*6(x+ Jx). 

12. Assuming that the time of oscillation of a pendulum varies as 
the square root of its length ; if the length of a pendulum which 
oscillates once in a second be 39'2 inches, find the length of one which 
oscillates 56 times in a minute. 

18. If IS men earn £7 in 15 days of 8 hours each, what will be tho 
wages of 52 men for 12i days of 9 hours each ? 

14. Given that the volume of a sphere varies as the cube of its 
radius, prove that the volume of a sphere whose radius is 6 centimetres 
is equal to the sum of the volumes of three spheres whose radii aro 
8, 4, 5 centimetres. 

15. The volume of a pyramid varies iointly as its height and the 
area of its base ; and when the area of the base is 60 square metres and 
Ihe height 14 metres, the volume is 280 cubic metres, What is the area 
of the base of a pyramid whose volume is 390 cubic iHvi^cs and whoso 
height is 26 metres ? 

16. Given that the area of a circle varies as the square of ita 
radius, and that tho area of a circle is 154 square centimetres, when the 
radius is 7 centimetres ; find the area of a circle whose radius i» 
10*5 centimetres. 
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17. If the voluroe of a oono whose height is 12 oentimetres and 
base 30 square centimetres be 120 cubic centimetres, find the volume ot 
another whose height is 20 cent irnet res and base ld4 square centimetres i 
the volume of a cone varying as the height and base jointly. 

18. The volume of a circular cylinder varies as the square of the 
radius of the base when the height is the same and as the height when 
the base is the same, The volume is 88 cubic metres when the height is 
1 metres, and the radius of the base is 2 metres ; what will be the height 
of a cylinder on a base of a radius 9 metres, when the volume is 396 cubic 
metres ? 

19. Two circular gold plates, each one centimetre thick, the dia- 
meters of which are 6 centimetres and 8 centimetres respectively, are 
melted and formed into a single circular plate one centimetre thick. 
Find its diameter, having given that the area of a circle varies as the 
equare of its diameter. 

20. Given that the illumination from a source of light varies 
inversely as the square of the distance, bow much farther from a candle 
must a book, which is now three inches off, be removed, so as to receive 
iust half as much light ? 

21. A solid spherical mass of glass, 1 decimetre in diameter, is 
blown into a shell bounded by two concentric spheres, the diameter of 
the outer one being 3 decimetres. Calculate the thickness of the shell. 
(The volume of a sphere varies directly as the cube of its diameter.) 

22. When a body falls from rest, its distance from the starting 
point varies as the square of the time it has been falling ; if a body falls 
through 402j feet in 5 seconds, how far does it fall in 10 seconds ? Also 
how far does it fall in the 10th second ? 

23. If 10 men can reap a held of 7*5 hectares, in 3 days of 12 hours 
each, bow long will it take 8 men to reap 9 hectares, working 16 hours 
a day ? 


24. The square of the time of a planet’s revolution varies as the 
cube of its distance from the Sun ; find the time of Venus’s revolution 
assuming the distance of the Earth and Venus from the Sun to be 
91i and 16 millions of miles respectively, 

[ If P be the time of revolution measured in days, and D the distanos in 
millions of miles, we have where ii Is a constant, &o. } 

25. The value of a silver coin varies directly as the square of its 
diameter while its thickness remains the same and directly as its 
thickness while its diameter remains the same. The silver coins have 
their diameters in the ratio of 4 : 3 : find the ratio of their thickness if 
the value of the first be four times the value of the second. 

[ B. U. P. B. 1885 ] 
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26. The value of diamonds ** the square of their weightSi and the 
square of the value of ruhios the cube of their weights. A diamond 
of a carats is worth m times the value of a ruby of 6 carats, and both 
together are worth £c. Eequired the value of a diamond and of a ruby, 
each weighing n carats. 

27. If a « 6 and fe « c, show that (a* + 6“)^ c*. 

28. If x+v x-y, show that aj*+y* « icy and + « xy(x±t/). 


29. Given that x-hy oc z+ ^ $ and that x-y « «"* “* find the rela- 

z z 

tion between x and z, provided that when a; *3, and y“l. 

[ B. D. P. E. 1888 1 


30. If a? • prove that a;+y is least when aj^y. 


[ We have a?y"a constant, J 


31. The consumption of coal by a locomotive varies as the square 
of the velocity ; when the speed is 16 miles an hour the consumption 
of coal per hour is 2 tons ; if the price of coal be 10s. per ton and the 
other expenses of the engine be 11s. 3d» an hour, find the least cost 
of a journey of 100 miles. [ Apply the preceding example. ] 

82. If s oc y, and y “ a;, show that 

z+y+z « (y*)^+U«)^ + ({ry)^ 



ANSWERS 


Exercise 1. [ Pages 2-3 ] 


1. 

220. 

2. 

22. 

3. 12 kilometres. 4. 

8 kilometres, 

6. 

9. 

6. 

12. 

7. 45 minutes. 

8. 

15 minutes. 

9. 

20. 

10. 

A : 

204. 11. 45 sq. 

metres. 12. 

7,. 6rf. 


13. 

20. 

14. 

9. 

15. 28. 


16. 

4. 


17. 

4480 

18. 

900. 

19. 1952. 


20. 

720. 






Exercise 2. [ Page 9 ] 




1. 

34. 

2. 

0. 

8. 4. 

4. 

1. 

5. 

64. 

6. 

14. 

?. 

tj. 

8. 4. 

9. 

12. 

10. 

8. 

11. 

2. 

12. 

4. 

IS. 5. 

14. 

80. 

15. 

29. 

16. 

325. 

17. 

0. 

18. 14. 

19. 

114. 

20. 

4. 

21. 

S9, 

22. 

19. 

23. 0. 

24. 

325. 

25. 

9. 




Exercise 3. [ Pages 

1M2 

] 



1. 

24. 

2. 

374. 

3. 4. 

4. 

720. 

5. 

34. 

6. 

1 

7. 

1. 

8. 40. 

9. 

1. 

10. 

1. 

11. 

0. 

12. 

50. 

13. 1. 

14. 

75. 

15. 

100. 

16. 

200. 

17. 

1520. 

18. 41'625. 

19. 

22680. 

20. 

845000. 




Exercise 4. [ Page 14 ] 




1. 

4. 

2. 

2. 

3. 6. 

4. 

18. 

6. 

8. 

6. 

16. 

7. 

32. 

8. 266. 

9. 

11. 

10. 

21. 

11. 

11. 

12. 

9. 

13. 3. 

14. 

162. 

16. 

18. 

16. 

9. 

17. 

0. 

18. 21. 

19. 

23. 

20. 

1. 

21. 

98. 

22. 

50. 

23. 9. 

24. 

42. 

25. 

61. 

26. 

2805. 

27. 

7. 

28. 171. 

29. 

2401. 

30. 

192. 

31. 

1029. 

32. 

1218. 

33. 48. 

84. 

143. 

35. 

18760. 

86. 

16. 

87. 

160. 

88. 78. 

89. 

7. 

40. 

2. 
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Exercise 5. [ Pages 17-18 ] 

1. A’s loss -£100. 2. -70. 3. -25. 4. -100. 6. -30. 

6. i, - 3, 5. 7. 15. -10. -20. 30. 8. -15, 10, 20. -30. 


Exercise 6. L Page 20 J 


1, - 22. 

♦ 

-18. 3. -31,-41. 1. -19, 

6. - 1180. 

5. -222. 

7. 

-2034. 8. C.58. 9, -7128. 10. 

- 220416417. 



Exercise 7. 1 Pages ‘21-22 J 


1. 3. 

2. 

-6. 3. -4. 4. -47. 

6. - 14. 

-51. 

7. 

16. 8. -8. 9. -32. 

10. 1. 



Exercise 8. [ Pages 21-25 ] 



1. 

-x + y. 

2. 



3. c“ + a^6-a*. 

4. 

2a5c-3wnp*. 


5. 

2tt‘'6-96“ 

‘c“ - 2t//. 


6. 

ilxyz 

- lOx'v*. 7. 


8. 


9. 

-14. 

10. 

-234, 

a. 

22. 

12. 

5. 13. 

177. 

14. 

-4663 

15. 

- 12016. 

16. 

~ Ga+ 6 — 3c. 


17. 

2x-e. 

18. 

2a;“ + 9x^ + 7. 

19. 

— a + 25“8Gt, 


20. 

2x‘‘-3y‘, 

21. 

153. ZZ. - 

125. 

23. 200. 

24. 120. 

25. 

400. 



Exercise 9. [ Pago 27 J 



1. 

- 10. 2. 

12. 

3. - 0. 

4. 

-22. 

5. 0. 


6. -291. 7. -77. 8. 83. 9. 17. 10. 177. 

Exercise 10. [ Page 29 J 


1. 2o + 35 — 2c. 

4. 2nj*-2m-4. 

7. 4o*-7a5-5*. 

10. - (x + 2y). 

13. -(3a*6+3a6*). 


2. -3af35t-4c. 

5. 2x* + v*-«*. 

8. 75c-7c‘‘ + 10to, 

11. 3x-4yl-5z. 

14. 2a’‘5*. 


3. 3x+2v-32. 

6. 3x’'-2v‘‘-7xi/. 

9. -x“ + x‘‘-x + 2. 

12. 6-2to*-6w». 

15. 3ab‘-3a'‘b. 


Exercise 11. [ Pages 31-32 J 

1. -4a + 86. 2. 7x-4y. 3. -2x. 4. -4o + 25. 6. 6a + 26 

«. 26. ' 7. 6. 8. 8. 9. -20 + 76. 10. 0. 
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11. -2flJ+6y+7«. 12, -2c 13. 16aj-15i/. 14. 8a-86 

16. llw-7n. 16. 6a-6i-18c. 17. 6jr-6i/-20«. 18. ar-v-lS:. 

19. 20. a Hi + 17c. 21. ar-12i/ + 20*. 

22. 6a-i+llc. 23. x-^v + ^z. 24. 11a -2i- 16c, 

26. a ~(i+c-ii) + (-w + n-a;) + !/-;?. 

26. a- ii + c-“(i + wi + (“« + a; — y + jg)!. 

27 \a-h-[c- d-^m)\---\-n-{--‘X+v-z)\. 

2rt. - )-a“”(~i-“c)i “ j-c?-(-w + n)|-k-(v“«)t. 


Exercise 12. [ Page 33 ] 


1 . 

GO 

*o 

3. 36. 4. -32. 6. 

-45. 

6. -7P. 

7. 

-24. 8. -35. 9. -45, 10. 36, 11. 

60. 

12. 64. 



Exorcise 13, [ Pages 34-35 ] 



1 . 

64. 2. 47, 

3. -8. 4. - 

393. 

6. ' 111, 

6. 

30, 7. 0 

8, 1136. 9. - 

280. 




Exercise 15. [ Pages 39-40 ) 



14. 

-6(r’j/‘. 

15. 21a“5‘c“. 

16. 

40a!”y“, 

17. 

-ISGa-^^vV. 

■ 18. 140a;“y’ir‘"’. 

19. 

-4a:’V. 

20. 

-70a“5'*, 

21.- 46a-‘V'’«’. 

22. 

24a-’y''*’. 



Exercise 16. [ Pa,ge 40 ] 



L 

-10a-’. 2. ■ 

-20a‘6’. 3. 21w’n*. 

4. - 

18a;‘»’. 

6. 

6. 

-40m''n’. '7. dQxVz". 

8. - 

243'*»***. 

9. 

48a:'y*0*. 

10. 25a‘5V‘. 

11. - 

24a:*i/"2*. 

12. 

sao'^Vy*. 

18. 35o*5*z*. 

14, - 

eOo'a-’v*. 

15. 

70a:*y**. 

16. -I8a*5*c“. 

17. 63o*irV*. 

18. 


19. 

20. 112a”a:'“2/*«’ 


Exercise 17. [ Page 43 ] 

1. 2. r 6a* + 10ai-16ac. 3. 8 rr* 3 /- 12 ji/‘ 

4. 2a*ic-3ai®c-aic®, 5. -3x®y® + 6ir®j/® + 3 t3/^> 

6 . 21a*i*-7ai*-35a®i“ + 7a®i®. 7. -6a^a;*f-8a®a;*-10a®a!. . 

8. -8?»*n + 12w*a®-20w®w®. 9. -a*i®c* + a*i*c*-a*i*c®. 

10. x^yz + xy^z+ xyz^ - xy^z^ - - a5*v*f . 
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11. 12o*d‘-18c‘d’+30c*d*+24c*d‘. 

18. -16a’6* + l2a»6‘-10a‘6‘ + 8a‘6*. W- 7!e*-2!ri*. 14. 0. 

15. 9®*-25v*. 16. x* + 4®*. 17. a^*6* + 4a‘6». 

18. 4o‘*6‘* + 81a*6*. 19. 3aV 20. (i) a:* + v* + »*-3a:i/« ; (ii) 0 


1. -4®*. 

5. 2o»6*. 

9. -3»n*n*ii 

13. a“. 


Exercise 18. 
2. -3®*. 

6. -2|i»9*. 

10. 3a®c*. 

14. -7®*". 


[ Page 46 ] 

3. 4a’®®. 

7. 6x*y*z, 
11. -5x*v‘. 
16. -7m'®. 


4. 3®®v*. 

8. -8a'c®. 

12. 3a"®“v’»*. 
16. -7a’'fc'*® 


Exercise 19. [ Page 47 ] 

l. 3a- 26. 2. 36* -2a*. 3. 2a* -36*. 4. 3®*-4®». 

5. 3v*-2®*. 6. n*-3mn + 4m*. 7. a®-2®* + 3o*. 

i. -3®* + 2a*-5a®. 9, 2m“»*-3m‘-4n‘. 10. -p* + ipg+k* 

11. -2®i/*+3®*-4v®. 12. i®®-|a®-|a*®. 13. 3®a+Va*-4®* 

14. 6m*n*-7m*«*-8|i“. 15. 6®c»®*i/* -2a*c*y*g» + 3a*6»a*«». 


Miscellaneous Exercises 1 
[ Pages 47-52 ] 

I 


1. 10 ;i 
4 6. 


8. 8. 3. 15 : 2o : 7a6* ; 16m*p5. 

6. -4. 8. 9, 7, 5, 2. -1, -3, -4, -8. -12. 


1. 0,25,46,45. 

5. — 7®*y: —560, 
7. 306+ 13c -23a. 


11 


2. 16. 3. (Va)'‘(Va)*'(Vo)“Oi *0. : 36. 

6. 16®*-8®y" + 24®V + v‘-32®*y : 81. 

8. x-2y+«. 


Ill 


1. (i) c{a + h)“X-*-vt ; 

(ii) < n/®+ Vy ; 

?u 6. -4, -V. V. -10. 

7. -fia*+6o-B®* + 16 


(iii) (®+y)*«®*+v* + 2®v ; 

(iv) o ■> 6, 3a > 36 

3. -100('. 6. 66. 

8. a. 
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IV 


1. 

- 11 : 1. 

3. 

m. 


6. 9 6. 3®+2a+b. 

7. 

o* + b* + c*. 

8. 

7®*- 

V* - 2®i/. 






V 


3. 

2, a, b, a+b. 

4a 

7i. 

6. 

505. 7. V. 8. 39 





VI 


2. 

636. 

6. 

60. 


8. 3808. 





VII 


2. 

2 ; 0. 4. 

1 + a; ; 

3a + b' 

“be. 

6. (i) (o+b)(a-b)-o*-b*. 


(ii) (o + 6)*-(a» + 6»)-2a5. 6. 0. 7. a+6+fl. 

8. 2a-i6+Jc-Ad. 

vm 

2. 2m ; 2». 8. ma+m6+no + n6; a*+2afc+6*, 

4. 0;0. «. ^ + -+f 

7. 36a*6“o* + 90o**5*°o“»*v*«* + 10o»*6"®o^*(E*tfV. 

8. 26‘‘c^®!t*»* + + 3a"o‘v***. 


Exercise 20 [ Pages 54-56 ] 


1. e*-H8a!+16. 2. 9a*+12a+4. 8. e*+4w+4if*. 

4. 4®* + 28irv + 49»*. 6. 9o* + 24a5-H65». 6. 26a* + 70a6 + 49i*. 

7. a*y* + 6a6!ry + 96*®*. 8. a* + 4o*6c + 46*c*, 

9. 9®* + 12!B*v*+4vV 10. 16!r* + 8!rV + V*. 


11 . 


13. 


16® 3 81 

^* + 2 + ^- 
b* ^ o» 


12. ^,+A + iV 

a* ab b‘ 


14. 822649. 


16. *' + 1 + 


4a* 


16. a* + 4b* + 9c* + 4ab+6ac+126c. 17. fl*b* + b*c* + cV + 2a5*e 

► 2a*bo+2abc*. 18. 4p* + 9ff* + 16r*+12|)5 + 16l>r+24ffr, 

19. ®* + y‘ + «* + 2!E*»* + 2!rV + 2vV. 20. 4!r*+9y* + 16** 

+ 12a!v+16!r8+24v*. 21. + »• + *• + 2®V + 2®*** + 2»V*. 

22. ®* + + 4o* + 9b* + 2®^ + 4®o + 6®6 + M/a + 6ub + 12ab. 

23. 9o* + 16b* + c* + 4d* + 24ab + €ae + 12od + 8bc +16bd! + 4o<l. 

24. 4o* + «• + 16v* + 9»* + 16ffl» + 12af + 8®v + 6®s + 94r». 



680 AliQEBBA HADE EAST 


25. 16»n* + 9»i* + 9i)* + 4ff* + 24mn + Mmp + l&m + 18nj)+ ISna + l2pQ. 



(x+2)* 

, 

27. (3a + 46)*. 

28. (5x+|)*- 

20. 



“• (S* 

36\*. 

4a| 

31. 4a:*. 

82. 

4**. 

3B. 

16a*. 34. 

fl“ + iah + 4?;“ 

. 36. x* + 2a:i/ + y*. 

88. 

2500. 

37. 

1000000. 38. 

26*8064. 

39. 1. 

40. 

0. 

41. 

4. 42. 

9. 

43. i. 

44. 

16. 

45. 

26. 47. 

a* -2. 

49. 14 60. 




Exercise 21. 

[ Pages 59-59 ] 

1. 

«!*-6!r+9. 

2. 4!r*-20x + 25. 

3.’ 9(r»‘-30a;3/ + 25i/». 

4 . 

a*®*- 

2ahxy + b^y** 


5. 64w*-48wn + 9n^ 

6. 


“2i3gwn + 5*n*. 


7. 

8 . 

<tV- 



9. (T* -l7 '’;^ + 4x“jB*. 

10. 

9a*-30a*6* + 256\ 

, 11. r*v*« 


12. 

(r*v*»* 

-2ajV^ 

g* + x*y‘**. 

13. a*x* - 

h^v\ 

14. 

49® 

rry . 49 
2 144 

y‘- 

15. /j- 
4r’ 

^ ■ 

XV y* 

18. 



17. 4a:*- 

T 1 , 

V 16y* 


18. o» + 4fc* + 4c®-4flfc-4ac + 86c. 19. 25i*4 9v‘+.36?“-30n'-60a!* 
+ S6i/*, 20. 9w* + 16n* + 25c'“ -24 to«- 30w( 2 + 4 'wg. 

21 . a‘ + 9ft'‘+26c*-6a*i)*-10a’‘c* + 306*c*. 22. e*+ + 6‘ 

-2w-2a:a-2a;6+2ya+2ift+2afc, 23. a‘‘ + 42 '“ + 96* 

+ 16y*-4a!r-6aft-8oy + 12a;ft+16iry + 246y. 24. 7921, 


26. 

13689. 26. 248004. 

27. 986049. 28. {4a -6)*. 

29. 

{2a*- 3v)* 

80. 

"• ()- 

i) ■ (^®"iiz) ' 

33. 

(*7l}^ 

84. 

. 866*. 85. 646*. 

36. 49o*. 

37. 

121i\ 

SS. 

256V+l06c*o+c*a*. 

39. 26. 40. 7. 

41. 

1 

42. 

81. 48. 16. 

44. 25. 46. 144. 




60. (1)6. (ii)16. (ill) o*+6*+o*-o6-oe-6e. 
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Exercise 22. [ Pages 61-62 ] 


1. 

flJ*-9. 2. 26®* 

-169. 

3. ®*-4a*. 

4. 

o*®*-ft*y*. 

6. 


6. 

9a* 16ft* 

16 26 ‘ 

7. 

tf* »* 

8. 

39936. 

9. 

999744. 

10. 

o*»»* - n*. 

11. 


12. 

01 

01 

1 

'O 

18. 

®*y*-®*V*. 

14. 

®*-l. 

16. 

o*-ft». 

16. 

a*+2oft+ft*-e*, 

17. 

o*-ft*-2ftc-c*. 

18. 

»»* + »i*n*+n‘, 


19. ®‘ + 4v* 


20. o*a!!*-6V + 26cv«-cV. 21. J*v*+cV-aV + 26oyf. 

22. 6*j»*-oS*-oV + 2c*a*«i». 28. o* - 646* -729o* + 482ft V. 

24. a*®* + 4. 25. o*®* + a‘®‘ + l. 26. »»* + n*j 27. «*-l. 

28. 4o(ft-c). 29. 4a{3c-2ft). 80. 4 !Ev(«* + v*). 81. ia^-a+b), 

82. 8a(3ft-5c+7(i). 33. 9376. 34. 1069840. 35. 4986640, 

86. (6®+6X5!r-6). 37. (3a + 4cX3a-4o). 38. (4»»+7»X4*»-7n). 

89. {2i»+95X2p-9«). 40. (oa:+8ftXoa:-8ft). 

41. (6ir*+llv»X6!r*-llv*). 42. (7+8dX7-8i). 


«. 44. (gtgjg-l). 46. (|4.?)(|-J). 

“• *’■ (•+»4«Xa+6-«). 

48. {o+2ft+5cXa+3ft— 6c). 49. (2®+3o— 4ftX2a!— 3a+4ft). 


60. (2o» + ft*-3c»X2a*-5ft» + 8c*). 
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64. (o*+9ft*Xa+3ftXa-3ft). 

66. (9*»+26w*X3®+5vX3®-6tf). 
68. (6fl!-2»X®+12v). 

60. (2w+6«-2i)X2w+«-8p). 


v)’ 68, {a+2ft-3cXa-2ft+3c). . 

66. {«-v+a-ftX*-y”a+ft). 

67. (7a-ftXo+16ft). 

69. {2o+8ft-4cXft-2c). 

61. (6*-7y + 12«X*“V+2«). 


Exercise 28. [ Pages 64-65 ] 

1. **+9!r*+27*+27. 2. 8(r*+12ir*+6»+l. 

8. 27o*+27a*ft+9oft»+ft*. 4. 64a!*+144**y+108«y*+27y*. 

6. (B»+6ie*y+12a!V+8y*. 6. *V+8«V»+3(cvV+y*s*. 
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7. a*t* + 3 a* 6 Vd + 8o*6c‘(J* + c*i". 8. o* + &* + 8c* + 3o’i 

+ Sot* + 6o*o+ 12ac» + 6b‘c + 12ic* + 12ob(5. 9. 8a:* + 27v“ + ** + SGa-'v 


+ 64«v* + 12a:** + 6a:** + 27v** + 9v** + 9Gxyz. 

10. ** + 8a:*v* + 8a:*v* + y*. U. % + + 


81” 

27' 


12 . 

14. 



+ J_ + .J8_+_27_. 
27o* 5a»6 26a6* 1256” 


^,+-1 + *,+ 

K XV XV* V 

1157625 16. 614125. 


17. 125»»". 18. a:* + 3a'*v + 8a:v* + y*. 19. 276*. 

20. (t* + 3a:* + 3a:+ 1. 21. a:* + 6a:* + 12a: +8. 22 8a*. 

2S. 8. 24. 126. 25. 90. 26. 175. 28. 62. 

19. 110. 33. 0. 34. -1 35. 0 36. 1(. 


Exercise 24. [ Pages 66-67 ] 


1. a:*— 64:* + 12a: — 8. 2. 8a:*~12a;* I’Ga:"!. 

». 8- 36a + 64a* -27a*. 4. 27-108o+144a*-64a*. 

8 . 8o*-36a»6+64a6*-276*. 6 . 125m*-300»»*n + 240»nn*-64«*. 

7 . ar*-60a:*» + 150a:»*-125v*. 8. ^ a* - ~a*b■^ ^ab*- 


*• ^'*'x “27»* 

11. 7762392. 


10 . 


i _ J- + J~ 

a:* x‘y ay* 


12. 120553784. 


1 

v”' 


tt. 8o* - 6* - e* - 12a*6 + 6a6* - 12o*c + 6oc* - 36*c - 36c* + 12o6c. 


14 . 8aj* - 27y* - ** - 36a:*y + 54ay* - 12a:** + 6a:** - 27y** - 9y** + 36ay». 
16 . p* - 5 * - r* - 2p*g* + 3p*g* - 3j7*r* + 3iJ*r* - Sg*r * - 3g*r* + 6i)*8*r *. 
16 . 646*. 17. ®*-3a'*v+8a-y*-v*. 18. 8a:*. 19. 0 

20 . 843 . 21. -505 22. 27 28. 0. 24. 36 


J6. 140. 27. 4 


Exercise 25. [ Page 68 ] 

1. **+l. 2. l+8a:*. 8. I25i>* + 1 4. 843a* + 646*. 

I. 612a:* +27»*. 6. o*6*+64c*. 7. o*a:* + 1266*. 

i. 126a* + 7296*. 9. {a+lXa*-o+l). 10. (a+2Xa*-2o+4). 

11. (ae+lX4a:*-2a:+D. 12. (3a+2X9o*-6a + 4). 

II. (2»+4X4«*-8»»+16). 14. (4p+6Xl6p*-20p+26). 
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15. {2x+5y^ix*-10xv + 25y*). 1ft. (2x + 6vX4a;*~15J!i1/+86v*). 

17. (3o+7y)(9a“-21av4 49j/*). 18. (3ir* + 8v'‘)(9a:*-24!rV + 64»*) 

19. (6a!r+v)(36a*ir*-6aw + y*). 

20. [3ab + 41^X8^*/)“ - 12abxy + 16a-*:./*). 

21. (haia + 10a:{/s){81a*</*c* — QQaloa y: + 10()a;*i/*«*). 

22 {llft6*x* + 9ci/*0'*Xl21a*6*a* - 99ab‘cT*y'‘z'‘ + 81c*v*z*). 

E.vercise 26. [ Piigo 69 ] 

1. l-8a;*. 2. x*-27. 8. 64a*-l. 4. x*-8v***. 

5. 27T»“-8nV. 6. 64a‘6*-6V. 7. (6a-lX25a* -t-5a+ 1). 

8. (7®-2v“)(49x*4 14 t!/* + 4i/‘). 9. (64-6ZX36fe* 4- 30fcl4-25Z*). 

10 (l-8i){l4-8it4-64fe*). 11. {9m-4an*)(81»j*4-36»»an*4-16a*n*). 

12. (3aT/-lli/*i*)(9x*v*4-33xy“6*4 niy*b*). 


Exercise 27. [ Page 70 ] 


1. 

r* 4- 3x4- 2. 

2. 

X* 411a! 4- 18. 

3. 

«* + ff“80 

4. 

X*- 14a: 4- 33. 

5. 

0*4 50 — 176. 

6. 

+ 12w- 133. 

7. 

p*4-2p-143. 

8. 

p*-5p-204. 

9. 

a?* + 6® -36. 

10. 

®*- 15x4- 50. 

11. 

x*-7x-60. 

12. 

]k»-lU-26. 

IS. 

0*4-19x4-70. 

14. 

to*-8to-84. 

15. 

aj*-18®+65 

16. 

X* 4- 19x4- 84. 

17. 

0*- 1404-33. 

18. 

a** -905- 52. 

19. 

TO*- lira -80. 

20. 

X*- 18x480. 

21. 

a* -6a -72. 

t2. 

TO* + 6to - 91. 

23. 

X*- 26x4 160. 

24. 

ir*-13ir-90. 


26. e»-6!E-160. 

Exercise 28. [ Page 75 ] 


1. 

4. 

2. -6. 3. -4. 

4. -5. 6. 

-5. 

ft. -60. 

7. 

8. 

8. 4. 9. -3. 

10. 8. 11. 

13. 

12. 5. 

13. 

-2. 

14. -2. 15. 

1. 16. 2. 17. 

3. 

18. -4 

19. 

0. 20. 

7. 21. -2. 22. 

-1. 23. 7. 24. 

8. 

25. 6 

26. 

7. 27. 

-6. 28. 0. 29. 

-8. 80. 9. 81. 

-2. 

82. i. 

38. 

1. 34. 

-1. 85. 12. 86. 

30. 37. 12. 





Exercise 29. [ Pages 77-78 ] 



1. 

15 -a?. 

2. {r-20. 

3. x4 26. 


4. 26-v 

5. 

V-2a;. 

ft. 

a; 

7. 100 -Sx. 


8. 4x- 3y 


*. rj/ ki'omelres 10. -hours. 11. l*+ 30) years ! fit -8) years. 

y 
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12. ^kilometres. 13. 
Q! 

Wi CB+ 1, aj-i- 2. 16. 

1». days. 20. 

28. hours. 24. 

X 

ti. lOOx+lOv+r. 


^metres. 14. |6®-2|| rupees. 15. aj-2, , 

3®. 17. 2ot+3. 18. 2® -2. 

lOai. 21. 22. kilometres. 

(® + 16) years ; (® + 46) years. 25. lOv + ®. 

27. 100s+10y+«. 


Exercise 30. [ Pages 80-81 ] 


1. 

9. 



2. 

15. 



8. 

9. 

4. 

6 metres and 3 metres. 

5. 

20. 

6. I 

10 and 

10. 7. 

80 

8 . 

12. 

9. 

60. 


10. 

40. 

11. 

96. 


12. 

42. 43. 44. 

13. 

33. 


14. 

26, 66. 

15. 

16 and 24. 


16. 

36. 

17. 

72. 


18. 

10, 11. 

19. 

Bs. 600, Bs. 260. 

20. 

Bs. 120, Rs. 300. 

21. 

Bs. 

35. 

22. 

36, 26. 

23. 

30. 10. 



Exercise 31. [ Page 84 ] 

2. Take BE equal to AD ; by guess let F be the middle point o( 
DE. Then F is very approximately the middle point of AB, the error, 
if any, being indefinitely small. 

7. AB~5 d cm., BC-37 cm., CA-Td cm., AD~4'7 cm.. DO-3'2 om. 


Exercise 32. [ Pages 87-88 ] 

1. 65 units of length. 2. 75 metres. 3. 75 metres 

4 . 8'5 centimetres. 6. 3'6 metres, 6. '7 metre 

7. 5 metres. 8. - 66 metres. 9. 17 metres. 10. 9’5 metres. 

Exercise 34. [ Pages 94-96 ] 

1. (i) (83, 24) : (-27, 33) : (-16, -18) ; (27, -30). 

(ii) (6-6, 4-8) ; (-6-4, 6'6) ; (-3, -S fi) ; (6'4, -6). 

2. (85, 25) : (-3, 35) : (-15. -2) ; (3. -35). 5. 20. 

6 . 18. 7. 60. 8. 11: -13. *• 17'6:36. 

10. 12:8. 11'. 12’6 units of area. 12. 16 units of area. 

18. 1 unit of area. 14. 40 units of area ; 7, 4'6. 16. (i) 

(ii) 78 : (iii) 420 : (iv) 72. 16. 30 sq. om. : 6 om. : 

17. 9’6 om. 18. 6, 7. 19. 6i 20. 82 units of area ; 7, 


QD S 



ANBWBBS 


6B0 


Miscellaneous Exercises 11 
[ Pages 96-98 ] 

1 

1. a!•■^y• + «•-53a!v+3I/*~2*a!. 7. TO* + n*+9i)*+2m«+Snj>+3p»» 

*. 27a:*-93a)»-66v*. 9. 217. 


II 

1. -4. 2. -1. 8. 8. 4. 

a 

6. 7. 7. 11. 8. 6. 9. i 


e m* + n* + p* 
o* 

mnp 

10. liV 


III 

1. 7. 2. 126. 8. Bb. 1500. 

4. Rs. 2260 : Rs. 900 : Rs. 750 ; Rs. 300. 6, 40 ; 20 ; 36. 

«. Rb. 50 ; Rb. 2 50 P. 


Exercise 35. [ Pages 103-105 ] 

1. -5x*-2sey-y*-2x~y-2. 2. 4a*5. 8. -m‘n*-mnp~m*n*. 

4 . 0*6 V. 6. 0*5 V. 6. o»6»-5V + c*o*-a*6V. 

7. o* -t- 6* c" - 3«5c. 8. 2 (!c+v+»). 9. %x+y^z). 

10. x*y+y*z+ e*x. 11. o*5+5*c+c•o■^o5• + 6c* + co*. 

12. abc* + bea* + oab*+a*d+b*d+c*d. 18. — J(aj+v + *) 

14. -^x + y+z), 16. 0. 16. 0. 

17. 0. 18. 1280. 19. 1280. 20. 0. 

21. [a* + b*){m+n+p+q+D+{a*-b‘){m+n+p+ 9 +k)+o*{,l+m+n). 

22. U.ax*-^by*-^oz*). 28. 0. 24. 3{a■-^5• + c•-o6-5o-oo). 

26. (o-H 5+ cXa:“ + »" + «•). 26. -y-z. 27. 9a!+12v-S. 

28. (y+7«) kilometres. 294 (-a:—Sv+ So -Hi) rupees. 

80. (14o + 166 - 26o) rupees. 

Exercise 86. [ Pages 106-108 ] 

1. ifV»!*- n« *y-Hflfl!*v*+fi!r*y*-8t/*. 2. 2m‘nx-7n‘xm 

+ 12x^n+'lm*n*x+Bn*x*m. 8. llx*-3x*v-50x*y*+16x*v* 

4-26a!*y*-19®y* + 40y*. 4. 6o!r*-8o*a!*-t-8y*6c*+2y*»6e+4y**6o. 

6. -2-a!*v*«+2®v*s* + 2a:*»‘y+6»*y*»*“S!ry«*. 6. 4a:*y*f* 

-80®*y*s* + 28**y*** - 22a!*v*s* '-.102®*v*s* + 155x*v*x*. 
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7. -12a:*v*»* - lOOaV** + 68a;*y*e* + 92a:*v*** + 39ir»y*f* 

-38a;*y***. 8. -4a:* + &rv-7y“-8y«. 9. 6a;* - 12a!*y* + 2a*itt 

-7bxv‘-9xvah. 10. -2a;* + 6a:“y-2a!V + 8aT/*+ 7y*, 

tl. -2a;' + 3a:*y-10a:*y*-4a:*y"-13aT/* + 5Oy‘. 12. o* + 5a6-8^* 

18. 4a:*-8aT/ + v*-12a;-15y + 9. 14. 2a"-4o*6+7ai*-156», 

16. -12a:*v+7a:V-8a:*+17y-29. 16. 6a*-4ofc-56c4 m*. 

17. -2a:*-3y*-6a;y-3a:-2. 18. -3o*-116»c- 6ac*-56* 

19. -4a:*-22a;y*-45i/*-lla:*-24a'V-15. 20. il* + iVBV+ V t *• 

21 Aoar+Hl/ + iilTO*. 22. 3008c*6y + r2o®ca 

+ -46c»*, 23. - '^^aKh-Uah^v-bK''\ + lx-6my-dni 

W l'2ir+2'3y-'6* ; (ii) 35!t-24 7y-A* , 

(iii) 3’4a + 19 04/*4 20M* + 30p. 26. 2(tc* 4 ca® 4 a6*). 26. 0. 

27 0. 28. aa:4iy + c». 29. 2aa:4126y-c*. 30. 14a!4 44y4 7i 

31 2(a464c), 32. ir4y4a. 33. (2a-4 4y-2«) rupeeB. 

Exercise 37. ( Page 110 ] 

1 2a*46oi43i*. 2. 2 to* - 5»in 4 3»®. 3. fl*4fc*4c*42af. 

+ 2ac4 2tc. 4. o*4 6» + c*-2ofe4 2ac-26c. 6. o* 4 fc* 4 c* - 2oi) 

~2oc42?)c. 6. 2o*4 26*4 3c*-5oi;-7ac456c. 7. 2a:*43y»44x» 
-6a:y-6a:a4 7v2. 8. 6a:*-2o*-3J»* 4 3a:o-2a:64 6a6. 9. x^-y^-z' 

-a-*v-x*84a;y»-V*24x2*-2V 10. x»y*-y*2»-*»!r*-2y**a. 

Exercise 38. [ Pages 114-116 ] 

1. 27a"4 45a“6-75o6®-1256*. 2. 4a*-9i)*424te- lOc* 

8 x*43x*44. 4. o‘-2o*t*4i‘. 6. x*4x‘4 1 

6. x*-xV4 2a:V4y*. 7. «• + „•. g. p*-?*. 

9 . o* — 26a*i* 4 25a6*. 10. x* — 5x“4 6®* — 1 . 11. x* — 2a*x*4o*. 

12 . o*-3a*6»4 3o*6*-6*. 18. x*410x-33. 14. x*- 2 x* 41 . 

15. o*4o*t*4a*6*4o*fc*4 6«. jg. x* 4 y* + «• - Sxy/ . 

17. o*+6*4c*-3o6c. 18. 2c*-o‘6-14o‘i*413a*6*-43o*5‘ 

4 23a5*-205*. 19. opx*4(?^-ag)x*-(cp4i)Q')x4cg, 

wnx*-(«*4TOr)x»4r*. 21. ox*-(14fl)fer»+(c46*-oc)x»-c». 

afcx* - (6* 4 ach* + (2ic 4 ad)x* - (2bd 4 c*)x* 4 2cdx - d*. 

mpx* - im - mr 4np)x*4 (ms4B5-nr-p«)x* 4 (q-r-n)$x-$*. 
alx* + (m 4 0TO)x*v4(6i 4 2fe»»)xy»45TOV®4o«x*425nxy4 6ny*. 
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26. fpie* + m’pcc'v + n*iw*tf* + (1*5 + 2e*p)x* (m*fi + 2fp)x*v 

+ n‘gxv* + (c*i) + 2fif*a + J»r)x* + (m*r + 2/*e)xv+n»ry* + (2s*r + c*o)a: 
+ 2/*ry+c*f. 26. ir* + lMfa:*v+ 3Hla;V + 2?S?!r*v* + 2^,xy*+y‘. 

27. ®* + l}a:*v + + i8x*y‘ + 4ilx®y* + iSxy‘ + y*. 

28. ■621x®* + 3197x^® + 20’7x* + ’lOSx® + ■3321x’ + 2’085x* 

+ 16‘0872x* + ll’07x* + 6'8675x* + 29'25x* + 695x+45, 29. '3990* 

+ 7'289a*6+16‘71a*6*+32‘867a®6® + 23‘789a6* + 25‘2i.‘. 30. 2'3Jx' 

+ (3'15J + 2‘3»n)x*» + (l‘17i + 315>n + 2‘3?4)!t*y* + (2‘07i + I'nm 
+ 3'16n)x*v® + (2'07»?4+n7n)xv* + 2’07ny*. 31. o*x‘ - J^Sabx*y 

+ (Wac - 6*)a:“y* + {^,%bc 4 iadh^v’ + (c» - JfM)xy* 4 gcefy* 
32. 2 26a*TO* + (3'9ac - 1'446 *)ot*m* - (3’84M-r69c*)TO*«‘-2'56d*n’ 
88. 16o‘-81&*. 34. 625a*x*-129G6V. 35. 

86. x®4-49xV + 625i/*. 37. a*®ir®®-i‘»v®®. 51. -6x‘ 

62. -2y*. 63. 6x*y. 64. 15x*yV 66. -Sab'*. 56. -ay-\ 

67. 12a*6*c®. 68. ISxye. 69. -30a*6c"®. 60. 76a*!E"^y-*. 

61 a4-2a^6^ + 6. 62. o— 2a^6^ + 6. 63. 9x^-16v^. 64. a+b. 

«b w-y. 66. o® + oM 4-6®. 67. 4x®-37xM + 9v* 

68 o"-6®. 69. x®-y*. 70. o-6». 71. (t + v + *-3xV«* 

72. a®"4-a;®r 73. o-*-6o-*64-13o'®6*-13a-®6» + 6a‘®6*-6». 

74. x”®-6ar’®v*4-4y®. 76. 4o'®®4- 12a'^'6"*4-9o-*6-®-266“®. 

7 1. 6x®4-19a:»4-42x4-46. 77. 2x®-7!t*-24fl;4-46. 

»8. 8x*4-9a;*4-lla-»4’21x*4-28x+12. 79. |w*4-ga;»4-p*!r» 

+ p{Q + r)x+Qr. 80. ix®4-i!i:* + 7Ax®4-4ix®4-16ix* + 5x+10. 

81 1 82. -9, 88. -6, 20. 

Exereige 39. [ Pages 121-122 ] 

1. x-2. 2. x-6. 8. 8x4-4, 4. 6x-7. 

6. 2o— 86. 6. X*— xy•^y•. 7. 2x— 3a. 8. x*~ax4-o*. 

9. o*4-2o6-6*. 10. x4^3. 11. 2x-l. 12. 2ay-b. 

18. a»i4-3n. 14. ar*4-3xy-4y*. 16. 8y®-x*y4-ar®. 

16. 4f»®-6OTn4-8n*. 17. o®-3a»y-y®. 18. 27(«4-o). 19. s-x. 

10. «*4-2ax®4-Sa*x*4-2o**4'o*. 21. x*-2x®y4-8x*i/*-2xy®4-y*. 
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22 . 

26. 

28. 

20 . 


32. 

35. 


40. 

43. 


50. 


53. 

65. 


67. 

59. 


»• + (a + 6 )£c + a6. 23. jc-c. 24. a+6+e. 25. a5+ac+^ 
a6+ac-6c. 27. ®*-(o-6)aj-ofe. 

a* + 6* + c*-'a6“-ac“6c. 29. »* + i/“ + l-®v + ®+y. 

»* + 4y “ + 92® + 2rry + 3a:5! *“ 62/2. 31. £c* + y* + 2* + tn/ - {22 + ys 


3y— 2 . 33. a6-'ac“"fec+c*, 

{2+ a. 36. a® + a5~5c~c®, 

y^x + 2i/* 2 + y{2* - 2y2* - { 2*2 -- {C2®. 
c+a-6. 41. 2(a+t)a;. 

16{r*-8a;®(2y® + a®)+(4y®-a®)*. 48. a»6. 


34. flj+c. 

37. a6~ao+6c-6*. 
39. ®*-a{2+a*. 

42. aj+y+2 + {2y2. 

49. 




.61. 3a:^ 

a^-ahUhy 

a^ + a^6^ + a^fe +6^. 
3a;'^-5»'V* + 7v“^. 68. 

4 . y S + gi _ 


52. o*-oM+ 6* 
64. 2a!*-5a:V-3v*. 


66 . 


2a-‘ + 3a h * + 66“*, 


+ a*6* + aM +ab+ ah* +b*. 


Exerciee 40. [ Page 124 ] 


1. r»*-3mn + 2n*, 
4. a*-4aa:-2a:*. 

7. 2a'' + 3a6-46*. 
10 . 2 ®* - 301 - 8 . 


2. o® — 3a6+6*. 

6. 3+2a:-2a:» + ®*. 

8. o*-2a!r+4fl!®. 
11. w® + 3a:» + 9®+27. 


8. 2!r®-3!rv“2y*. 

6. **-2®+ 3. 

9. o*-2o6+26*. 


12. a* + 2a® + 4a* + 8a +16. 18. 3-** + 2®®. 

14. 3®*-4®+5. 15. 32 +16® +8®* + 4®* + 2®* + ®®. 

16. ®* + 2®® + 3®» + 2®+l. 17. 2a»-3a6+46*. 

19. B®+2®*a+2®a* + a® 
21. ®* + 2y*® + 3y*®* + 2y®®+y® 

23. ®* + i®y+ly*+ 24. r. 
bV 

26. i+(®+|f®* + (f®* is the quotient and If®* is the remainder. 


18. a* + 3a6-66». 
20. a®-3a»6-6®. 

22. B+6+::Tf 


Exercise 41. [ Page 126 ] 

18. ®®+®*+®+l. 14. ®®-®*y+®y*-y®. 

15. ®*+®®+®*+®+l. 16. ®®-»®y+«*y*-®y®+v*. 

17. ®®+®*+*®+®*+®+l. 18. B»-»*y+*®v*-e*y®+BV®-y®. 

19. ** + ®*+®*+®*+®*+®+l. 

20. ttf®-**y+»*v*-**v*+®*v®-By*+y®. 
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Exercise 42. [ Pages 129-130 ] 

1. 26!r* + 90iw4 81v*. 2, 25Ga*-416a6+i696*. 

3. »* + 200®+ 10000. 4. y* + 1000y + 260000. 

6. a* + 1998a + 998001. 6. v* + 20002]/ + 100020001. 

7. 976144. 8. 1024144. 9. iOlOO’25. 10. 9920 16. 

11. 8a;® + 60a;* + 150a: +125. 12. 1157625. 13. 985074'876. 

14. 613152864'216. 15. (i} 50000032 ; (ii) 2000288, 

16. (i) (3a; + 3i/)*-(a:-i/)* : (ii) (6»+8v)*-(a- + 2v)* : 

(iii) (x+100)*-2* ; (iv) (500)" -5* : (v) (2a' + 100)“ -(•4)*. 

17. a* -a;*. 18. 16o‘-81, 19. a® + o‘M + 5*, 

20. 99999984. 21. 99999744. 22. 8a" + 12a*j4 6ax*-f a-*. 

23. a*-12a* + 48a“-64. 24. x® + 64, 2.5. 8j^®-27. 

26. x''-64. 27. 4a;* 4 240a: + 1575. 28. 36x“ 4 108x - 1076 

29 36a;* -408® +1075. 30. 100a*. ' 31. x* + v* + 2ay. 

32. 8000a®. 33. 125a®. 34. 1331a'. 

35. 5x®. 36. (9a + 85+8)(a + 85 — 4). 37. (2a' + 5y){4a* - lOai/ + 25i/*). 

38. (8a + 13® - 4))(8a + 13®)* 4(8a + 13®) + 16). 

39. (15a+35+2)(1.5a+35-2). 40. 225. 41. 612 

42 10000. 43. 8099’999996, 44. 92365. 45. 1. 

46. (2 + 5® + aT*X2+5®-r*). 47. a“6*(®* 4 !)*-(«* + 6*)*®*. 

48 (ll®*428®410)*-(®*4® 45)*, 49. (49®*498tt®4 39a*)*4(5o*)*. 

Exercise 43. [ Pages 137-138 ] 

1. (i) 121: ■ (ii) 49: (iii) 4. 3. 144 sg. ctn. 4. 15 fig. metireB. 
6. 55 sq. metres. 6, 84 sq. metre:.. 7. 500 sq. metres. 8. 60. 

9. 76 sq. metros. 10. 171 sq. motrob. 

Exercise 44. [ Page 139 ] 

1 a(64c). 2. a* ‘*(6 4 c}. 3. ®®y®(y-2®). 

4. 2®yz(®42y-3s). 5. 2a®6(2a*-3a6-46*). 

6. a®*(y - So®!/* 4 3®). 7. 3®*y®«®(a:*y-4y**47®«*). 

8. 14o®6®(2o*-35®). 9. 36®»y''(2®» + Sy*). 

10. 13a®5*c‘(35*c*-6c*o*-7a“6*) 
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Exercise 45. [ Page 139 } 


1. 

(3a + 46X3a-4i)). 

2. 

o(2o+6xX2a-6x). 

3. 

(6x» + lX6x*-l). 

4. 

(4fl!*+lX2x+lX2x-l). 

5. 

aX4a:* + 3X4x* - 3). 

6. 

a(4a* + 9X2x + 3X2a-3). 

7. 

(l + 4a‘‘Xl + 2aXl-2a). 

8. 

a‘‘(l+9x'‘Xl + 3x)(l-3x). 

9. 


10. 

(8a* + 7x*X8a*-7x*). 

11. 

(1H-»»"X11-to“). 

12. 

(7®*a‘ + 9X7a»a‘-9). 

18. 

(ai) + 5cdy,ab — bed). 

14. 

(9a* + 8o*X9x"-8a*). 

15. 

p*(g* + 10Xa*-10). 

16. 

a®{12a*-l-5a»Xl2x*-5a*). 

17. 

SaMSa' + Oa^XBa^-Ox*). 

18. 

2aa(7ax* + 8X7aa* - 8). 

19. 

4a;‘a“(9x*a* + llXOa'a* - 11). 

20. 

5ff»“»’(7TO*w* + llX7m*n“ 


21. (a + 36+5c)(a + 36-5c). 22. (o + 3i-6cXa-3ft+5c). 23. iscy. 

24. (5a + 3!rXo + ®). 25- {2o-26 + 3c-3dX2a-26-3c+3<i). 

26. (7a!+5v-3^X7!t-5I/^•3^). 27. 12(6a;-lX»+2). 28. 4a(6-c). 

29. (3o+6-cXa-76+9c). 30. (14fl+2l!E-23vX2tt + 97!c-41v) 

31. -9{a:+aX®”oX** + ffl‘) 32. 28a(5a-3). 

■< 8 . {x + y)(a+b'lix+y+a + bY,x+y—a~b), 

Exercise 46. [ Pages 140-141 ] 

1. {a:* + ®+lX®*-®+l). 2- (x* + ®+lXx*-*+l)(®*“®* + l)- 

8. (o* + 0!r+x'‘Xa'‘~ox+»*)' 

4 . (a* + oa:+ x*Xa* ~ ax +®®Xa* - a*®* + x*). 

5. (a!“ + 4!r+8Xx*-4!r+8). 6. (ar“ + 6x+9X2x*-6x+9). 

7. 9(x*+2x-l-2Xx'‘-2x+2), 8. (o* + 2a+3Xo*-2o+3). 

9. (a!* + !E-3Xx''-x-3). 10. {2x* + 2x+3X2x»-ax+3). 

11. (2a;* + 2x-3X2x*-2!r-3). 12. (ar* + 3!r+8X2a:*-3a:+3). 

13. (2a» + 6a-3X2a»-5a-3). 14. (2a* + 10o + 25X2a*-10a + 25). 

IB. (3x* + x+4X3a:*-x + 4). 16. (3o* + o-4X3a*-o-4). 

17. {3x» + 3®-4X3x»-3x-4). 18. (3a* + 6a + 4X3a*-6o+4). 

19. (4a!* + 6xa + 6a*X4x*-6!ra + 5a*). 

20. (3a* + 7aa:+6x“X3o*-7ax+5x“). 21. (a:* + 4x+12Xx*-4x+12\ 

22. (o* + 5a6-56®Xa*-5a6-56*). 23. (6a» + 2a&-6»)(6a* -2a6-6*). 

24. (7«»* + 2«t»-4n*X7»»*-2TO»-4n*). 

26. (8a* + 12ax+9x*X8a*-12ax+9a!*). 
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26. (2iB* + 143’a+49a*X2!c*~14j'o+49o*). 

28. (2o+6-3c)(2a-6+3c). 

30. (a + 26-5cXa-26 + 5c). 

32. (a-26+3o-2dXa-26-3c + 2i). 

34. (2!r+3a+56+lX2!r+3fl-6i-l). 

35. (3a! + 2y-72-5X3!r-2y + 7*-5). 

36. (4a + 36-4c-3X4a-36+4o-3). 

37. ( 2 — 7i/ + 5a-2Xa:-7l/~5* + 2). 

38. (4fl:+5o + 3i/-7fcX4a: + 5o-3» + 76). 

39. (7a:-4y + 80-lX7a:-4y-8a+l). 

40. [a + b- c- d)ia- b+ c — d). 

Exercise 47. [ Page 142 ] 

i* (^■“ 2feXfl* 3" 46®), 8. 3x){fl* + 3fM;+ 9ic*), 

3. (2it+lX4a:*-2a!+lXG4a:*-8x® + l). 4. {o-26)(a*+2a6+46*)x 

(a®+8a*6* + 646®). 5. (3a* + 6ir®)(0a*-15a»ir» + 25!r‘). 

8. (OT + nX»t-nX»n®-»in+n®X»»* + »iJt + n*). 7. (7a!4 8v) 

*(49x*-66!Ey + 64v*). 8. (2a:*-lX2a!* + lX4!r® + 2!e* + lX4a!*-2a:» + l). 

9. (o-2x*)(o + 2a:*Xo* + 2aa:* + 4!r*Xa*-2a!r* + 4a:*). 10. {5a:®-6a*) 

X (25®* + 30!r®o® + 36a*). 11. a6(4a* + 76‘Xl6a*-28a*6* + 49i*). 

12. ®*y*(3x* + 2 v*X 3®* - 2v*X9a:* - 6s“v* + 4 k*)( 9®" + Ga:“v* + 4y*). 


13. 

(a + 6)»(a*-2a*6 + 6o»6»- 

2a6* + 6*). 

14. 2(a; + yX®"V) 

X 

(4a:*-14!r*v* + 13»*). 

16. 2(a-6Xo* + o6+6*X4o*-9a*6* + 6*). 

16. 

(a» + f)(a*- 

a*6* . 6*\ 

3 9 /’ 



18. 





\2® V }\ix* 

xy V I 





Exercise 48. [ Pages 147 J48 j 

L 

(®+lX®+2). 

2 . 

(a+2)(®+3). 

3. {a+lXa + 3). 

4. 

(®-4X®-l). 

6. 

(* + 2Xs + 6). 

6. (®-3X®-4), 

7. 

(®+5)(®+3). 

8. 

(®-5X*+3). 

9. (x-4)(®-9), 

10. 

(®+4Xa-9). 

11. 

(a-2Xii:-12). 

12. (®-2)(s-20) 

13. 

(®+l0)(®-3). 

14. 

(®+8X!C-6). 

15. (®+18Xa-2) 

16. 

(*+l2)(ic-3). 

17. 

(®+14)(»-3). 

18. (®+18Xa-4). 


27. {x*^v-t)[x-v + z), 

29. (3!r+2v— 3*)(3®-2v + 3«). 
31. (4y+3!t-52X4v-3a' + 5*). 
S3. (*-2v + *)(*-*), 
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19 (a!-8)(!r+6): 20. {a:-'16Xa: + 6). 21. (a:-32Xa: + 3). 

22. («-14X!r+4). 2.3. (a;-7Xir+6). 24. (!E-9Xa; + 8). 

26. (a;+ 10Xa:+12). 26. (!r+20X!r-4) 27. (a:-24X»+3) 

28. (x-t 12Xx-7). 29. (x-12X!*~8). 30. (a:+26X®~3) 

31. (x-12Kx + 6). 32. Ix-21Xt:“ 4). '33. {a!-22X®-4) 

34. (x -f LSXx - 8). 3.'/. ix-lOXx+e). 36. (x+MXx-G) 

87. (a- 8l(i. 38- (w»- ISXw+G). 39. (o+20Xa“3) 

4o! 'a - !)K - - Ok 4t. ■p-24Xp+2). 42. {m+9XTO-8) 

13 (w + 30Xm-C), 44. :a-241U-5). 46. (a!+13X®-6). 

46. ((i--5lXft-* 2) 47. '.A-15Ka-4). 48, (ir,+ 16X*-4). 

19 (Q,-30yrtf4) 60. (x+l5Kx-7). 51. (x-7yX»+6y). 

52 la - K.'vv; -- 4^.i). 63 (■>?;+ G?tXw~5n). 64. (a + 4Z;X<*~3W 

56. (a ' 3/;) 66 r-BvXx-ty). 57, (x + Sy){x-by). 

58 fp- f) ''.O.-S q' 69 ,/ ^ 10</)(p-8g). 60. 3(x + 24i/Xx~4i/). 

81 . [a + 1 )' : - j !\'i 6) b;’.. -.r * + 5 - 3). 

88, 2(x + 2i;,r- 1 "). 04. (3:-lXx‘ + x+lX*'' + 3). 

85, (a-2)(a“-+2. 2>, 66. (x-lKx+3Xx* + !*+lX**~3ir + 9), 

87i (a-lXa+2)(a.' + iXo“-2a+4). 

88. (x*‘ + 2/"'- - •' SXx’* +4). 69. (a + 2Xa~2Xa* + 4Xa* +-5). 

70. (x* 1 i K.r' * iXy* + 2x" + 4). 71. (a + l)''‘(o* + 2o “ 2). 

72. '■ 2)(x' '+ 3x “ 11. ■ 73. ix~l}^^x+lXx~3) 

74. fa + lXa-4Xa‘-3a-t U 75. fx+lKx-5Xx*-4x + l) 

76. (x+lXx-2Xx+2Xx~3;. . 77.. (x-2K»- SXs- lXa--4). 

78. (a-2X« + 9Xa + 2Xa-^5} 79. {a-4){a + 10Xo+2Xa+4) 

80. (V+l)(x-9)(.T* '.ti(r-- rr*;. 81. (2x-5Xx+3). 

82. ( 3 a- 5 K 2 a-< 3 Mi,. 1 4.w» + 3X2m - 3). 84. 3x(2S:-3j/X3a! + 8y),' 

85. (5a-3?'X2a-7.'/.. 86- ;Sm-4nX47?i + 5n). 87. (,2a: + 5yX6x-y). 

88. (4a4 5W(5a-G/4. 8U. !;ix-5yXGx-7y). 90. , 5ay(4x-3yX3a: + 8v) 

Excjrciso 49- [ rages 150-151 ] 

1. (x+3Xx + lJ. 2. (x+5Xir+l). 3, (»+5Xx+3). 4. (x-7Xx-3). 

5. (®-8Xx + 6). 6. (»-9Xa + 5) 7. (x-8Xir-4). 

8, (x-llKar+5). 9. 3!r(»-7Xx+5). 10. (2a:-HlX2:-3). 

11. (3a!+lXa:-2). 12. (3®+2Xa:+4). 13. (4a: - iX® +, 2). 

14. (2a:-lX3x+2). 15. (2a;+lX3x-4). 16. (3ai-lX2a:+3). 

17. (2a:+3X4x-5). 18. (2a;-5X2x + 7). 19. {2a:-3X3a:-H4). 

20. (ae + 2XK-6). 21. (2a:+6Xa:-7). 22. (2a:-7X«:+6). 



ANSWBB8 


69S 


28 . (3a!-5)(®+6). 24 . {3® -2X4® +3). 25. (a+66X2a-36). 

26 . (2®-3yX3®-2i/). 27. (3?n + 2nX2TO-5n). 28. (3p-4gXp+35). 

29 . (2a-5fcX4a+3i>). 30. (5»n-2nX2T»-t-3n). 31. (4®-vX3®+4p). 

32. {3o-46X5a+3fc). 33. (2a-fcXo-26). 34. (0-3^30+6). 

36. (o + 4X4a-l). 

39. [x-by\bx-y). 

42. (o — 6y(6a + b). 

45. (a-7bX7a + b). 

48. (lO®-pXa5+ lOp). 


85. (®+3pX3®-p). 

38. (®-5X5®+l). 

41. (a + 6b)(6a-b). 

44. (o+7tX7o-6). 

47. (9®-pX!C-9p). 

60. (®-p)*(2®* + 2p* + ®p). 

52. (®-4pX4®-pXa* + P*). 


37. (a- 4bX4a-b). 

40. (®+6X6® + 1). 

43. (a-7b)(7a-bi. 

46. (8®-pX®+8pX 
49. (2a + 26-lXa + 6+2). 
51. (a + b)^(2a<‘ + 2b» + ab). 

53. (® + 2X®-2X2®* + 3). 


64. (2a+3bX2a-3b)(2a’‘ + b‘‘). 55. (3a + 46X3a-4iXa* + 2&*). 

66 . (® - 2X2® - 1 X 2 “ + 2® + 4X4®* + 2® +1). 

57. (2o» + 6‘X2a* - 6*Xa* + 26*Xa* - 26*). 


Miscellaneous Exercises 111 
[ Pages 157-162 ] 

I 

1. (1) y*(®-2s)-p*®2 + p(®«*-®*-2«*)+(®**-®*®) ; 

(ii) (®p* - ®*p) + s(x* - ®p* - 2 p“) + «*®p - **(® + 2 p). 

I. 94 . 4. ®* + ®“p+®*p* + ®p* + p*. 5. 8a6:128. 

6 . 2(®* + p* + s*-P 2 “S®"®p). 7. (a+c)*-( 6 -d)* 

8 . (2®+3pX2®+3p-4). 

II 

1. #[ 3 a®* + a®*p + 3a®p* + 7£ip®]. 2 . »»(am+ 6 )(wi* + 2). 

8 . «- 2 ®^+l. 5. ®®-{o +6 + c)®* + {a 6 + 6 c+ca)®-o 6 o. 

6 . ®*-(p-l)®® + ( 5 -p+l)!B*"(l’~l) 2 !+ !• 7. a* + a* 6 ® + 6 *, 

8 . {a-6X6-c);(6+2a+3cX6-2a-3c). 

III 

1. |)®*+fl**+r®+*. 2 . —36®. 3. 392, 4. 16. 

6 . *•-*»-*#+ VI. *• (4a-lXlGa* + 8a+3). 


1—88 
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rv 

1. - J*r* + 6l*mnr - 2Z*n* - - il*m‘r + 6Im*» - 2m*. 

2. 3aV+6a*te* + 3a6V + 46*K+12. ?. o*-646*. 

4. (i) a* - Babe + (6* c®) : (ii) o*(Ji - c) - a(6* - o*) + (6*e - bo *) ; 

(iii) a*{.b-e)-a{b^-c*)+{b*e-bc*). 

6 . x* + {a+b+c)x* + [ab+bo+ca)x+abe \ —11; -68, 

8 . 0+26+30. 

V 

1 . 121. 2. 4{oa:* + 6a:*w-ca:®y*-(ia!*s* + ea!tf*-/s*), 

4. 8a* + 12o*c+6ac* + c®. B. 8a:* + 4ai* + 12s*-8®* + 24fl!-S9. 

7. 0* + 0^6^ + 0^6^ + 6^. 8. (i) aMa - xX6ax + 1) : (ii) (x + if«X» + *®)- 

VI 

1. 876694C5. 2. -125. 4. x* + l. B. (x*-7x+9)*+(6)*. 

4. (o+6+c+dXo— 6— c+(iXo+6— 0— (iX»— 6+c— d). 

T. (i) (o-6Xa-6+2): (ii) (2a-6X3o+6+3) : 

(iii) (5x+2vX3x-2v+2). 8. (2x-v)o* + (x+v)ox-x*. 

VII 

1. 7. S. x*+»*+**-3xMA 4. x+o. 

8 . 2x*»* + 2y*«* + 2«*x*-x*-v*-»*. 7. (i) (2x-3X3x+6) : 

(ii) (5x-6»-3X7x-7»-4) ; (iii) (x-3»»Xllx-21tf®). 

VIII 

1. 1+(o+6)x+^“'^^^5^^"%. 2. 65. 4. 2(0+ 6)» 

B. o*-3 : o®-3o : o*-4o* + 2. 8. (x*-3xy-v*Xx* + 8xv-» 

IX 

l.{i) o* + o*x*+x*. (ii)4. 4. «'+6x+^|+j^. 

6. o*(6”c)-o(6*-c*)+6o(6-c). 8. 3. 

X 

1, 3(o+mXe+*)+3W. 2. 16. 6. o^+6+o^— SoH^o^, 

A. (te-7X5a-2). 7. 17. 8. Ba. 125eBoh. 
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Exercise 51. [ Pages 164-165 ] 

1. a*b\ 2. 4a*. 3. 3itv*. 4. 6o*»*. 

5. 9i»*n*. 6. 4aa;. 7. 12mp, 8. 15**v*s*. 

9. 18a*c». 10. 24c*. 11. 12s*. 12. 15TO*n*p“«*. 

18. 18a*6*c*cl*. 14. 6. 15. 8a:*y*. 

Exercise 52. [ Page 166 ] 

1. o(a+i>). 2. <c*v*(*+v). 3. S(a+3). 

4. 4a*(a* + 6c). 5. »»•«•{»» -n)*. 6. ace(2a+8x). 

7. 2o*6*(3a+46). 8. 3a!*tf*(x-2v). 9. 2o6(a+26). 

10. 16a;*a*(®*-o*). 11. 8(x*+oa:+o*). 12. 8a!a*(»*+o*). 

18. 6{o + 36). 14. 4aix-5), 15. xiAx+Gv). 16. o***(o+2fl!). 

17. 2!r+3. 18. 0-26. 19. o-6. 20. x+2. 

21. 4a6(3a-(-6). 

Exercise 53. [ Page 169 ] 

1. 0*6*. 2. 0*6*0. 8. 30»*v*. 4. 28j»*n»p. 

5. 24ic‘v*«*. 6. 140o*6*c*. 7. 120o*6*c*. 8. iaOx*v***a*. 

9. a*6*(o*-6*). 10. 24(®*-v*)*. 11. {*-lXx-2X»-3). 

12. a*{o-®Xo+3a:Xo~2a!). 18. o*(o-2Xo+2Xo+4). 

14. 12o*x*(x*-o*Xx*-oa:+o*). 15. 48(x-2X®+6X*+6). 

16. (®-3Xx+5Xx+4Xx+7). 17. 3o*(4o*-96*Xo*-6*). 

18. (8o* + 276*X8o*-276*). 19. 12x*(4a!*-26»*X2x-»). 

20. (2x-3o)*(9a!*-o*). 21. 2x(4a!* + 8I). 

22. 6(3o-x)*(o*-4a:*). 28. (2x-l)*(4®*-lXx+8). 

24. (x-2yXx-4vXx-3yXx+5v). 25. (b+2X2x-1X3x+1). 

26. (l-4fl!*Xl+Ste+4x*Xl+2x-4x*). 27. (®*-3)*(9a!*-lX9x*-l). 


Exercise 54. [ Pages 171-172 ] 


1. 

1 

% 

2. 


3. 

2a. 

5x 

4. 


5. 

2d 

Sab 

6. 


7. 

3a ' 

8. 

3nP7. 

6m 

9. 

X 

10. 

1 . 
®+ 8 


2a5-3a. 


_ a . 

IQ 

3a . 


2®* 

IPs 


lla 


liS. 

a+i6 

lo* 

«+4a 


®*“2a* 

lO- 

x+3 

16. 

(c-2. 

05 — 3 

17. 

fl5+i* 

18. 

a-tt, 

a-66 

19. 

a+6 

20. 

l-4«. 
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x-y ^ 
x-^ly* 

22. 

l~2a* 

l+3a** 

23. 

a:*-13. 
a;* -4 

24. 

3aa;„ , 
a- 3a: 

25. 

2a; + 3 
3a: + 4 ’ 

x + a 

27. 

ir + 6a ^ 

£c + 7a 

28. 

2x-6^ 
3a:- 2 

29. 

2a;- 5a^ 
3a; -7a 

30. 

2-3aa;^ 

l-5aa; 

x-a , 
x^ + a 

32. 

3a + 56 
'3c -1 ‘ 

33. 

2a:+ 3a 
3a:+2a' 

34. 

2a-b 

a«-V 

35. 

a-b-o 
a + b-o 


Exercise 55. [ Pages 173-174 ] 

2arf/, iMe 

ibdf ibdf ibdf _ 

15ic^6, lOxybc Gv^ca a*(o+6) 

eOz-y* 60*“^*' a(a‘*-6'‘)’ 

a*{a-26), oy»(a + 26). 
o{a*-46*) aCa^-ii*) 

2a(a-l-6), -3i{a+A), 4-\a"&) 
o‘‘-6* a»-6* 

3c‘a‘y{a + T) 4a*6®2 „ aM2i 

a*5*c’‘{9*-ir“) a»6*c''(a*-x») ij,{4a;* 


2 Gax '‘ , _4%* I 3c 2* ^ 
12a6c 12a6c i2a6o' 
. a*(o+6), aKa-b) c(a~h) 

a{a*-b^) a{a‘-b’‘) a(a®-6*)' 

6. i -Sr-a.. 

a(a - b) a[a- b) 

o 2b’‘c‘‘x(a- x) 
aW{a»-x’‘)' 
Q aM2a;+3y), b‘y{2x-3yl 
xv(^‘ -&!/“) xt/(4x^-9v‘)' 
10 6‘*(x®-^a:+l) 

a:*.-f- 2 :*'+l ' 


3ix+3) , _ 4(!rtl) , a*- 46* abc 

®* + 2x*-5ir-6 a:* + 2a;*-5a;-6 ' a* + 8a6*’ a* + 8a6''* 

o(o* + 3a6 + 96*), b(a-3b) c 

a* -276“ a“-276“ a* -276“' 

a*(a-:6tc) , 6*(a-6-c) abo 

a6{a* + 6*-c‘-^6) a6(a* -f 6* - c* - 2a6J ft?>{a* + 6* - c* - 2a6J 

(c-a)* , (a- 6)* , _ (6-c)“ 

(o-6X6-cKc-a) (a-6X6-cXc-a) (a-6X6-cXc-a)’ 


1 . 

»• 9 
»' -a 

14. 0. 


ft^+ 6*, 

ab 

a+b 

7{a-b) 

2a» 

a* -6*' 

^2 

e*-rl0a:-H6 


Exercise 56. [ Pages 176-177 ] 
2. 0. 3. 1. 4, 

6 . 7 

4a:* -9y* *• 

*• (a-bXb-cf 

ar“ + 27y*’ 

15. -^V. 


4ab 

a*-b*' 
a*-2a6-6* 
(a-f 6)“(a-6)‘ 
2 _ 

x*-4a:+3’ 

2a6 

a* -6*' 


1 R .64aa:* 

' a“-l^*’ 
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n. 

ar* 

18. 

26 

10. 

6(x“-9) 

l-16a*6* 

20. 

Ba'b , 

21. 

lOSx* 

22. 

a^-b* 


2S. 

Aab 

24. 

6 a:*-12 . 

25. 

(a -6)* 

01 

1 

2ft. 

48fl* j nij 

®*-10oV + 9o* 

2a!; 

a;*-l‘ 

28. 

20. 

3x-7 . 
«*-5x+6 

30. 

3(a? + 6 a) 
a:*-Hiaa;+^a* 

81. 

82. 

0. 83. 

4a:‘' 

a* -64 

35. 

l+x*+x’ 


4 

a?* -16a* 

9a(x{x_±a)^ 

i*- 81 a* 

6a*a- 

4ir*-6aV* + a* 

a?-c , 

(a;-aX®“fc) 

2 

tE+ 3 

66aaj»__ 

"l6rr*-6561fl* 


Exercise 67* [ Page 179 ] 



1 

a* 




xW . 


5n*a?* 

1. 

3* 

2. 

• 3. 

xyz. 

4. 

9a*i*c* 

D. 

8mv 

ft. 

a; 

7. 8. 

8. 

a 

9. 

o*“4x* 

-a«— 

10. 

x*-l 

x*-x-6 

11. 

1. 

12. 1. 

13. 

a 

14. 

X , 

2 

15. 

x+2 

x+3 

1ft. 

X 

17. 

^‘+^’ + 1. 18. 
a* o* 

8^ .0+9?!. 
Ox* ^ 8ai 

19. 21 

(he . od\ 
\ad iKf 

20. 

1. 

21. 

a4-6-c^ 

a+b+o 

22. 

1. 





Exercise 58. [ Pages 181-182 ] 


^ 6ax 

66 j/‘ 

2. 

{a+b)* 

'b 

3. 

x-7 

x-5 

4. 

ft 

' to + 2m 

ft. 

( 771 -n)*. 

7 . 

1. 

8. 

s g*+y*. 

*• 2xv 

10. 

x*-8x+12 

x*-ibx+21 

11 . 

__A_ 

P* + Q* 

12. 

18. XV. 14. 

ab. 

15. 2x. 

10. 

1. 

17. 

.. a* + 0*6* +5* 

“• " oHa-b)* 

^b 

20. 

o*-5» 

21. 
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Exercise 69. [ Pages 184*186 ] 


1. 

2. 


2. 

2. 

8 . 

-5. 

4. 

1. 

6. 

2. 

6. 

i 


7. 

3. 

8. 

""5. 

9. 

6. 

10. 

0+5. 

11. 

2a. 


12. 

i(a+5). 


13. 

a+ 1, 


14. 

m-n. 





i(a + fe), 


17. 

2^. 


18. 

12a5 

16. 

a+fc. 


16. 


a+ 1 


0 + 36 

19. 

c+d. 


20. 

i(a+bH 

he). 

21. 

~i{a+ 1+ c). 

22. 

ah. 

28. 

A. 

db 

24. 

13. 


25. 

16. 

26. 

20. 

27. 

-3 

28. 

8. 

29. 

10. 


30. 

9. 

31. 

9. 

32. 

5. 

88. 

8. 

34. 

5. 


85. 

7. 

86. 

8a 

‘25’ 

87. 

24. 

88. 

18. 

89. 

6a 

7' 


40. 

66. 

41. 

4i 

42. 

6. 

48. 

lOi 

44. 

ac- 

ft* 

+ c*‘ 

45. 

-2?|. 

46. 

8. 

47. 

11. 

48. 

2. 

49. 

25a +246. 

50. 

M. 

a+ 1 

51. 

72. 

52. 

74. 


Exercise 60. [ Page 187 1 

1. 27. 2. 6. 8. 20. 4. 2. 6. 10. 

8, 6. 7. 6. 8. 6. 9. 7, 10. 6. 

Exercise 61. [ Page 189 J 

2. {. 3. 21. 4. 4 05. 6. 8. 

7. lOj. 8. + 9. Hab+be+ci), 

11. o* + 6* + c*-8a6c. 12. 0. 

Exercise 62. [ Pages 193-195 ] 

1. 90 X 180 ; 100 x 230. 2. 15 metres, 12 metres. 8. Bs. 33 

4 . 60,80. 6. 20 men. 16 women. 6. 119,121,123,125. 

7 . 222, 224, 226, 228, 230, 232, 

8 . A, 84 kilometres and B, 70 kilometres in 56 hours. 

^ 9 . 28 days. 10. Bs, 55. 11. 24 metres. 12. 14, 6. 

18. Worked for 22 days. 14. 4 days. 15. Bs. 62, 52 ten paise 
16. A, Bs. 162 : B. Bs. 118 ; C, Bs. 104. 17. 34 sheep ; Bs. 1400. 

18. 176 kilometres from London ; 16 hours. 19. 44. 20. 82. 

21. 72. 22. 23. 28. 6,8,2,24. 24. 19,5,4,32. 

26. 29,81.0,64. 


1 . «. 
6 . 8 . 
10 . 0 . 
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1 , 

6 . 

8. 


ff -2 

1?«=8 


) 


c 


af 4 t* 


{f^B 

p^5 


) 


V 


Exercise 63. 

2. a;«5\ 
1 ,- 2 / 
a h-c 
a® + 6 

9. *-61 

y~ii 


[ Page 197 ] 


3. 

<r-7l 4. 

e-41 


V«6/ 

1-7 j 

6. 

!r“2l 7. 

II 


1-3/ 

V*16 

10. 

*-6 1 



1-8/ 





Exercise 64. [ Page 199 ] 


1. 

*-31 

2. *— 2l 3. 11-71 4. *-3l 

5 . *-(t\ 


1-2/ 

1-3/ 1,-2/ V-7/ 

1-4 J 

6. 

*-131 

7. *-6l 8. *-51 9. *-241 

1 10 . *-6\ 


1- 3/ 

1-6/ 1 - 5 / 1-14 i 

1 1-2/ 



Exercise 65. [ Pages 203-204 ] 


1. 


2. *-4l 3. *-71 

4. «-2l 


1-2/ 

1 - 1 / 1 - 4 / 

i-sj 

5. 


6. *-6l 7. ®-2l 

8. *--2l 


1-2/ 

1 - 4 / 1 - 1 / 

1- 8/ 

9. 

*-61 

10. *-11 11. *-11 

12. *- 81 


1-2/ 

1 - 3 / 1 - 2 / 

I-- 1 ) 

IS. 

*-11 

14. *--61 16. *--21 

16. *- 61 


1-4/ 

1 - 2 / 1 - 1 / 

1 - 11 / 

17. 


„«0C-C* 18. *-71 

19. »-11 



* ab-b‘ 1—9. 

1-i/ 

20 . 

«-3l 

21. *-2\ 22. *-7 

23. *-101 


V-2/ 

1-3/ 1-4, 

1- 6/ 

24. 

«- 41 

26. *-2l -- o*-6*, 

o«-6», 


y-ioj 

1-3 J am-bn 

an-bm 

27. 

e-f 1-1. 

28. ff-i, 1 - 4 . 29. a 

i-4. 1-2. 

SO. 

*-A. 1-: 

18. 81. *— 4, y-S. 32. * 

-4, 1-4, 



Exercise 66. [ Pages 208-211 ] 


1. 

1. 

2. 7,9. 8. 6.2. 

4. 60,16. 

6. 

Father’s age 70 years, son’s age 30 years. 


6. 

Father’s age 38 years, son’s age 14 years. 

7. 24.16, 

8. 

A. 9. 

i 10. i. 12. Rs. 15:Bs. 24. 18. 8. 6. 

14. 

6 kilometres and 3 kilometres per hour. 

16. 50:100. 

16. 

90 days. 

17. 480 sq. metres. 




BOO 


AL6BBBA MADB BABT 


18. Tea Be, 5'40 P. and cofTee Bs. 6 per kilogram. 

19. 3 kilometree, 4? kilometres per hour. 20. 22 and 26, 21. 75 

22. 66. 23. 21, 40. 24. A horse, Bs. 240 ; a oow, Bs. 120 

25. 6*., 3«. 26. A, 24 days ; B, 48 days, 27. A 

28. 15 kilometres. 29. 72. 80. 768., 36* 

81. 84 sheep i Bs. 1400. 32. 27. 

Exercise 67. t Page 221 ] 

7 . (l)6a:-5y»0; (2) 5®+7i/“35 ; {3)ic+v + 2-0; 

(4) 21ir-5ir+124-0: (5) 5a:+9i/ + 55-0. 8. y-1. 9. 6 units 

Exercise 68. [ Pages 223*224 ] 

1. 3,-3. 2, 0,-0. 3. 14.-14. 4, 2i -2i. 6, 6,-6 

6. 3, -3. 7. 5, -5. 8. 2a, -2o. 9. a, -o. 10. 6.-6 

11. 1,-1. 12, 2,-2. 13. 6 metres. 14. 9 metres. 

15. 6 om. each. 

Exercise 69. [ Page 225 ] 

1. 2,4. 2. 5,-4. 3, 1,-4. 4. 4,-13, 5. 3,-1. 

6. i, -I. 7. 7, -i 8. 2,i. 9. 2, -A. 10. a,b. 

11. 19,21, 12. 8. 13. 16,-6. 14, 3,13. 15. 40 years 

16. Bb.75. 


Miscellaneous Exercises IV 
[ Pages 226-229 ] 


1. 12a' ; 720a* 6*c*!rV. 2. (*-3)*, (a!-3X4«+l) : r-8, 

8. (a — 5X5— cX5— 2a— 3c){2a + 6+3c). 

4 . 4. 6. *‘ + 2, 

. 5 . o ®5 , . . a5c ... 


7 . 


o*-o5+5* “ a*-a5+5® 




1. e-S. 2. (x-oXa:+5Xa:® + o). 8. (i) Jit'v* : {11)8. 


fl* + 5*. 


6(!r-3), 

8{!t-5) 


*• * 2a ^ 25 
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III 


1. 



2. a;®-!. 3, a; + 8. 4. ({C+aXjc-’5Xfl?+6y 

6. 

8 


A -.-2(6-11,,, 2(^~ll_, 

2a5-(a+5) ^ 2a5-(a + 6) 

7. 

Rs. 2800 and Rs. 1200. 8. 3. -3. 




rv 

2. 



®*-3®+2 • »»*-*n+l 

5. 

345. 


7. if. 8. 8, -8. 




V 

1. 

tr*-(a+5)a5+a6. 

2. 280®“ -123®* -37®+ 6. 8. 1. 

4. 

a+c 


8. 4, -4. 




VI 

1. 

fl?-2. 

2. 

o6c(®-aX*-5X®-c). 4. 0. 6. 3 

t 

Rfl. 144. 

8. 

4. -4. 




VII 

1 . 

a«-(a-l). 


2. (a-5X5-cXe-o). 4. 

5. 

a* + 6* 

"2a5 ‘ 


7. ®-10.v-15. 8. 4,-4. 


Exercise 70. [ Page 231 ] 

1. fl:* + 6!r* + lla: + 6. 2. «:" + 14!r* + 69a; + 70. S. ir*-«*-24r-38, 

4. ir*-®*-70!r-200. 6. 6. ii:* + ®*-46!r+80 

7. e*- 37a: +84. 8. a:* -&r’- 37a; +210. 9. a:’-23a:* + 167a:-38fi. 

10. a:* -18a:* +99® -162. 11. ®'*- 13®* -8® +240. 12. b* + 26»* 

+ 199®+ 495. 13. ®*-52® + 96. 14. e*- 23®* + 151® -273. 

15. b* + 13®*-144. 16. ®*- 7®* -138® +1080. 

17. ®*- 3®* -73® + 315. 18. e* + 35®* + 396®+ 1440. 

19. ®*-148®-672. 20. ®"- 31®* + 290® -800. 

Exercise 71. [ Pages 232-233 ] 

1. B* + »* + x* + 2®y-2®a-2vs, 2. «* + »* + **-2av+2«*-9»s 

5. B*+»* + s*-2«y-2®*+2vs. B*+V*+**+2*»“3Bs-9vf* 
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5. «• a*+a;*+j^*+A*-2aa-+2«» 

- Q/T.g— 9f/ir. 7. + 2cz'^2!Ci 

+ 2s:«+2y«. 8. »»» +«*+!<* + (?* + f* + 2 m>! + 2>»J) + 2w9 + 2»»r+2Bi; 

+ 2«9+2»r+2p9+2pr+2gr. 9 . p* + 9* + r* + !r* + y''-2p9+2pr 

— 2p!E~2py— 29r+29!i!+29v-2r®-2rv+2!tj. 10. o* + 6* + c* 

+«• + y* + *» - 2o6 + 2fflc - 2a* + 2ay+2az-2i»c+ 26 *- 2 i/l /-262 - 2c* 
+3cy+2c2— 2*y-2*2+2y2. 11. a* + 4** + 9y* + 162*-4a*-6ay 

— 8o* + 12*y+16*«+24y2. 12. 4a* + i* + 4c* + i*-4ai+8ac-4ad 

-46c+2M-4cd. 18. 49. 14. 9. 16. 0, 16. 144. 17. 1636 

18. 1. 19. 63. 20. 0. 21. 47. 22. 69. 

Exercise 72. [ Pages 235-236 ] 

1. e* + 6*‘ + 10*» + 10**+6*+l. 2. *«-t-6*» + 15»‘ + 20*® + 16*» 

+ 6*+l. 3. o*+8a’6+28a*6* + 66o‘6* + 70a*6*-t-66a*6‘ + 28o*6' 

+8o6’ + 6*. 4. a•-^9a•6+36o»6* + 84a*fc' + 126o‘6‘ + 126a‘6‘+84o"fc• 

+ S6o*6^+9afc* + 6*. 6. *‘-6**v + 10**y*-10**v* + 6*v*-»‘ 

6 . m' - Im^n + 21m*n* - 88TO*n* + 36»»*n* - 21m*n' + Imn* - n’. 

7. ®* + 8** + 24** + 32»+16. 8. *‘ + 10** + 40®* -180** + 80*+ 32 

9 . e* + 8*’+28*‘ + 66*‘ + 70** + 66** + 2B**+8*+l. 10. ** + 12*‘ 

+64*’‘ + 108*+81. 11. *‘-6** + 10**-10** + 6*-l. 

12. 64-192«+240**-160** + 60s*-12*‘ + *‘. 13. 16**-82** + 24»* 

-8*+l. 14. **-9**y + 36*’y»-84*V + 126*‘v‘-126**v‘+84**tf‘ 

-86**y*+9*y*-y*. 16. 243*' -810** + 1080** -720** + 240* -32 

16. l-8a+28a*-66o* + 70a*-66a‘ + 28o‘-8a* + ft*. 17. l-7c 

+21c*-35c* + 35c*-21c‘ + 7c*-c*. 18. 1-18* +136** -640** 

+ 1216** -1458*‘ + 729**. 19. l-14*+84**-280** + 660**-672*‘ 

+ 448** -128**. 20. 256*’- 1024**0 + 1792*‘o*-1792*‘o* + 1120**0* 
-448**o' + 112**0*- 16*0* + 0 *. 21. **“-10**o + 45o*o* 

- 120**o“ + 210*‘o* - 252*‘o* + 210**o‘ - 120**o* + 45**a* - 10*o* + o*“. 

21 243*‘-810*‘o+1080*’o* -720**0* + 240*0* -82o*. 23. 10»* 

+ 90** + 2. 24. aE* + 30** + 30** + 2. 26. 14**a+70**o* + 42**o*+2o’, 
26. 16. 27. 32. 28. 64. 29. 128. 30. 256. 

81. SO. 32. 3. 88. 0. 34. 16. 85. 0. 

Exercise 73. [ Page 237 ] 

1. ** + y*-** + 8*»s. 1 p*-^*-r*-<&pqr. 

8**-27y*-«*-18«vs. 4. o*-86*+27+18o6. 
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5, 27fl*“"1265*““64:““180fl6, 6. (®~y""lX®*4-y* + l+jp|/ + a;— y), 

T. (a;~y+2Xac* + V* + 4+»i/~2x+2t/). 

8. («^2y-3«X»* + 4y* + 92* + 2£ri/+3aj«“-6i/z). 9. 0. 

10. 0. 11. 0. 16. 0. 17. 899000 

Exercise 74. [ Page 238 ] 

3. 8(c-fcXa“"&Xa-c). 4. {y-z\x-z)hi-x\ 6. 0, 6. 0. 

Exercise 75. [ Page 240 ] 

1. 2a;*y + 3a;*z + 12y*z + 4i/*a; + 9z*a; + 18z*y + 12ajy£. 

2. 64rc*y + 320{r*z + 5y *z + 8y + 200z*a; + 26yz* + 80a?^z. 

8. 2a*fc + 3a*c + 125®c + 4a&* + 9ac* + 18fec* + 12a6c. 

4. 9aJ*i/ + 90a;“z + 10i/*z + Zxy^ + 800z*a;+ 100z*y + 90jryz. 

B. 2(rr® + y * + z* ) + 7(a;*y + x^t + v*z + y^x + z + z*y) + l&ryz. 

6 . 2a*fe - 3a*c - 12i*c - 4^5* - 9ac* -f 185c* + 12a5c. 

7. 4a5c. 8. 4a5c. 9. 0. 10. 27a5c. 

Exercise 76. [ Pages 241-242 ] 

4. 0. 8. 84a5c. 9. 6{ryz. 10. 8(y + z-'fl?X2£P-2y + zXfl?+V“2z). 

11. 3(2a;+3y + 8zX3a;+2y + 3zX3a;+3y + 2z). 12. 2667. 18. 16800 

14. 1280, 15. 1331, 

Exercise 77. [ Page 245 ] 

1. (aj* + y* + z* + yz + zflj-{ryXa!+y“«). 

2. [p-2q- rXp* + 4^* + r* + 2i?ff +pr- 2gr). 

8. (2® ~ 3y - zX4fl; * + 9y * + z* - 3yz + 2za; + 6ajy). 

4. (a+25+lXa* + 45* + l-26-a-2a5). 

5. (2a + 35-4X4a* + 95* + 16+125+8a-6a5). 

6 . fl:* + y* + 4 + 2y“2a:+a?y. 7. (a;*~a;+2X®* + a?*"’<r* + 2fl;+4) 

8. 2(z ~ i/XSo;* + y* + z* + yz - Sza:- 3iry). 

9. (a* + 3a*H6Xa*“3a* + 4a*-15a+25). 10. fl?~6y+8. 

11. fl* + 5* + c*-a5+flc*f 5c. 12. a;* + y* + l+a?y+®-y. 

18. a:* + 4y* + 9z* + 2Lcy-8zaj+6yz. 14. 2a-85-c. 

Exercise 78. [ Page 249 ] 

1. (5-cXa"“cXa-5Xa* + 5* + c* + 5c+flc+a5). i 2. (5+cX5-o)x 

(a + cXa - cXa + 5Xfl - 5), 8. (5 - cXa - cXa - 5Xa® + 5* + c® + a*5 + a*c 

+6*a+5*o+c*a+c*5+a5c), 4. — (5""oXc’*oXfl*~fcX<»* + 5* + o*+5c 
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*-oa + <ib). 6. (6— cXa~cX«”6X6c + c®^ {v*'*X*'*'®X*+v) 

7. (v-*X*-®X®-vXl/« + *a! + w). *• 6 (v-*X»-«!X®-»)* 

({r* + y* + jp* — yg — ;EfrF“a;i/). “(y 

10. -{6-cXc-aXa-i). H- -(6-cXc-aXa-6) 

12. [a+b+ctbc+ca + ah). 13. 8{2!E-v+*Xa-*X*+»l 

14. -(b~cXe- oXa - 6X6’ + 6c + c*Xc* + ca + o*Xo* + + i>*)- 
16. - (y - *X* - irXa; - yXy + «Xc + xX® + vXv ’** + «*a* + **»’)• 

16. 3(2a+6+cXa+26+cXa+6+2c). 17. (y+*-!eX«+a-yXa+y-«) 

18. -(y-*X*~a:X®-»). 10- -(y-*Xa~®X®-»Xa:+»+« + 3). 

JJO. (y-«X*"®X»"yXa!+V + «). 

21. (oa:+6y+c*X6y+c*-oaXc*+aa:~6yXtt®+6y-c*). 

22 . (® + 2y + 3zX2v + 3* - srXS* + * " 2yX® + 2y - 8*). 

23. 4200. 24. 249. 25. 1950, 


Exercise 79. [ Pages 266-256 ] 


1. (b + 1X«* + 1). 2. (B+m*- 

4. ((i6+cXfflC+6). 6. (b“oXb+6X®*~ 

7. {B-sXa+V + s). 8. (B+aX6-c). 

10. (o-6Xa+6+c). 11. 

12. (ax-bpXax+by + ce). 13. 

14. (4B-5oX4B+6a + 36). 16. 

16. (m - nXm* - mn + n*). 17. 

18. (B+wX®-tf)’. 19. 

20. (b-6Xb*-12b+25). 21. 

22. (s-yXB-y-l). 23. 

24. (B* + a*XB-a)®. 26. 

26. (o+26Xa + 6+c). 27. 

28. (m-2nXm-3n + 2p). 29. 

80. (B+4aX2B-3a+46). 31. 

82. (3B+»)(B-3y+2). 33. 

84. (B-2y+3«Xa+2i/-3*+4). 35. 

86. (a+6Xa-6XB+aXa-aX2B*-3a*). 

88. (B+8X»-aXa+6)*. 

40. (a-lXa*-6a+lXa’+3a+l). 

42. (B-y-sX2B+3y+s). 

44. (2B+y-8*X2B-3y+8s), 45. 

46. (b+1X»+2X*+4). 


1). 3. (b+IXb-D*. 

6b + 6*). 6. (aB+6yX5B+ay) 

9. (B*-a6X2a-36). 
(2a-36X2a+36+4c). 

(B*-»aX** + V*+tf*). 

(a+6Xa* + a6+6*). 
(a-6Xa+6)®. 

(a + 2Xa* + 3a + 4). 

(2a-36X4a+36Xa+36). 

(2a-6X2a-6-3). 

(a» + 26*Xa-6Xa-36). 
(B-3yX®-y + *)- 
(a-36Xa-76+5c). 
(a-46Xa-26+3). 
(a-6-cXa+6+o+l). 

(3b - 4y - 2 sX3b - 4y + 2s - 6) 

37. {2B-36X!r’ + fl*-6). 

39. (a-l)’(2a*-a+2). 

41. {2B+2y+sXB+2y+9s). 
43. (a«+l)*(a*-7a*+l). 

(b - aX®* + o« + fl’Xa* - aB + a*). 
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Exercise 80. [ Pages 258-259 ] 

I. (ir+lXa:+3)(x+4). 2. (x+2Xx+3X®+4). 3. (x-lXx-2Xx~3). 

4 . (x-2X®+3Xa: + 4 ). 6 . {x-lXx*-3x-2). 6. (x+lXi' + ix-B). 

7. (x-2Xx*-4x+5). 8. (x-2X*+2Xx*-3x-5). 

9. (x-lX®+2Xx*-4x+5). 10. (x+lXx-3Xx*-3x-2). 

II. (x-2Xa!+3Xx* + 4x-G). 12. {x+2Xx- 4Xx»-5x+7). 

13. (x-5Xa:'‘-2x+3). 14. (x+3Xa:*-3x+4). 15. (x+2Xx-4)*. 

16. (x-2X2x* + x+2). 17. (x + 2»X»® ~ 2xv ~ 5v*). 

(a+36Xa* + ffl&-35*). 19. (a-2a5a‘ + 7a6+146*). 

(2x-lX4x* + 2x+3). 21. {x-lXx+3X2x+l). 

(x+l)*(x-2). 23. (a-5X2a* + ab+5»). 

(x - lX3x* + llx + 3). 25. (x + 3i/)(x* - 2iy + 3v*). 

(x+a-5Xx~a + 25). 27. |x“ + (a+ii)‘’y*ilx+(a-5)i^Hx-(a-6)vl. 
Ja* + (x+y)®5*!la‘ + (x-v)’i®f- 29. (a+2x-yXa-x+2i/). 

(x+2a+5Xx~a+25). 31. {x+3i/-*Xx+ v + z). 

(x + 4j/ - 2zX® ~ 2y + 22). 33. (a+26-cXa+c). 

(x + i/Xx"V + 2), 35. (x+y+lX®“V+5). 

(a+55-cXtt-6+c). 37. (x-y-*X®“6y+«). 

(x~2y — 22XX—81/ 4'2z). 39. (a + t— 3cXa~135+3c). 

(x+12y-3zXx+3«). 41. (x+y-SzXx- 15if4-62). 

(2a+6~3cX2a~36+3c). 43. (x* + 4x— 3Xx* + 2x+S). 

(a* + a6-6»Xa*-5a5+6*). 45. (2x*-4x-3X2x*-6x+3). 

(x-l)“(x* + l). 47. (a» + 3a-5Xa*-3a+6). 

ia-bxta-bx-cx*). 49. (x“y* + xy-z+lXx*y*-xy+« + l). 
l(y + 2)x - y + zH{y “ 2)® + » + 2t . 
j(a+ b)x+{ct- fc)ytt(a- 6)x+ (a + 5)yf. 

(x*-2x-lX®‘‘-2x-4). 53. (a»-3a+5Xfl*-3a+l). 

(2x* + 3x-3X2x“ + 3x-4). 55. (x*-xy + y®Xx*-4xy + y*). 

{x*-2x+4Xx*-3x+4). 57. (o®-2a5+2i»Xa*-5a5+2i»). 

(x»-3x+5X»'' + 7x+6). 59. (a-6)*{a» + 6a6+5»). 

(x* + 4x + 10Xx* + 4x-2). 61. (x»-3x-5X**-3x-17). 

(x-lXx+8Xx* + 7x+30). 63. (x-3X2x+3X2x*-3x+7). 

0. 65. 0. 66. 0. 67. 300. 68. 6, 

Exercise 82. [ Pages 278-280 ] 

1. 179. 2. 3. 3. 6S. 4. -8S. 5. ^[ad-bc). 

16. (i) Ca*- 11a +16-0. (ii) (6+c)*(a6+oo+l)-^. 17. o-O. or, I 
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18. 2r», where r is any positive integer. 

29. {.b-eU-cU-biab+be+ea). 36. l + !r+x*+- + a!*® + tt!“. 

38. 11111111. 41. ir*-x"y + ®V-W* + V*. 42. ®‘-x*y+*V 

+ 43. »»+a:'i/ + ®V + xV + xV+®v‘ + y*- 

44. + x^°v* - x*y* + ®*y* - x*tf + xV* - v^*. 

46. a;“+x“v+-+xy“+i/“. 46. p=-12;a-4. 49. 0. 60. 1. 

Exercise 83. [ Pages 286-287 ] 

1. 2x-l. 2. 3x-2. 3. 2x+6o. 4. x(3x-l-4). 

6. 8o-l. 6. 2a-36. 7. x*-Hx+l- 8. x’-xy+y*. 

9. x(2x* + x+l). 10. x‘ + 3x-H. 11. x*-H4x+l. 

12. x*+2ax+3a*. 13. x* + 3ax+5o* 14. 2a*-3ax+7x*, 

16. 2-3x + 5x*. 16. l + 4ic-7x*. 17. x*(2x* + 3xa+4o*). 

18. 9(a*+6a + 2). 19. x^ + Sx-l 20. x*-3x+6. 

21. x•-^6x + l. 22. x* + 2x+4. 23. x* + 3x+6. 

24. 2(x*-2ax+2a*). 25. 3x* + 2xy+4v*. 26. x* + 2x+3. 

27. 4fl* + 2a-6. 28. x*+2x+S. 

Exercise 84. [ Page 289 ] 

1. x*-6x+6. 2. 2x*-17x-l-12. 3. x*+3x+4. 

4. 3x*-6x* + 7. 6. 6x*-llx+4. 6. 2x* + 15x-8. 

7. 3x*+5x-l. 8. 5x»-3x-l. 9. 2x* + 3x-l. 

10. 3x*-2x+l. 11. x* + x+2. 12. x*-l-3x-2. 

Exercise 86. [ Pages 291-292 ] 

1. *+4. 2. 2x-l. 8. 2x-3. 4. 2x* + l. 

6. 8o-26. 6. 3a-66. 7. 3x-4. 8. 2x*-S. 

Exercise 86. [ Page 293 1 

1. 9x* + 30x‘-17x*-76x+32. 2. 18x* + 3x*-109x*-84x+32. 

8. 48x*-64x*-120x* + 160x* + 27x-36. 4. 46x*-24x*-123x* 

+ 40x-»-80. 6. 12x*-14x»-94x* + 63x-H80. 6. 12x* + 8x‘ 

■l-26x*-H84x* + 16x*-H8x+8. 7. 32x*-24x*-8x* + 18x*-48x* 

f27x-18. 8. 12x* + 24x‘-l-95x‘ + 118x*+249a!*-H44x-1216. 

9. e*-12x-i-36. 10. (x*-3x+2), (x»+2x-8). 

Exercise 87. [ Page 295 ] 

1, l!te*+4x*-21x*-16x-8. 2. 12x*•^8x*-101x*-^-47x•-69x* 

-81X-86. 8. x*+6x*-38x*-149x* + 212x*+684x-79a 

4. l6«*-140x*+90x*+S8x*-20x*-89x*-16x*-8x-H9. 
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Exercise 88 . [ Page 297 ] 


1 . 

aj+ 3 . 2 . 

^ + 3 ^ 
a ;+5 

o a+ 36 , . ir“-“aa; + 6 * 

* a - 46 * x* 4 aa;“' 6 * 

5 . 

3 x- 2 v - 

2 a: + 5 v ’ 

14 - 23 : - 33 ;*^ - o .T* 4 - 3 a; 45 , 

l- 2 fl;+ 3 a;* • a;*- 3 aj + l ‘ ic“ + 3 a :-~5 

9 . 

aj* + 3 aa; + 7 a* ^ 
2 i^~ 3 a£c + 5 a* 

10 . . 

2374 - 3 . 3 rr*-aa;- 2 a* 

3574-4 ’ 3 ir* 4 -afl;- 2 a* 

12 . 

2 (a*- 5 a 6 + 76 *) 

3 (a* 4 - 5 a 6 + 76 "y 

13 . 

3 ( 357 * + 457 + 5 ) - . a( 3 a* - 6 *) 

4 ( 257 * + 357 + 4 )' 2 a* - 6 * 

15 . 

4 rc( 2 ar*- 3 y») 

5 j^( 3 a:*- 2 y*)‘ 

16 . 

2 (a+ 6 +c). 17 . 1 + 57 ^ 2 . 

18 . 

« + rc- 2 v, 

4 {y + s) ‘ 

19 . 

2 20 2 ?/ 

5 ®*- 3 ®v + V 

21 . 

abc 




Exercise 89 . 

[ Pages 300-301 ] 

1 . 

96 flkr* 

2 . 7 '^ 

3 , a-i 

A/ . • . W. / 1 \7 - 1 1\ 


4. 

7. 

12 . 

16. 

1. 

6 . 

11 . 

17. 

22 . 


__ Ga-ill K 

(a-l)(a-2)(a-3j (a? +2)“' 

a* + ao + (j*^ o _1_, 

ac(a+c) ' * a-1* 

lx - aX® - tK® - oX® - d ) ' 

_ J<a+jr) 

(a* + aa5+a5*)’ 


6 . 


9 . 1 . 


(a?-3Xa;-4)(»*”6) 

10 . 0 . 11 . 0 

1 


14 . 1 . 16 . 


-xW. 


o*-®* ®- 


Exercise 90 . [ Pages 303-304 ] 
2 . i 8 . 1 . 

1 


(6+e+ a)V 
*' 26o 


8 . 


adf+ae , ,, , 

W/+6<+q^ “■ 


a-h. 

18. 


9 . 


10 . 


3(*-2) 
a* + 6*. 14. w. 


®, 18. 1. 
i 28. 1. 


19. (a + 6+e), 
24. a. 


20 . 


K 1+ft* 

i+i: 

g*+®*y* + v* 

15. 4iE». 18. 1, 

21. i. 


**-B*+l 
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Exorcise 91. [ Pages 312‘316 ] 


21. 

0. 

24. 3. 

25. 

a*-10a“5-6o5"-5‘. ^ 0,-h 

a* + 10a“6+Ga5“-5* a+h 

28. 

0. 

29. a;* 

+ 2. 

30. 1. 31. 

a*" 0 

32. 1, 34. 0. 

35. 

3, 

36. x^y\- z. 

37. a* + ^i» + c». 38. 

a + 6 + c, 39. 0. 

42. 

0. 

43. 

1. 

44. 2. 45. 

1. 46. 0. 

47. 

1 , 
xyz 


48. 

- - 1- - - . 49 

(x-a){x-b){x-c) 

X _ , 

[x-aix-h){x-c) 

50. 

(x- 

a)[x- b){x 

-c)' 

p. x^ + hx-^k 

[x- a)(x-h){x- c] 

55. x^a 


Misrellaueous Exercises V 
[ Pages 316-320 ] 

I 

1. (i) (s‘ + 20a; + 95)» - 16 ; (ii) (a:* + 6® + 6)* - 16. 

2. (1) 3(« + ®)(!/ + 2a + ®X 2 + 2a:-v) ; (ii) (2a-6X7a* + 8a6+4l*). 

3. l8(o*6* + 6*c* + cV). 7. 0. 

II 

1. 0. 4. 0. 6. 6. 2a+36-l-o. 

7. 18®* - 45®" + 37®* - 19® + 6. 8. (i) 3®(®- iXl - 2®). 

(ii) (a-i>X5-cXa-c). 



Ill 



. . in »j...n-x80 . 80 , 32 
®*-H0®* + 40®4- + .-I- -,• 

3/ iC W 

8. 0. 

5. 


(®-3X2®-l)(3®-2). 6. 

~2a; + 3. 

7. 

ab+bc-^ ca* 


IV 




1. 242. 2. (a-fcX2o-6Xa+6Xo+26Xa*-^^)*). 3. 2528000. 

5. (®~6l/)(a!-3ifXa!+2i;X»+7v)! 

{®~SvX*+2vX®4'7y). 8. 0. 
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V 

8, 1. 5. (i) (3a*-4ai+36*K2a* + 17o6+26*)! 

(ii) (3fl:*-7x+3X4»*~3x+4) : (iii) (ax* + ii® + aXi'X* + o«!+6). 

7 . (i)B-o; (ii) 

VI 

4. [x + y)* + s*-, 6. 3(x*-f + 6. (i) x* + (2m-3)x-6»i ; 

(ii) x-3. 7. ; 2a:»-3x'-7x* + 28x*-36x* + 20(r-4. 

VII 

1. e‘ + 2xi/ + y»-l. 2. x. 4.(i)a+i: (i+iJ(~l%x*T 

6. (6x + 23 /)“ + 4(2ir- 5y)* ; p-5. s=2. 6. (2a:-lX3x-l) | 

(x-2X2!r-l)(3x-l)(2x+l). 7. -42. 

VTIl 

4. {a+i)+c+c?Xfl+fc“C"<^X<i~J>~c+<^Xx-(>+c~d). 5. — 1. 

e. 0. 8 . x*+l ; {x® + l)*(x*-l). 

Exercise 1)2. [ Pages 323-324 ] 


1. -6i, 

6 . 2 . 6 . 

12. 7. 13 

19 i. 

24. -ii 

29. i. 

_j nb-jm^ 

' m-n 


2. 3. ^{a + b + el 4. 

3. 7. 4. 8. 5. 9. li 10. 4, 

1. 14. 4. 15. 2. 16. if. 17. 3. 

20. 2f. 21. 26i. 22. 13. 

25. -iV*. 26. -V-. 27. 15. 


a* + 6*-Ho*^ 
2(o ■)• 5 -t- o) 
11. 4, 

18. 2, 

23. 55i. 
28. U. 


al^a + h — 2c) (a* — o6-t-?j®)c-)-a& 

a*-l-5"-ac-6c’ ab{c+l} 


a^_~bc , 
b+c-2a’ 


3ab-a’‘-h’‘ 


35. 3a. 


Exorcise 98. [ Pages 32G-327 ] 

1. I. 2. -3. 3. -*i 4. 2. 5. 1. 6. 9. 

7. i 8. -V-. 9. 2. 10. i. 11. i 12. 1,\. 

13. i. 14. i 16. 4i. 16. 6. 17. 7. 18. 4i. 

19. -4. 20. 1. 21. -4. 22. 3i. 


Exeftise 94. [ Page 329 ] 

1. 24. 2. -b. 3. -f. 4. 2. B. 7. 

,, ah o Q Q in 3 . 

®- “o+y a-»-c. “• db-cd *• 1®- ^ 


1—89 
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11 . 

4. 


13. 3. 

14. 2. 

15, ;• 

a~6 

!«. 

25. 

17. 3. 

18. 

fl*“ 0 

19. 6. 

20. J(a~6). 


Exercise 95. [ Pages 337-340 ] 

1. 16iV minutes past 3. 2. 27n minijU-F i ast 5. 3. (i) 5ii minutes 

past 7 : (ii) 21ii and 54/i minutes past 7 ; (iii) 38ii minutes past 7. 

4 . (i) at 5i*i minutes past V ; (ii) at IGii miimtee past 6. 6. kilo- 

metres. 6. 8 kilometres from the starting place of the faster walker ; 
6 hours. 8 . 3G minutes, 9. 3i anti 4i kilometres per hour. 10. 160, 

11. Rupees 180. 12. 3(X). 18. Greyhound, 960 ; hare, 1200. 14. 180. 
15. Rupees 20 ; Rs. 5. 16. 40. 17. 76 kgs. of gold and 30 kgs. 

of silver. 18. 4 hours and 6 hours, 19. 42 years. 20. 6l grama 

from the Ist bar, 134 grams from the 2Dd. 21. Rs. 7000, Rs. 4000. 
22. 11 paise : each man of the Ist set 6 paise, of the 2nd set 5 paise, 
of the 3rd set 4 paise, and of the 4th set 4 paise ; 63 p. 23. 189. 


24. 

25 oz. 

; 88. per oz, 

25. 

Es. 84, Bs. 140. 

26. 

2080. 

27. 

ic2. each ; 512. 


28. 

lA minutes past 3 p.m. 


29. 

26111 minutes past 4 p.m. 

30, 

12. 31. 654. 32. 1504. 33. 60. 

24. 

736. 

35. 4550. 









Exercise 96. [ Pages 344-345 ] 



1. 

OJ-l, 

1/-2. 

2. 

35 - 2 , 

V*3. 


3. 35 = 3, 

y-4. 

4. 

aj“4, 

V“5. 

5. 

35 = 5, 

l/ = 6. 


6. 35 = 6, 

y-7. 

7. 

®“7, 

V-8. 

8. 

05 = 8, 

t/-9. 


9. 35-4, 

V-2. 

10. 

a;*5, 

y-3. 

11. 

05 = 7, 

V-4. 


12. 35 = 5, 

y-8. 

18. 

»»8, 

V-12. 

14. 

35 — 6, 

</-14. 


15. 35 = 8, 

y-18. 

10. 

a;*8, 

y=9. 

17. 

35 = 12, 

1/-16. 


18. 35 = 21, 

v-12. 

19. 

a; -21, 

y"“24. 

20. 

05 = 18, 

l/ = 28. 


21. 35=99, 

y-16, 

22. 

a? -10, 

»-8. 

23. 

05 = 3, 

V = 7. 


24. 35 = 4, 

y-7. 

25. 

aJ-3, 

y“6. 



26. 05 = 1, 

V=2. 

0 = 3. 


27. 

cc-2, 

y--3, 



28. 05 = 3, 

V-4, 

0-2. 


29. 

05-2, 

y-6, 

«»4. 


30. 35 = 1, 

V-3, 

0=5. 


21. 

05-2, 

y“3, 

«-4. 


32. 35 = 3, 

V-6. 

0=9. 


88. 

05-4, 

y-10. 

*-14, 


34. 35=8. 

y-12. f-20. 


15. 

05-8, 

y«4, 

• -5. 
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Exercise 97. [ Pages 348-349 ] 


1. 

05-1, 

V-2. 

s-3. 

2. fl;*2, 

y-3. 

0 - 4 . 

8. 

*“2, 


0*4, 

4. a-2, 

y-3. 

0-4. 

6. 

«“3, 

V“2, 

0=1. 

6. aj»3, 

»“2, 

0-1. 

7. 

05*4, 

V“3. 

0*2. 

8, a; * 4, 

V-6, 

0-6. 

9. 


l/=5, 

0*3. 

10. a=l, 

tf--2. 

0-3. 

11. 

aj*3, 

V = 2, 

0*5. 

12. *=3, 

tf-i. 

0-i 

13. 

«*10, 

V=20, 

0*5, 

14. * = 2, 

y“-3. 

0“4. 

16. 

a;*5, 

V=6, 

0*7. 

16. * = 2. 

y«4. 

0-6. 

17. 

a;*2, 

V = 5, 

0 = 10. 

18. a; = i/*0*12. 


19. 

a; *6, 

I/“12. 

0 * 8 . 

20. *=i 


0»i. 

21. 

ic*7, v*10, 

0*9, 

^ 2ac 

22. *-i. 

a’‘ + 5''-c» 

V--2, 

0-3. 

23. 

«- - 

26c 

*“ 2o5 



24. 

JC-l. 

V=2, s 

*3. 25. a; = 

■ -28, y = 10, 0 

*9. 



1 . 

8 . 

4 . 


6 . 


9. 


11 . 

12 . 

18. 

14. 

16. 


16. 

17. 

19 . 


Exercise 98. [ Pages 351-352 ] 


a b 


^“a-b+o *” 5 + 0 - 0 ' 


2abc 


ab + ac-bc 


- h.' V' 


2a6c , 
5c+o5-ac 


a + b~c 

^ ^bc _ _ 

ac + 5c— ail 


^_c(a* + 5»), „da*_+b*), 

* o»-5* 2a5 

«*5, v*3, 0*1, 7, a;*12, y 

05*4, i/*5, 0*7. 


5. 

10 , 


10 . 


x»2, y*4, 0*6. 

0=8. 8. flJ-lS, y-8, 0*9. 

*-M2o-W, a(p_-a), 

a“o o—a 


_ ii6c _ Aac 

®*(a~6Xa-c)* *^*(5-aX6-c)* 

a^bc ^ ab*c , 

(6-flXc“”a) ^ (6-aX6-c) 


«« -4a6 _ 
(c-6Xc~a) 


0 


flfec* 

(c- 5 Xc-oT 


(E*ai>c, v“a5+i>o+ca, s—a+5+c. 

*■5-0, v*»c-a, s-o-6. 

Oa(5iC, — 5 bCi)+ 5,(0108 — Oaai)+ c,(ai5,— aa5i)“0. 

0-6. 18. to>"4, *-12, t/-6, s-7. 

*“6, »-4, 0-3, w-2, i”l, 20. *-o5, v-5e, s-oo. 
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Exercise 99. [ Pages 359-363 ] 

1. 376. 2. 50 kgs. ; Ks. 28 per kg. 3. 4, Rs. 14 ; B. Rs. 19. 

4. 20. 30, 60. 6. 3s. M., is. 2d. 6. A. : B. days. 

P’Tff'Tn wn 

t. Rs. 980 ; B, Rs. 1640 ; C. Rs. 2380. 8. 8 hours. 9. 720 kilometres. 
10. 4 and 3 litres. 11. 253. 1^. 3 half-crowns ; 8.s. ; 9 six-pences, 

18. 20 persons ; Rs. 6. 14. Each of tlio equal cocks in 32 hours, and the 
other in 24. 15. Rs. 8 and Rh. 5 roc>pectively. 10. 75 and 25 litres. 

17. 6 qrs. of wheat ; 10 tjrB. c^f barley, 18. 79*2 and 39Ti kilometres 

per hour, 19. 20 bushels of rye, and 52 of w).eat. 20. 50 rupees and 
60 twenty-five pa iso at first, 20 rupees and 30 twenty-five paiee left. 
21 . 24 kilometres per hour. 22. id, 5 minuteB ; B, 6 minutes. 

28. 10 and 12 kilometres per hour. 24. kilometres per hour. 

Of c 

25. 100 kilometres. 26. Started reading at 2 GA“r minutes past 3 p.m., 
stopped reading at IT^ftPr. minutes past 5 p.m. and read for 1 hour 
60HS minutes. 

Exercise 100. [ Page 370 ] 

l. K-S. y = 4. 2, x=7, y=-5. 3. x-8, v-6. 

4. x=9,y^ll. 5. x-lO, y = 13, 6, [Take ten 

timet tVie Bido of a small square as the unit of lengt.h. ] x = l’2. 7. x— 7. 


8. 

£r=*7. 9. 

9. 


10. 4. 11 

(-6. 4): (8,2); (6,8); 

area 

“40 sq. units. 


12. 

(5.4). 13. (i) (3. 0) : (0, 3) ; (-3.0); 

(0. - 

-3); area “ 18 sq. units. 

(ii) (1, 5) ; 

(12, 5) ; (12. 10) ; (l. 10) ; 

area 

*55 sq. units. 

(iii) 

3, 0] 

; (8. 0) ; (0, 5) ; (0, 

12) ; area=40’5 sq. units. 

14. (i) (0. 0). (5. 0). (0 

, 6) ; 

area “15 sq. units ; 

(ii) (2. 1). (2, 4). (6. 1) ; 

area 

-4'5 sq. units : 


(iii) 

(4,6). (-4.2), (2, 

-4) ; area ”=36 sq. units. 

15. 

«-ll 16. 

a?- 

7 

17. X- 9) 

i 18. x-3,i/=>4; 90*. 


v-ll 


-5 

y»ilj 



Exercise 101. [ Pages 379-381 ] 

1. Rs. 3 40 P. : 3 kgs. 600 grams. 2 . Bb. 4*26 ; 19. 

8. 8i hours ; 19 kilometres. 4. 8 kilometres ; 7 miles. 6. 2i hours 
alter A starts ; 7i kilometres from the place of starting. 8. 4 honn 
ftfter starting ; 12 kilometres from A. 7. Be. 1 14 P. ; 39. 8. 6 kgs. 
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11. At 4-30 P.M. 13i kilometres from J5. 12. Ks. 434. 13. 16*4 

minutes past 3. 14. Rs. 3200 ; Ra. 130 50 P. 15. Rs. 3600. 

16. 20*5 kmg. from P at 63i minutes past 5 P.M, ; 23 kilometres ; 

St 5 P,M. 17. 16 hours 59*4 minutes ; 17‘3 kilometres from Calcutta. 




Exercise 102. [ Pages 384-386 ] 


1. 

Va*. 

2- 

V® 

3. 3 Vaj*. 

1 3 

V®».Va' 

s. 

8 

ft 

3V®*' 

CM 

8. V®*-^. 

9. 

”Vo“. 

10. V®‘. 

11. ®V 

12. -V 

a* 

13. 


14. a* 

15. ®^ 

16. a^. 

17. 

i 

18. 4. 

19. 27. 

20. 32. 

21. 


22. 36. 

23. ii. 

24. 81. 

25. 

36. 

26. ®-™. 





Exercise 103. [ Page 387 ] 


1. 

a-*. 

2. 

3. a6«. 

4. 

5. 


6. ®”^tr*. 

7. 

8. 

9. 

V. 

10. 4®®a*. 

11. A®-*o-' 

'. 12. a^6*c*. 

13. 


14. 

15. a*6». 




Exercise 104. [ Pages 391-394 ] 


1. 

(t-aa^l. 

2. a- 

276. 3. 

1 + a*b~* + 0 * 6 "*. 

4. 

ir* + 6£t2:^-“4y + 9A 

6. 

®“* + ®“*V”* + V”*. 

«. 

a4-a^~l + a 


7. 

®-3®^yM+v+*> 

8. 

a*" - Oi*" + lab^c* - Ic**. 

9. 

o*-646*. 

10. 

1 

a4*a'‘cc 

M-®-‘. 11. 

®-®^. 12. 

2+4®"‘ + 2®-*. 

IS. 

V + x^y^+a?. 

14. 

o+aM-i. 15. 

»*»-l+®'*". 

16. 

te - 2® V* + 2!eM + + V 



IS. 

-.s’"--*’* 

X » • 

19. 


20. a™-*. 
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21. 22. a;^-2rr^y~^+a!y’^+2a;^y^“2fl;^y^+y, 

28. ®** + oj^a* + a". 24. a;^ — 4ir^+4a; + 2ic^-'4ir^ + ®^, 


26. 

® + ®+a 

y + a 

-*x>. 

26. 

r+ 

1 . 

27 2a;-l-36fl;^y^ 



Ja 

Jb 

X- 

27w 

28. 

a+® 

a* + 3afl?+a;*' 

29. 

1. 

30. 

xM- 


. 

81. 

82. 

fe+V 

34. 

\a + 6j 

i" 

1 +2. 

36. 

(? 

6 /\ 16 

26; 

87. 

(;)" 

38. 

(?)”• 

39. 

1. 

40. 1. 

41. 

44. 










Exercise 105. [ Pages 395-396 ] 

1. S. 2. 6. 3. 2. 4. -A. 6. 6. 6. 7. li. 

8. 2i. 9. 2. 10. 3. 11. -4. 12. 0. 13. iE-2. orS. 

14. aj“2,or-2. 15. a!»4,i/=2. 16. *=-2, I/--3. 

17. ir-2, v-3. 18. a-l, v“3. 19. (r=2, y--!. 

20. it">l, v»i. 21. K-l, y-2. 

fc a 

22. y**4. 23. x=|^| * 

SO. B-l.»- 2 aiia*- 3 . 31 . x--lJ,y-- 9 Jana »-- 6 |. 

12. (E“»-*-}0. 


Exel-cise 106. [ Page 897 ] 

1* 2. V24. 3. V96. 4. 

8« Vo*6. 6. Vx*“». 7. 

Exercise 107. [ Page 398 ] 

1. S^/2. 2. 4^/6. 3. 5V2. 4. 2V4. 6. 3^/6. 

6. 7^4. _7. 5t/3. 8. o» Vfc. 9. x* UJ/a. 10. -8^6. 

11. -4oJV 36. 12. 5o*xV4ax. 

Exercise 108. [ Page 398 ] 

1. 7 s/3. 2. 7\/2. 3. 8 s/5. 4. 2 s/2. 6. 5/2. 6. 65/6. 

7. t/3. 8^ 3 s/3. 9. 6 s/6. 10. 0. 11. 0. 12. 17 V9. 

18. (7*+»)s/e*. 14. (»*-2»*+3»»)5/o. 16. 4a5/aB 
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Exercise 109. [ Page 399 ] 

1. V27anaV4. _ 2. and '?/l25. 3. and 

4. and ^^25. 5. **/25G and *t/'216. 6. The latter. 

7. The former. 8. The former. 9. Vi, i/6, ^/2. 

10. $/r0. V3, "^25. 

Exercise 110. f Page 401 ] 

1. 6 s/2. 2. 4 s/3. 3. 9. 4. 3 s' 10. B. 30. 6. 6. 7. SoaVSi. 

8. t/864. 9. V288. 10. 4!;/2. 11. 9^3. 12. '^72. 

18. V27. 14. ^^32. 15. ^Vl024. 16. 40 JS. 17. 288 s/2. 

18. 480V3. 19. mabxVx. 20. 2 Vi 21. 22. VJ. 

23. Vi 24. ‘577. 25. 1’341. 26. 3‘535. 27. 26832. 


Exercise 111. [ Pages 401-402 ] 

1. as/h + hs/a. 2. a-h. 3. Ga-lOVo. 4. IBat-Of. 

B. 6a;-64. 6. 6+ s/lO. 7. 7+4V6. 8. 6-6V6. 

9. 2+6s/ 2. 10. 5-^•3VI2+3ViB. 11. 2a!-2s/**^^. 

12. 182 4- 80 s/3. 13. 83 + 12s/S5. 14. 2a*-2s/o‘^4F. 

15. 29x•-21v•-^20s/»*-v^ 


Exercise 112. [ Pages 403-404 ] 


23-3s/2i 

10 

0+ s/o*-*®. 


6 + 2s'6. 


3. 24 -1-17 s/2. 


4. 9-l-2s/i8. 


8. 5‘828. 


6. « + 6. 7. 2+V2^6. ^ g.ggg. 

X 4 

9. 6464. 10. 5'414. 11. 3 650. 12. 6-854. 13. ‘504. 14. 2*. 

IB. s/5(l+s/2), 16. 2-4 s/3. 17. M s/30 -4 2 s/3 -3 s/2). 18. 198. 

19. 4!Cs/®*^1. 20. 2®*. 21. 22. 2V2-4 VI3-4®s/fi. 


Exercise 113. [ Pages 407-408 ] 

1. s/S-1. 2. 2-4 s/3. 3. 3- s/2. 4. s/6-4 s/3. B. 8- s/6. 

6. 6-4 s/3. 7. 4- s/6. 8. 3-42s/2. 9. 6+ s/6. 10. 6-9s/8. 

11. 2s/7-4s/ 8. 12. Ss/6-2s/7. 13. 2s/n+ s/S, 14. s/|- s/k. 
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16. s/J-Vi 16. t/2(j2-l). 17. ‘/2(v'3-l). 18. V3{j2+1). 

19. V6(x/3+n/2). 20. s/2. 21. 1, or. lv'3-2. 22. 6. 

28. B+ s/a* — sc*. 24. <70 + 6+ va-6. 26. ^^0 + 4*+ s/4b< 

36. s/a!+2+ s/b- 3< 27. s/a: + i/+ v*. 


Exercise 114. [ Pages 410-411 ] 


1. 

9. 

2. 

3. 

3. 16. 

4. 

1 

5. 

A. 

6. 

25. 7. a 

8. 

25. 

9. 

2 . 

10. 

a 

4 ‘ 

11. 

(6-o)». 

26 

12. 

5. 

13. 

9. 14. 7. 

15. 

6. 

16. 

6. 

17. 

3. 

18. 

1. 

19. 

81. 

20. 


21. -1( 

<’’.+6r. 










a a V 

j-i 

/ 

22. 

6. 

28. 

17a 
8 ■ 

24. 

4a 

6' 

25. 

36, 

26. 

2a» 

-2a6 + 6» 
%b-a) ■ 

27. 

4. 

28. 

il 

29. 


30. 

H 

31. 

ah 

i 

1 

32. 

A. 33. 

1, or 

. -1. 













84. 

2a 

Jb 


35. 

8, or 0, 

36. 

41a* 

406' 

37. 

7. 

38. 5. 39. 


‘4a*. 

4a 

40. 

±5, 


41. 

±4. 










Exercise 115. [ Pages 415-416 ] 


1 . 

2a;« + 3v. 2. 

®*-2a; + 3. 

3. B*- 

'X-f 1, 


4. 

2x*-3x + l 

6 . 

2a:* + 2afl?+46*. 

6. 

3a;*- 

-Y + 3i». 



7. 

X*-'X+}. 

8 . 

Tb* 


9. 

a;“~ 




10. 

a*^ a _ X. 
2 X a 

11 . 

a 

36 

j_26 

a 

12, 

3a _ 

X 

1 .2a; 

6 3a 


13. 

2x* 2x1/* - lf\ 

14 . 

?*_ 
y ~ 

H-V-. 

^ lx 

15. 

X _ 

y 

1 . 

2 a; 


16. 

2aj 

71/ 

-»*2- 

17 . 

B -a 

:Ul. 

18. 

B«- 



19. 

ax' 


20 . 



21. 

Sa;* 
2 ■ 

6 K 

-gBJ/U 

2 i 

6® "• 

22. 

flm 

-2a". 


jjg, aSM+i+SaM-So*"-*. 



ANSWBBS 


617 


Exercise 116. [ Pages 419-420 ] 


1. 

5(rv-*4. 

2. 

7a®* -36* 

3. 

7o*6* + 9a*6*. 

1. 


5. 

6a6_cl. 

6. 

0 + 6 + 0. 

2 6 


2 ~ 3 ’ 



7. 

a~6 + c. 

8. 

2di — 6 — 3c. 

9. 

o* + 26*-3o*. 

10. 

2a*-36*+6c*. 

11. 

® 3 2 

12. 

x-2-l' 

13. 

Su 

14. 


15. 

® _ .1 + ¥ . 
y J2 X 

16. 

3cr 1 . 
a “-^ 32! 

17. 

a; + 2+ 

a; 

18. 


19. 

a-6 + c-d. 

20. 

a“ + 6*. 

21. 

a* ~ 6* + 0* ~ d*. 

22. 

a* + a-i. 

23. 

2a{b + c) + 26c, 

25. 

®-10. 

26. 

a -*=16. 

27. 

3. 

28. 

It P*“4C. 



Exercise 117. [ Page 423 ] 



1. 

cc + 9. 2. 

3a;-" 8. 

3. 4a-3fc. 


4. ®*-3® + 2. 

5. 

2a;* + aJ-3. 

6. 1- 

3®* + 2®‘. 7. 

2®* 

-Sc® + c*. 


Exercise 118. [ Pages 427-428 ] 


!. 

The latter. 

2. The latter. 

3. 

The former. 

4. 

The former. 

5. 

The latter. 

6. a\ d. 

7. 

1:4. 

8. 

1:1. 

9. 

75 : 8. 

10. 28 : 27. 

11. 

5:7. 

12. 

3:4. 

13. 

83 and 72. 

14. 85 and 51. 

15. 

28 and 35. 

16. 

42 and 54. 

17. 

-15. 

18. 35. 

19. 

-17. 

20. 

1 1 

23. 

H. 24. «?f. 25. B. 







Exercise 119. 

[ Pages 429-430 ] 



1. 

4. 

2. 18. 3. 

37i 

4. 

36. 

5. 20. 

6. 

60. 

7. 20. 8. 

6. 

9. 

14. 

10. 18. 

11. 

8. 12. 

bm-an . 

(a + n)-(6+ m) 

13. 9. 

14. 

bm' 
(64" m) 

-an , 
-(a+n) 
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1 . 

4. 

10 . 


27. 


1 . 

6 . 

8. 

10 . 

11 . 

12 . 

18. 

16. 

16. 

18. 

20 . 


4. 

r. 


1 . 

8 . 


1 . 

6 . 


Exercise 120. [ Page 434 ] 

»“9. V”6. 2. !r*25, 3. aj“56, y“30. 

6. i 6. i 7. 8. 1. 9. 2J. 

J2ab-'^. 11. 15- 2. 

Exorcise 122. [ Panf‘S 439-441 ] 

0. 

Exercise 123. [ Pages 445-446 ] 

2. = 3. nV=w^ffV 4. 

Ib^ -amb + a^n^^O. 6. (hn-cm)(am-bl) — {cl-an)*» 7. a5 = l, 

9, (^iCa ” Ci62)(cti5a (Cifl* ““ ftiCg)*, 

{biCst - Ctbs)^{aihQ- biai)^(cta2 - ajCi)^ 

(5iC2-0i5a)®(ai52“-5ia2) = (cia2-aiC2)*. 

(an* ~ 5n + cwXa?n* - an h) (c + 

(c*-^3a5)(6*-2a6”ac)»(3a*~2ac + />c)*. 14. a*-f6*'*w* + n*, 

(a5i + 5ci)* + (ai5+ 5ic)“ *(cci -aai)*. 

b^l^afjtfi, 17. a5 + 5c+ ca + 2a5c"'l, 

a4-5-4-c-l-a6c""0. 19. a*-t'6*-l-c**=a5c-l-4. 

(i*(a + 5+ c)’*"a5c*'0. 21. z^ + 2xyz^l. 

Exercise 124. [ Page 447 ] 

«-a, 1/-5. 5. x^l.y^l, 6 . x^y^a, 

y-1, ««0. 8. x^a,y-h. 

Exercise 126. [ Page 450 ] 

8. 2. 7. 3. 6. 4. 5. 33. 6. 2. 7. -J. 

-iV 9. IH, 10. i. 11. 16; 16. 


If 

(a + W 


Miscellaneous Exorcises VI 
[ Pages 461-473 ] 

I 

2. P. 3. 6«a + 6). 


4. 2®* “4£cy + 6y*i 

8. 6+n/6. 
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1 . 21 . 

6. k*-8*+2. 


2. 4®*— 6a:-l, 


3. 12. 


6 

7. 11. 


1. -30. 


3. (a ^6-3cXa-6+3o). 


4. ®-o. 5. (®-lX®-2Xir-3). 6. 7. i 


1. 2. ®*+®‘v-®“v* + iry*+v'. 3. (i) (* + l)*(®-l) I 

(ii) (a + lXo-lXb + lXi>-l). 5. (64®« -729X3® + 2 ). 6. 

7. B— a*6, v-o6*. 


2. a*(6 - c) + 6®{c - o) + c*{o - 6) - (6 - cXc - aXo ~ 6). 


S . x._A+ijJy. . 34v/5-18 _ . ... 

*• o(a* + 27) /•< 4+ 6. - — r, 7. b- 3, »-l. 




1 . 1 . 2 . + 

a 0 

j. 6®*-4a;-8 . i i 

3b^4* + m’ ®- 


3. p:*+(a-6)®-a3. 
7. b-3, V“6. e-7. 


1. 2ir*y *-3®*v. 2. oe“+«*+o + l. 4. - 6. 7. 7. 80,128. 

ax~'oy 


2, (i) (6+c-aX6+o-5o) ; 

• t 

(o— i+cX6+c— o) 

7. (e-74, v-3i «-li. 


B. -6. 


(ii) (!E+2v + aXa!-o). 
6. 2®* — 3®” ^ + 4®”*. 


1. -20. 2. 


*• ^l’ *• («-^+lXo*+i*+l+a6-a+5). 

6. xolG, v~4. 7. 27A minnlies past 8, 
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X 

1. go* + 46*+9c*-66c+9ca + 6a&. 

8 , }(a+ 6 )a:+{a- 6 )vH(a-W®+(<» + ^^*'f- 


2 . 

4. 


(T* + 2® + 3, 
a» + 6* 


«. 8 . 


7. 


2 . 

8 . 


«. 


2 . 


4. 


3 . 


6 . 


1 . 


1 . 

6 . 

8 . 


1 . 


T. 


2 . 

4 . 


90 days. 


XI 

(i) (a c dXa '^b'^ C"~ d ) ; 

4. 

a oX 

480 afe 16 a shilling ; 90 at 18. 


(ii) (a+y-zXs-V + s + l) 
5. a!*-6!ry + 7v*. 

7. 1. 


3. (i) {x-btx+h-2a ) ; (ii) (fl? + flX«+6+d. 

5 . 20 . 

XIII 

Tk 30, 6. 1. 7. 46V2 


XIY 

47. 4. a + 6. 5. x=*i(2a+i+ c), y"*J(a + 2^ + c), «■" + 2o)a 

5 days. 7# + + 


XV 

4. 3. 4. 2j:- 36. 5. 3, 4, 7. 54 gallons, 

** flp* + ir+l ^ 

XVI 

a!» + 2a;+3. 2. 1. y-li 

(ajy + ab)(,av* + 5*aj), 3. - a* - 5* ~ c* + 2aJ + 2ac + 25c, 

In the lat, the wine is i of the whole, in the second, ?. 


XVII 

®* + a; + l. 2. a;*16, v=^25. 3. n(n~l\ 6. 72. 

g«- 2 a; + 8 , 

&» + 5 fl ?-3 

XVIII 


5fl, 

4 

1920 


c- 

jYi 


8.'(i) (7£i:-lX2a:-5) : (ii) 2l(a-c)(l-ac) ; 

5. a+fc + c. 7. 

.« a* , 


(lii) 2r»*n(m+n). 
{C-2. y-4, «-6« 


1 . 
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4a 

I 

3 

n/6-2. 


3. + 

8. a«-l-P+c^-3a6c»0 


4. mq : np. 


aoc* + + T /x-j, 6. 

+ c a + c, a-f/) 

2a *' 2i ® 2c ' 

61 and 4i kilomttrc'S an bouj ; 5{ Liiomntr-t^s. 


x^c, or, «c~ 


(a W(a + 3^; 2cj. 6. jr^“a: + 3. 7. [ac -acY ^ {ha -h'a)\h'c-hc'\ 

XXII 

1020 metres. 7. r*^ + c. y-a + c, ««a + 6, 

o®4*i®4-c*-“ 3a^c == 0. 


{3ir-l)(7a’~2X4ir~3). 


XXill 

+c* 
a6 + 6c + ca 


XXIV 

BJ-a, y «6» «=*c. 2. 54,81,103. 


8 "^* + ^*-1 


1 1 - 1 . 
a* 6" (a -6)* 


XXV 

(i) a6c + 2/i//i“ a/* - 6y® - c/i“ =0 ; (ii 

a b c \a b c IW 6* c^l 

Exercise 127. [ Page 476 ] 


(ii) 6c + ca + a6 + 2a6o»‘l, 


±7. 2. ±f. 3. ±2. 4. ±9. 6. ±2. 6. ± 

±71. 12. ±^/¥-. 13. ±«(a-~)^- 14. ±i. 

Exercise 128. [ Pages 478-479 ] 

-12. 2. 16,-14. 8. 0 , 3o. 4. 6, 2a-6. 6. 

a e 

j* 7. l(5a+36): 4(20+76). 8. 4(2o+66) ; 4(6o-6}. 
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Ka+b). -J(a+b). 1 

14. 4.8. 


99. - 

10. 11. 1.^%' 

12. 

a, -b. 

15. 

^ ^h-ac-hc^ 

' fl + & — 2c 

16. 

“■ §■ 

19. 

6, -V. 

20. 

4. -V. 


Exercise 129. [ Pages 479-481 ] 


in. 4. 31.2!. 5. 2!. 5 
‘4. ’05. ». 2±i^/3. 11. 9,8. 


29. -10. 

10 . -!■ 


15. 10. -29. 
21. 24, 8!. 

25. 1. -tl 


li. 6. 6i -H. 

12. S.4. 

17. 2. -3. 

22. i4*. _ 

se. riL±Vi3.^ 


7. li -2i. 

18. !,A. 

19. io. 

23. 3. 


Exercise 130. [ Page 482 ] 

3, 2i 2. -4, “5. 3. i -8. 4. i, 5* 

s’j. 7. -l.i 

Exercise 131, [ Page 483 ] 

1,-6. 2. L -i A. 4. I. 34. 

9H, -11. «• I’ !' ’• " t' 

Exercise 132. [ Page 487 ] 

1,2,3. 2. 1, i(3+ s/I7). i{3 - n/I7). 

1,' J, -3. 4. -1, -2^^/i0, -2+ J16. 

2± J3. id ±J- 3). «• i(3 ± ^ ^), 1 ± v ^-3. 

-2± \/6, -2±V-6. 8. 1, -8, i(-7± n/-71). 

-l±s/6, -1±2 n/ 2. 10. 1± /v/2, 1± ^/6. 

i{8±s/-n). 4(3 ±n/ 8). 12. 1. 1+ J2. i(-l±N/I7). 

1, -1. ±n/ -1. 1'6, -1,-6. 15. 2.3. 

2 3. 17. 0. 1. 2. 18. -1, 4d± V-~3). 4(-l±^/-8). 

2, -2. 20. 2. 4, i(5± 21. 2. i, K9 ±n/-31). 

1. 2, 4(3±N/-i). 23. 4. -6. -lx4^/2. 24. 2.6. -4. -i 

Exercise 133. [ Pages 488-490 ] 

Beal, irrational and unequal. 2. Real, irrational and unequal. 
Beal, rational and unequal. 4. Real, rational and equal. 

Beal, irrational and unequal. 6. Imaginary. 

T_,. 0 :r,..v 8. Beal, Irrational and unequal. 


Imaginary. »• " 

Beal, irrational and unequal- 10. 8. 


11 . ± 12 . 
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Exercise 184. 

1. fl5*-4a; + 3=0. 2. + 

4. (i) a;“~8a;+ll*0 ; 

5. (i) sum *5, product “6 ; 

(iii) 8uiii = %^, product=~5j 
(v) sum* -J, product = 11 . 

6 . (ii) £C* - p^x 4- 2q(p^ - 2(]) = 0 ; 
(ivj g'a;®4*p(gf + l)a;4-(g + l)2=0. 

10. (i) 91a;“ + 8a! + 3*0; 

13. a*12. 6=31. c = 181. 


Pages 494-496 ] 

35=0. 3. 3a;*~10aj + 3-0. 

(ii) cr*-4ax + 4a*-6*0. 

(ii) sum* -9i product* -13 ; 

(iv) 8um = J, product * - { ; 

(iii) g’*r‘*-p“ga; + 2(p“-2a)*0 ; 

(ii) cx^-hhx + a^O. 

14. A*]. 15. ik*a-2. 


Exercise 185. [ Pages 503-505 ] 

1. 16 ; £5. 2. 18. 3. 3 centimetres. 

4. i4 8 capital* £5 ; B s capital =£120, 5. 5 kilometres per hour. 

«. 12, 5 ; 7. 5, 3. 8. A, 120 ; B. 80. 9. 7, 2. 

10. Ra. 90. 11, Small wlipel li metros ; large wheel 4i metres. 

12. 4 pence. 13. 66. 14. 20 and 30 kilometres per hour, 15. £60, or, £40. 
16. 12, 16, 18. 17. 26 and 38 metros. 18. 25, 13, 6. 19, 40 and* 

45 kilometres por hour. 20. 256 sq. metres. 21. 14, 10, 2, 22. 6400. 

23, .4, 10 kilometres per hour ; B, 12 kilometres per hour. 24. 

a 

26. The sides were 30 metres and 19 metres and the height 4 metres. 
26. 100 shares at £15 each. 27. 15,12,10,7. 28. TO + l:n + l:p+], 
29. 625. 30. 324 square metres. 





Exercise 136. 

[ Page 515 ] 




8. 

x*8 

1 . a;- 

■61 9. !e = 4l 

, . T=-31 10. * 

=51 

. «* 



I/*6. 

1 p- 

'8/ p = 3j 

‘p=-4/' V 

“7/ 

V* 

6/' 

11, 

sr* - 

2.6. 

12. 

-2, -8. 




14. 

®*8, 

X- - 

4, V“9, P= -3. 

15. (5,0); (0,5). 







Exercise 137. 

[ Pages 531-532 ] 




16. 

(i) 1; 


(ii) 4 ; 

(iii) -7; 


(iv) 

2'6. 

17. 

(i) 4: 


(ii) 4 ; 

(iii) 21 ; 


(iv) 

r6. 

18. 

ie-4 

V-1 

1 and 

P“4/ 

20. a - 4 \ 
V--2/ 

and 

»* - 

V- 

]}■ 

21. 

1;3. 


22. i:-S. 

23. l;2-6. 

24. 

1; 

-i 
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tB. (i) ie“1'2 \ 

’ej 

(iii) r=0 \ 

p^oi 


r4}-’ -a ?:!)• 


Exercise 138. [ Pages 534*535 ] 


1. (i) 16, 40. 2«-6 ; (i:, 15, ?9, 2v-7 ; (iii) g’-2n 


-19. 67 25 -4k 


(v) 47, 119.6n-19. 


\AV/r7 r r? ’ I KJ/4> Xt/, 

7 .f 7 

2. 29th, 4f;t]:, (3n-i(0t>.. B, G, 4. 98. 

5. ~4B, -44, - 40 , oiru; 6. ist — ; 18tb term — -38. 

. -r. y d(p- r)-c(g-r) 

7. Ist torm=-"2. coil'. 8. _ ^ ’ 


1. 325. 2. 900. 3. 504 4. 88. 5. 


Exe»‘("iHe 189. [ Page 537 ] 
H. 504 4. 88. 5. - 

jiJt 


6. U. 8. 62i 


». 0, 10. 25452 11. Mn-1). 12. a + 

.23. 720. 14. n. 15. w{a4 5)“-M(n-l)a5. 16. 899, 17. 704 

18. ” hj--2i/)K + ir|. 19. 4080. 20. 


Exercise 140. L Pages 539*540 ] 

1. 3. 2. 9. 8. 7. 4, 13, or, 7. 5. Last term 3, or, -1 ; 

rmuihof of tiTiiis 10, m, 12. 6. 18, or, 19. 7. n®. 8. 1, J, J, J, &c. ; 

1470. 9. ], 8, 5, 7. 10. 2. 11. 4, or 10. 

Exercise 141. [ Page 541 ] 

1. (i) Gi ; (ii) 8 ; (iii) m ; (iv) 2. (i) 9i lOj ; (ii) 7i 

5. 207.297,387. 4. -2, -6. -10. -14. 5. 1. -14. &c.. -39. 6. 14. 

Exercise 142. [ Pago 545 ] 

1. J(6n*+3n-l). 2. «(« + lX« + 2X3n + 5). ^ n(4„, + 6n-l). 

4. J{m‘' + 6» + 11). B. 3«(« + lXn + 3). 


6 . J(n+6Xn* + 5n+10). 
8. n*(2n*-l). 9. 


7. 26876100, 

n(n4-l Xn + 2) 

6 * 



6 



ANSWBBS 


11 ^ iXw + 2)f> t + 31 a 

4 12. ^{9n*+46B*+61n-34). 

18. (1) - I (if B is even) ; (ii) ^ |1 (if „ ig 


14. (i) (if „ ia . (jq Mn + l) ^ . 


is odd). 


Exercise 143. [ Pages 549-561 ] 

I (2b + iXwo - n6) n n r, 

'a-b ' 2- 9.13.17.21.25. 

K b(b + iXn + 2) .. n , . 

®- e -• 6. ? 2«* + .3 m + 7V 


8. 13 : 6. 4. 70. 


6- 6. |(2b« + 3b + 7). 

»-«)3(2nV3T 

10. 8.12,16. 11. 3.5.7. 

18. 8,6,7.9.11.13. 18. 16. 

22. J(b - l)B.(2n - 1) metres. 23. 16. 


7. |(2B*+9a + l). 

». 8.12.16.20. 

12. 1.3. 6. 7. 

21, «(n + lXB + 2) , 

6 





Exercise 144. [ Page 553 ] 

1. 

8748. 


2. t. 

3, 65536, 4. “ 24S. 

6. 

8 . . 2*- 
27' -3»- 

8 

8* + 

or, according as n is even or odd, 

«. 

-Ml. 

7. 

8 

gw-i O* 

A. tM. 9. (i) 6. 12. 24. 48.. ; 


(ii) 27. 9. 3. 

l.i 


9. -3. 1. -i ; 


(iil) V, -27.18. 

-12 

ir^-Q\V-Q 

to. (J«=,) • 

12. 

rth term* 

^/mn and gth term 

-(I)" 




Exercise 145. 

[ Pages 554-555 ] 

L 

265720. 

2. 


8. 601?, 4. -682. B. HI. 

e. 

Ki-on 

7. 

2 gn^.2« 

» - or, +, according as n is even or odd, 

8 . 1 

[i) 

1 

(ii) 16400. 



1—40 
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1 . 1 . 

T. H. 


2. I. 


Exercise 146. [ Page 567 ] 

3. 3i. 4. f. 6. lOi. 


6. H. 


8. 


2 


9. i(4 + 3V2). 


10. A. 


Exercise 147. [ Pages 658'569 ] 

1. 6,12. 2. 1.1. i 3. -1. 8. -S.V. 4. V. 8, 12. 18. 27. 

5. 225, 2025, 18225. 

Exercise 148. [ Pages 562*564 ] 


, 1 . , 8 . 358 . 1 

36 ' ^65 ' 1665 ‘ 7 


2 . 


. o(l-o") . « . 

•• ir-o)* 1-a I 

9. 2"'‘(2n-l):2^2n-3)+3. 


(1-*)*’ 

l-a 


o 2g ^ . 4 (l±Mto. 

*• (1-3®)* 


7. 1. 

10 . 


Q 4 — P-jl! j 
». 4 2"-* 


11 . g(io“-i)-f- 

18. 2"*^-2-n. 

16. i(8"+"-3-2n). 

*L 9,4.20. 


5n4i -6-4^ 

16x6“-" 

12 . 

14. 2(2"-l-4«). 16. j{4"-l + 16*). 

19. 2, 5, 8, or, 26, 6, - 16. 

27. n.2"+*-2"+"+2. 


20. 4,8,16. 


1. (8-3v-0. 

6. 9-2(*+i)' 

9. s-8+2a!-»*. 


Exercise 149. [ Pages 571-674 ] 
2. 14. 3. 2i 4. 1. 

7. 12!t*-25!rtf+12v*-0. 
10. V“Ji n/o*-®* 


6. 27®*-4»*-a 
8. v-2*+;4' 

12. 45 inches. 


10. 346i sq. cm. 
19. 10 cm. 


IS. 49B. 68. 15. 46 sq. metres. 

17. OeOonbioom. 18. 14 metres. 

SO. 1‘2426 ins. nearly. 21. '01875 decimetres. 22. 1610 ft. ; 306’9 ft. 
S8. Of nearly. 26. 9:4. 


, £mon* . 1 f u 8»OTt~ . 

S6. Value of a diamond- o‘ »■ 

M + — * 31. The cost is least when the rate is 12 mllei 

* 16* 16« 

an houi ; and the cost per mile is £* and for the iourney is £9. 7a. 6d. 
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1983 


1 Answer either (a) or ih) 

(a) B^iolvd Into feotors (any two ) : 

(1) 20x’-7rf/-6f/\ (11) (Ill) a;^-»-8r‘ +4x* + 82+L 

tfc' Find the H. 0. F. of the following expressions 
8** -4- 27, 4®* -9, 2®* + 6x+8. 2t‘ +73B*4-8 x+8. 

2. Answer either (a) or (b). 

(fl) SoHe ; 

0) (11) J-+9B-8. 

WV 8 

(b) There are some boys scd girls In a roonii Tbe iQuare of the cumber of 
lire girls Is greater than the numVer of the boys by 28t If there were two more 
girls In the rerm, the numlcr of lh( Vojs would have bftn ssme se the nnmter of ihe 
girls. Find the total number of the boys and girls. 

8. Answer either (a) or it) 

(а) Draw the graphs of ihe tvorquatfons 2o^ + 8g-32» 0 atd « + 2y“7«0/ 
Solve the two equRtfons from their grsphp. (At leaf t three polLts ttt to be taken for 
drawing each graph.) 

(б) (1) If from a positive number Its positive square root is substraoted, 110 li 
obtained. Find the number. 

(il) The sum of the squares of two numlers Is S9 and their produot is -10. 
Find the numbers. 

4. Draw ihe graphs of the following three inequations and mark the solution- 
region satisfying them simultaneously, If it exists : 

l.P^ fl. •-4p^ia. 

Or, If r- 1^2 4-1, find the value of 

e^ + pMia 

1984 

1 . Answers either Q (a) or (b). 

(a) Resolve Into factors (any two ) : — 

(i) 27*«-126. 

(li) 70x‘ + 7sy-iay\ 

(ill) a!My-f) + y’(f-*)+s*(j8-l/)- 

(b) Find the E. 0. F. of the following expressions 

«*-l,«*+«*-7a+6, «^+8a*-aa-l. 
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1. Aniwec either Q. (a) or Q. (b). 

(a) Solve : 

(I) l+l -18. (ti) 8«-?-6, 

-+^-8l. 6U---8. 

01 V y 

(5) There are some pene and penoile in a box. 3 peni are removed from the bos 
and S more penolls are put in it. Ab a resnlt the number of penoili in the box 
beoomei twice the number of pens. If 7 more pencils are put in the box, the nnmbei 
of pencils in it becomes three times the number of pens. Find the numbers of the pane 
and the pencils which were orlginallj in the box. 

8. Answer either Q. {a) or Q. (b) : 

(a) Draw the graphs of the two equations fli*l-2t/4-l«0 and.2p— a— 9">0. 
Solve the two equations from their graphs. (At least three points are to be taken fov 
drawing each graph.) 

(b) (1) The numerator of a fraction is less than its denominator by 1 and the 
iqaare of the numerator is greater than the denominator by 11. Find the fraction. 

(it) The sum of the squares of two positive numbers is greater than- 
their product by 38. if the ratio of the two numbers is 2 ; 3, fiul the two numbers. 

4. Draw the graphs of the following three inequations and mtrkthe solution- 
region satisfying them simultaneously, If it exists : 

2, y> B, 5x -iff ^ 0. 

If a ■■ n/3 + ij'2 and p* n/ 3 - s/2, then find the values of «• + p* and »• — p*. 

1985 

1, Answer either (a) or (6) 

(a) Choose any two of the followiog etpceaslona and resolve each of them 
Into two factors : 

(1) + (ill 4x» + 4»*-7aJ+a. 

lili) (** + 6x+4). Uv) (®* + 5»+6)-16. 

(b) Find the H. 0. F, of the following expressicns : — 

**-ar, x*-l, x'^-x*. 

t. Answer either (a) or (b) 

(a) Solve : (1) | ^ -10 (11) 6 + 3xv-83x 

(b) The area of a square is twice that of a rectangle. The length of the 
rectangle is greater than the length of each side of the square by 5 cm. and tho 
breadth is less by 13 cm, ; And the perimeter of ths rectangle. 
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t. Answer either (a) or (6) 

(а) Drew the graphs of the two eqa^tloiis : Sa+8f and 

8a-3p + 19-0. (At least threi points are to be taVin fer driwlag ea)h graph.) 

(б) The prodaot of three integers Is 800, The ratio of the first and ths 
seooni of them Is 2 : 6. If 6 is aldsd to aa'jh of ths first aid the sioon'l natnbsrs 
and the third is unchanged, the prodaot of the three baeomes 8.200. Pind ths 
original three numbers. 


4. Answer elther|(a) or (6) 


(o) Draw the graphs ol the following three eqaationi and mark lha 
solation>reglon, satlaf/ing them sim iltaneously. If it edsts ; 


(&) If a 


9«4-f^4. 

k /8+1 ^ 


g*-l-p* ^T JB 
12 * 


1986 


1. Answer any two questions 

(i) Ezprass [(a* -6’) a* + 2a*+l] as a prodaot of two faotori. 
(11) Simplify: — 


o- c c— a 0-0 

a* - (6*- c) * ^ 6* - (c-o)» c* -U ‘ 


(111) If giiowthat 

6 e Kb-tcf 6*4-c* 

(!▼) Find the H. 0. F, of th ) followlog exprassloni : 

(**-5a*-2r+24) ; (a*-9a*+2dc -24 . 
£. Answer any one question 
(n) SMve : (1) 8« + 2p=7. 

4x-y -fi. 


(6) (1) If «--—» then find the ▼jIus of . 

* s/l-x 

(11) In a namber with twj digits, the digit in the unit plaoe Is twloi that 
of the ten's plase ; mer^orar, It 19 Is addid to this aa nbar the digits la thi 
number iatirohange their pesUlons. Determine the number. 


8. (a) Gdlng s^mi unit and simeacas. de»w the graphs of the ezpreietons 
8s 4- 4) and (5s 4* 1), Prom the graphs determine ths Talne of « for whloh eralnss of 
he two expressions b oome equal, 

Of 


la) At ten in the miming a person starts to hti dastlnatloa at a iptsd Of 
4k(a. per hour. After two hours another petsin starti iroza the saai plioi by 
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«jcle ftt ft ipred of e km. per honr to meot tbo former perBon. If the deiilnftUoB 
li ftt ft dlBtftDce cf 140 km., determine ^Icn and kow much ftheftd of deBtlDftiktt 
they will meet, with the help of grephe. 

(5) Dfftw the grftphi of the following ineqnfttion : 

Mftrk the Bolntion- region BfttlafjlDg the ineqnfttlonB elmaUftiieoaalj. 

Or 

(1) The retlo of two I'qulde In a mixture is S : 8 and in another mixture of 
tithe fame two liquids the ratio 1b 5 : 4. Determine In which ratio thece two 
mixtnieB should le mixed bo that the ameunt o! the two I’qnldB In thiB new mixture 
fill be the Bame. 



QAUHATI 

COMPULSORY PAPERS 
1965 


> (a) Resolve Into factors : 

(I) 3a!*-a!-3. (H) a* + b‘ + c>-3abc. 

(b) Find the L. C. M. of 

** -8, CB* -5*4-6 and *• - 4a:* + 4*. 

2. (a) (1) I walk 3^ railed per hour. How long do 1 take to go * miles ? 

(II) What Is the cost of x pencils if p pencils cost 9 rupees 7 

(ill) A boy walks * yds. to school and then twice that distanoe to the play- 
ground. How many miles has he walked altogether ? 

(b) If (a4 b + c)**«3(bc+ca+ab), show that a* 6»c. 

8. (a)Bolye; (1)“-*-^--!. 

(U) 3* + 5s- 1 1 
i*-8» = 16 J 

(b) A coal merchant has entered Into a contract to deliver 900 tons of ooal at 
Rb. 28 per ton. When the time comes, he finds that his stock, which has ooat him 
Rs. SI a ton, la not sufficient. Oonsequontly he has to buy more coal at Be. 89 pel 
ton, and he loses Rs. 360 in the transaction. How much ooal did he have to buy ? 

i. (a) Given *4* - »3, find the value of 


(M II * 

a 


k 

b 


- « show that ^+?i + ^ 
c a* h* e* 


abe 


6. (o) If a*l - ^ and b»l+ - • prove that 
0 c 

<>* + I 

ih) Draw the graph of p»*r 

(c) Either, Draw the graph of *»?. 

Or, Draw a graph to convert Inches Into oentlmi ires o> vice versa, given that 
1 Inch- 3*6 cm. 


1966 

1. (a) Resolve Into factors : 

(1) a"+46". (11) 8a‘4®-3. (HI) a'+ap+y-J, 
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2. (a) FlDd the H. 0. F. of 

^9^* 4.23* -12 and *• -10®* +28* -16. 

(6) Either, If (*••■ i)“ »* + ^,-Pi 

b* — 26 e+c* 

Of, If tt-1, 6*2, c«3, find the value 


8. (a) Solve ; (1) 2(8®-l)+(®-2)-21. 

(li) 3a-4|/-ll-0 1 
6«+3tf+l«0 ]' 


(b) A number of two digits is equal to four times the sum of Its digits ; and 
if 16 Is added to the number, the digits are reversed. Find the number. 

4. (a) If ®(b - c) * y(c - o) t(a - b) “ 1 , find the value of ^s + sa + xy. 


(b) The sum of three numbers is 96. The ratio of the first to the second Is 
2 ; 8, and the ratio of the second to the third Is 5 ; 6. Find the numbers. 

6. (a) If - + -^ - 7 ' find v in terms of u and /. 

V u f 


(b) Either, Draw the graph of | ^ 

(Plot at least three points.) 

Find the oo-ordlnates of the points where the graph Intersects the two co- 
ordinate axes, 

Of, Draw the graph of F»f0+B2 and find from the graph the value of 0 

when F«66. 


1967 


1. (a) Resolve Into factors : (I) (0“b)*-(2b“c)*. 


(b) Find the value of 


(22* 6)*- (7-6) * 

22'6-*r*6 ' ' 


(li) «*-®+20. 


(c) Find the L.C.M. of 8®* + 6® +3, 2®* + 6® + 4 and 6a®+12o, 

2. (a) (1) A oar travels at ® km. per hour ; find the time taken by it to travel 

y metres. 

(11) A sohool has p pupils ; 6 of those are boys. What fraotlons of the 

pupils are girls ? 

(MBtapUfy; 


(c) Show that (** + ?/* )(a* + b*) - (a* + bj/)* + (b*- op)*, 


S.(a>Boly.= (1) I'-'-i-'-l. 
Verify your results by substitution, 


(b) A boy walks from home to school at a spaed of 3 miles per hour. Ii 
he had a cycle, he would be able to travel at 10 miles per hour and the journej 
would take him 21 minutes less than If he had walked, What Is the distance of 
tba lehool from his home ? 
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■!.(«) It a ; i-« : d-e : /. ahow that 

0 +0 +/ Oaf 

{b) Two numbera are In the ratio ol 2 to 8 ; If 6 be added to eaob namber. 
I fame are In the ratio of 8 to 1. Find the numbers. 


». (a) If 8- j (a+a), find e In terms ol a, n and s. Henoe find a when 8 •!, 
-6 and n-7, 


Eitheft 

(b) Using the same unit and axes, draw ihe graphs of the following 
egoftblons : (I) : (it) 2a:+t/*o. 

From your graphs, find the values of x and y which simultaneously solve both 
Iha agaatlons. 

(At least three points should be plotted for eaoh graph.) 

Or, Draw a graph to convert metres Into yards (from 0 to 6 yards) taking 
1 mitfe-r09yd. ** 

From the graph find the value In metres of 2} yds. 


1968 

1. (a) Resolve Into factors ; (1) 6a5* + 7x--6; (ll) («-o)*-4(fl!-b)*. 
(6) Use factors to find the values of ; 

(!) 18 X 98+ 36 ; (11) I x 6*8 x 7’2 - i x b’S x 4’2. 

(c) Find the H. 0. F. of ; 2o*-4a, 8a'’-12a*, 2o»-2o^-4a*. 


2. (a) (1) How many minutes does it take a man to cycle a distance of 
e kflcmetres at a speed of y kilometres per hour ? 

(11) A grocer mixes p kg. of tea costing him x rupees per kg. with 9 kg. 
)f tea costing him y rupees per kg. Find the cost price of the mixed tea per kg., 


(b) Simplify ; 


2x*-4az 4x*-14aa 

22 42 


32 ~6 fl 
6 


\c) If y value of r* 4*^* 


I. (a) Bolvp : (» ^-^-1. 

(H) 17ir+13» = a7 
iax + 17t( = 2. 

Verify your results by substitution. 

(6) A man walked the first half of the distance from A to JB at a speed ol 
6 km, per hour and the second half at a speed of 5 km. per hour. The second hat 
took 18 minutes more than the first half. Find the distance from A to B. 
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4. ia) m Simplify : 7*64 x 7-54 + I5‘08x 2*46 + 3‘46x 3*46. 

(11) If - * j • find the value oi 

1/4 Di — jy 

(b) When 1 Is added to each of two numbers, their ratio becomes 1 ; 2 and 
whan 6 la aubtraoted from eaub of them, their ratio booomos 5 : 11. Find thf* 
nnmbeta. 

5. (a) If + find /in term*! of s, u and t, Hence find / when 8*100), 
«i-35, f-6. 

(b) Using the same unit and same axes, draw the graphs of the followlxg 

aQoatlona : 

(1) *-6; (ii) 3 + J -1. 


Find the oo ordinates of the point where the graphs Interaeot, 


1959 

1. (a) Resolve Into faotora ; (f) 6x*-7a;”6; (H) a{tt“2)-'b(b- 2). 

(b) Use faotora to find the value of : 

(I) 15x97 + 45 ; (11) (22*5)’ (7*5)*. 

(c) (1) The average weight of m parcels is * kilograms. If the average weight 
of fi of these parcels is y kilograms, find the average weight of the remainder. 

(II) A room is a metros long, b metres wide and c metres high. If the 
area of doors and windows In the room Is besq. m., find an expression for the area of 

ihe walls. 

t. Answer either (a) and (b) or (c) and {d) : 

(a) (1) Find the L.O.M, of : 2x*-8, 3x“6, *■ -4x + 4. 

(il) simplify : 

(III) Solve; 

(b) By doing a journey at 12' 6 kra.p.h., a bicyclist completes It In 3 mlnnira 
less time than If he had travelled at 12 km.p.h. Find the length of the journey. 

[ Use p.lgobralo equation to solve it. ] 

(c) Solve : 2x-3j/= 11 

3x + 4j/»=8. 

Verify your results by substitution. 

(d) 1 bought a horse and a carriage for Rs. 1,200. I sold the horse at a profit 
of JO par cent and the carriage at a loss of 5 per cent and found that on the whole 1 
had gained 4 per cent. What was the original prloo of the horse ? 

[ Use algebraic equations to solve it, ] 
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t. Anawac Bilker (a) and (6) or (c) and {d ) : 

{a) (1) What must be added to x*-¥*lx to make a oomplete square f 

(11) II 0 : : 1, find the value ol 

6»-p 

(6) Oslng the same scale of unite and the same axes, draw the graphs ol th 
following equations : 

( I ) «+ 2 f /*=0 ; 

(II) 8a-p = 7. 

B'lnd the oo-ocdinates of the point where the graphs Interseot. 

(blake a table of values ol x and y for at least 3 points on each graph.) 

(c) (1) If a *2*5, 6- -6, c-0, find the value of a*b + b*c + ab'» 

(11) If a • ^ terms ol s, u and t. 

Hence, find v ./hen a* 180, tt = ai, t=l0. 

id) Draw a graph for converting kilometres Into miles, given that 
1 km. « 0*62 mile. 

Gee the graph to convert 3*1 miles to kilomotroB, 

1970 

l. (a). Resolve Into factors : (1) 4x*~16x + 7 ; (ll) ac + 6d-fcc~ad. 

ib) Use factors to find the value of : (1) 17x96 + 68 ; (11) (2*6)* -2'6 X 1*6, 

(c) (1) If n Is an odd number, writs down the next two odd numbars. 

(11) Find the distance In metros a man goes when running at b km. p.lu 
i Ji t minutes. 

I. Answer Either (a) and (6) or (c) and (d) : 

(a) (1) Find the H.O.F, of : 2a*x-a*, 4a** - a. 

(II) simplify : 

(III) Solve; 

(b) A father Is now throe times as old as his son ; after 16 years he will I 
Iwloe as old as his son. How old Is the father now 7 

(e) Solve 2* + 6p - 1, 4e + 3p + 12 * o. 

Oheok your results by substitution. 
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((i) A nambei is of two digits whose sum Is IS. 11 the digits Aie Intel* 
ohanged, the number is inoreased by 18. Find the number. 

8. (a) If 0 * * u* + 3/8. find s in terms of u, v and / ; and also the lalne of s 
when tt«30, e-lS, /- -3. 

Eithert (b) Using the same scale of units and the same axes, draw the graphs 
of the following equations : 

(1) 3a;-hp*-0 ; (ii) a-Sp*?. 

Find the oo-ordlnates of the point where the graphs Intersect. 

(Make a table of values of x and y for at least three points on each graph.) 

Or, (b) Draw a graph to convert inches into centimetres, given that 1 Inol 
mS' 5 om. Find from the graph the number of inches in 8 centimetres. 
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1. Simple and Compoond ineqnatlonB : 

Two quantities may have, between them, three relations, one of 
equality and two of inequality. If they are unequal, then one of those 
quantities must be either greater or less than the other. For instance, 
{i a h (f.e., a is not equal to h), then a> h (t.a., a is greater than fc), 
ora < b (».d., a is less than b). 

As the relation of equality, stated in the form of an equation 
provides a means of finding out the value of an unknown quantity, so 
also the relation of inequality stated in the form of an inequation 
makes it possible to solve out the value or values of an unknown 
quantity. For example, let x be an integer greater than five. In 
figures then, 

« > 6 . 

What is the value of 9? ? It is easy to see that x may be any integer 
from 6 to infinity. The solution of the inequation thus does not 
give a single value, it gives a set of values for x. But if it is stated 
that X is an integer such that it is greater than five but less than 
seven, then x is certainly 6. In figures, if 

flj > 6 and x <7, 
then 05 “ 6 

In this case the solution gives a single value. But it must be noted 
that there are two simple inequations here and these may he 
conveniently written as 

6 < a; < 7. 

In words this moans : The integer x lies between 6 and 7, This ta a 
compound inequation. A few more examples of such compound 
inequations are given and explained below. 

(i) « > 6 moans « > 6, or a?-5. 

(ii) « < 3 means aj < 3, or 05*8. 

(iii) 6 > 05 > 2 means 

6 > 05 and 05 > 2. 
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(iv) « *4^ 4 X is not less than 4) 

means » * 4, or ac > 4, 

(v) « ^ 2 X is not greater than[|2) 

means a5 - 2, or oj < 2. 


2. Solution of Simple inequations : 

In the case of an equation the equality of two sides is not 
affected, if (i) the same quantity is added to or subtracted from each of 
the sides, and also if (ii) each of the sides is multiplied or divided by 
the same quantity. 

It will be proved hereinafter that in the case of an inequation 
loo (i) always holds good but (ii) holds good only under £ certain 
condition. 

(i) If a > 5 or 6 < a, then let 

a * 6 + d, where d is positive, 
this is an equation, 
a + c“6 + d + c ; 
or, a + c^(b + c) + d; 

(a + c)>(b + c) [ d is positive ]. 

Similarly, 

a-6+d, 

then a-0“6 + d-c 

or, a-c“(6-c)+d, 

(a - c) > (6 - c) [ *.* d is positive ], 

This proves that an inequation remains unaffected if the same quantity 
is added to or subtracted from each of its sides, 

(ii) Again, if a > 6 or 6 < a, then let 

a “ 6 + d, where d is positive. 

Multiplying both sides by o, we have 

ao-6o + dc. 

Now, if e is positive, then dc must be positive and so ae mnst be 
greater than be to the extent of dc. 

ac > be. 
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... ^ negative, then do must be negative, and in that oasa oe 

will be less than bo to the extent ot do, ».e., ao < bo. 

Similarly, 

.* a*6 + d, 
a h , d 

c " c c V^JViding throughout by c). 

Here also, if c is positive, then 

^ - to the extent of - \ 

C c c 

but if c is negative, then 

~ < ^ to the extent of ^ • 

c c e 

. . an inequation remains unaffected if both its sides are 
multiplied or divided by the same positive quantity. 

Example 1. If (2a; + 11) > («+ 16), find the value of 0 . 

(2a; +11) > (a; + 16), 

or, {a; + (a; + 1 1)} > {(x + 11) + 4}, 

or, {oj + (a; + 11) - (« + 11)} > {(a; + 11) + 4 - (a; + 11)}, 

or, a; > 4. 

the required value of x is any number greater than 4. 

Example 2. Solve : (3a; + 16) < (5x + 11). 

(3a; + 16) < (5a; + 11), 

or, {(3a; + 11) + 4} < i(3a; + 11) + 2a;}, 

or, {(3a; + 11) + 4 - (3a; + 11)} < {(3a; + 11) + 2a; - (3® + 11)}. 

or, 4 < 2a;, 

or, 2 < ®, or. ® > 2. 

Example 8. A milk-man purchased 9 cows when he had 
twice as many cows as ho had at the beginning. With the 
addition of the newly purchased cows the number was found to be 
more than three times the original number of cows. What is the 
highest possible original number of the cows ? 

Let us suppose that the milk-man had x number of cows at first. 
Then, according to the question, 

2»+ 9 > 8a*, 
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or, 205 + 9 - 2* > 3a! - 2fir, 

or, 9 > 05, 05 < 9. 

the highest possible original number of cows is 8. 

^Example 4* |th of the number of boys of a class got plucked 
^only in mathematics and one more than }th of the total number of 
'boys of the same class got plucked only in the second language. None 
vgot plucked in more than one subject and the total number of failures 
'^as less than half the number in the class. What is the least possible 
number of boys in that class ? 

Let the number of boys in the class be or. 

Then according to the question, 

(M **)<!• 

or, (4o 5 + 6a; + 20) < 10a;, (Multiplying throughout by 20) 

or, 20 < a;, i.e., x > 20. 

Since both yth and ith of the number are each integers, it must 
i )0 divisible by 4 x 6 or 20 and also it must be greater than 20. The 
ieast ‘number, therefore, must be 40. 

the least possible number of boys in the class is 40. 

Example 5. Prove that the sum of the squares of two unequal 
tiumbers is greater than twice their product. 

Let the numbers be a and b. 

(a-fc)* -a* + 6* - 2a6, and since a square is always a 
positive integer as a^^b, 

we have a* + 6* - 2a6 > 0, 

or, a* + 6* > 2ab» 

the sum of the squares of two unequal numbers is greater 
than twice their product. 

EXERCISE 1 

1. If a - 6 + k, where a and b are positive but k is negative, then, 
prove that a ^ 6. 

2. Write the following with the help of algebraic symbols : 

'(i) a i« a positive number ; (ii) a is a negative number . 
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(iii) a is equal to zero or a positive number ; (iv) a is equal to zero o» 
a negative number ; (v) a is any number between 5 and 8. 

8. State from each of the following relations whether t Ir 
positive or negative ; 

(i) (* + !)>! ; (ii) « + 2 > 3 ; (iii) » - 1 > 0 i 

(iv) « + l<l: (v) 2<® + 2: (vi) (2ar+8) > (3*4 Si 

Solve : 

4. (7*4 23) >(2*4 38). 6. (7* +9) >6(*4 3). 

6. (3*47) <(4*45). 7. 2(*43) <{6*43). 

8. 3(* 4 11) < (6* 4 16). 9. (10* 4 6) > 6(* 4 1). 

10. (*41)>1. 11. (2*4 6) <(3*4 2), 

12. 2 <(*42) <7. 13. 8 >(*42) >3. 

14. (®41)<1. 15. {*4 8) >3. 

Express symbolically : 

1«. X is any number between 6 and 7. 

17. IT is equal to or greater than 8 but less than 8. 

18. X is any number from 2 to 5. 

19. If X is an integer and 9 < jc < 11, then what is the valm 
of « 7 

20. If X is an integer such that 6 < a* < 7, then what is tbt 
?alue of a; ? 

21. Find the solution sets of a? if a: is a natural number snob 
that 6 < « < 11. 

22. Shew that the product of two successive odd numbers is ioBt 
than the square of the even number between them, 

28. li a b Ct then prove that (a* + 5* + c*) > (ah+ fcc+ ca), 

24. If ^ is a negative integer, then, prove that ® ^ L ‘ 

X * 

25. A big family bought and settled down in a new bouse 
When the number of the members of the family increased to one and 
a half of what it was at the time of coming to the house, 26 tenants 
rented a portion of the house and started living there. As a result 
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there were more than two and a half times as many heads as there 
were at first in that house. What was the highest possible number of 
members of the family at first ? 

26. A boy has one rupee and a few paise in 6 and 10 paise coins 
totalling 15. (i) How many 5 paise coins might he have at most ? 

(ii) What are the least and the greatest amounts of money that he 
might have had ? 

S. Graph of Simple inequation : 

It is seen that the solution of a simple inequation gives a set of 
values. These may be graphically shown on a number-line. For 
example, if, a; + 1 > 2, 

then a; > 1. 

Now, on a line from left to right, points indicating, 0, 1, 2, 8, 4, 6, 
etc. are marked successively at equal distances and each such point is 
placed in a circle. All but the circles round 0 and 1, are dotted solid 
and the portion of the line just-beyond the point 1 extending to the 
right is marked deep and fat as below. This fat portion of the line, 
every point on which gives a value for x greater than 1, is the graph of 
Ihe inequation, « + 1 > 2. 



0 12345678 


It is easy to see that the graph of the inequation, 0 ^ 1 , will be 
Ihe fat portion of the line below on which the circle round 1 is also 
solid. For, cc 1 is a solution set of this inequation. 



Example 1. Draw the graph of 1 < ff < 6. 

Let the points 0, 1, 2, 3, 4 and 5 be plotted on the number-line 
below successively at one unit’s distance apart. Each such point is 
placed within a circle. The circles round 2, 3 and 4 are made solid 
and the portion of the line beyond the point 1 upto a point just adjacent 
to 6 is marked fat. Since 1 and 5 are not on the graph, circles contain- 
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ing 1 and 6 are not solid. This fat portion of the number-line is tbet 
graph of the inequation. 



Example 2. Draw the graph of 1 < » < 6, 

Here both the points 1 and 6 are on the graph. The portion ol 
the number-line from the point 1 to the point 6, therefore, is the graph 
of the inequation, 1 < a; < 6. Since 1 and 6 are on the graph, oiroles 
containing 1 and 6 are shown solid. This is given below : 



EXERCISE 2 

Draw the graph of : 

1. »>8. 2, aj<7. 3. (2a; + 6)>(«-f 7). 

4. 0‘’< 8. 5. a: > 4 or a; "*4. 6. 05 > 7 and g < 11» 

7. 6>aj>l. 8. 2 <(a 5 + l)<6. 9. x>i. 

to. 05 <0. 11. 05 >8. 12. 05 <6. 

Write down the inequation for each of the followings graphs : 



4. SimultaneouB inequation : It has been seen earlier that a simple 
Inequation gives a set of values for the unknown and that these values 
plot a segment of a straight line. It will be presently seen in the 
following examples that every pair of simultaneous inequationa 
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involving two unknowns also give quite a few pairs of values for the 
variables. These pairs indicate points lying in a region and not on a 
straight line. It is, therefore, necessary to draw graphs of each of the 
simultaneous inequations so as to indicate the region, the co-ordinates 
of every point of which give a pair of solution of the inequations con* 
oemed. The following examples will explain the matter in full. 


Example 1. Solve : oj + y - 3 > 0 
and 2aj - 1/ 5 > 0, 

We have from 

« + v-8 >0, 

or, 1 / > 3 - * (1) 

Let us compare this with the equation, y — 3 - a. 


It is easy to see that for a particular value of a, the value of y of 
the inequation will be greater than that of the equation. This shows 
that the paired values of a and y of the inequation will give points 
lying on the upper region of the straight line, y » 3 - a. We, therefore, 
draw the graph of the equation with two mutually perpendicular 


straight lines XOX' and YOT' as the axes of co-ordinates and 6 times 
the length of a side of the smallest square of the graph-paper as the 
unit of length. 


^ (0, 3), (1, 2) and (2, 1) are points on the graph indicated by 

BO* The region shaded ^ above BO, then, is the graph of the 
Inequation (1). 


Similarly, we have from 2a? - y - 5 > 0, 
or, 2a? - 5 > y, 

or, y<2aj-6. ••• (ii) 


Comparing (ii) with the equation y'“2a?-6, we find that the 
ordinate y of every point on (ii) is less than that of the equation, 
y-2fl?-6. The region indicating the graph of the inequation (ii). 
therefore, shall lie below the line, y-2a?-6. With the same axes of 
eo-ordinates and the unit of length we draw the graph of this equation 

and indicate it by ABt the lower region of which is shaded to 
Indicate the graph of the inequation (ii). 


It is now easy to see that the region within the angle ABO it 
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oommon to both the inequations and that the oo-ordinates of every point 
of this region give the solution of the inequation (i) and (ii). 



Example 2. Solve ; 2a; - 3y - 1 > 0 
and 2a; + 8y - 7 < 0 

Prom (1), we have 

2* - 1 > 8y, or, y < ^ 


( 1 ) 

(S) 


»“ 


Therefore, the ordinate y of every point of (l) is less than that of 

a*-i. 


I and hence the points on (l) will lie in a region below the 


line, V“ 


2*-l 


Again from (2), we have 

2fl! + 8y-7<0, or, 3y<7-2ir, 


This shows that the ordinate of every point on (2) is equal to or 
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legg than that of y ■■ -- - - - and hence the points on (2) will lie either on 

o 

7 *” 20 

I/ — — ^ * or in the region below the line. 

u 


Now, with two mutually perpendicular axes,XO-X^ and YOY' and 
with 5 times the length of a side of the smallest square of the graph* 

20-1 , 7-20 

paper as unit, we draw the graphs of y" — ^ and V" ^ aua 
Indicate them by, AB and BC respectively. 



It is easy to see that all points in the common region within the 

•ngle ABO and along BO, give the solution sets of the given inequations 
(1) and (2). 

Example 8. A weaver has to produce at least 10 pieces of 
'Krishna' and 6 pieces of 'Kaveri' saris (cloth) every week to stay in 
husiness. The cost of production of each piece of 'Krishna’ is Bs. 60A 
and that of every piece of 'Kaveri’ is Bs. 80/-. If the weaver is unable 
1 k> invest more than Bs. 1500/- per week, then, how many of each kind 
i$ould he produce so as to produce the largest number of pieces 
Ipgether ? 
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Let the weaver produce x pieces of 'Krishna* and y pieces of 
‘Kaveri’ saris every week so as to meet the given conditions. 

Then according to the question, 

60a; + 80y < 1500. 

1 . 6 ,, 3a; + 4y<75 ••• (i) 

and a; > 10, •• (ii) 

y > 6. •• (iii) 

We now draw the graphs of cc — 10, y — 5 and 8a;+4y*75 and 

indicate themjby 4B, AC and BC respectively on the graph-paper 
below. 



It is easy to see that the co-ordinates of the ^ points of the 
region bounded by the triangle ABO will give the solution sets of the 
above inequations. 

Since the number of pieces of cloth must be integral, the 
of X and y must also be integers and their greatest values^ must be 

indicated by the^co-ordinates of a point on 3a? + 4y ■* 76 or BO. 

Again, since, y • ^ and a? ^ 10 and y > 5, 

whenap'"13 1 and whena?"“17 1 
y-9 J J 

These two points viz. (13, 9) and (17, 6) are the only points 
BO for integral values of x and y. 
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Now. 13 + 9-22 and 17 + 6-23 and 23 > 22. 
the required solution is « = 17 
and V - 6 

That is, the weaver must produce 17 pieces of ‘Krishna’ and 
6 pieces of ‘Kaveri' saris per week under the given conditions. 

Example 4. A printing press takes 2 hours to compose 1 format 
of a book A in small pica and 1 hour to print 1000 copies of 1 format of 
the same book. The press takes 1 hour to compose 1 format of another 
pictorial book B in bigger types and 2 hours to print one thousand 
copies of the same format. If the press gain Bs 80/- by printing 
1000 copies of 1 format of A and Rs 100/- by printing 1000 copies 
of 1 format of B, and if the working hours of the press do not 
exceed 12 hours a day. then how many formats of each book should be 
composed and printed in one thousand copies each, so as to maximise 
the profit of the press ? 

Let oc formats of A and y formats of B be composed and printed 
la 1000 copies each, so as to maximise the profit. 

Then, the total time devoted to composing is (2a; + y) (hours and 
2a; + y<12. •• (i 

Again the total time devoted to printing is {x + 2y) hours 

and 0 + 2^ <12. *** (ii) 

Also a; > 0 and ^ > 0 

Now, in the graph-paper below, graphs of 2a; + v — 12 indicated 
by AB and of fl;+2v-12 indicated by CD are drawn, AB and CD 
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Intersect at P and OA and OB represent graphs of and 
respectively. 

It is evident that the co-ordinates of every point of the region 
bounded by OOPB will give the solution sets of the above inequa- 
tions. It is also seen from the graph that the values of both x and tf 
In the region range from 0 to 6. 

The profit in rupees * 80aJ + 100|/. 

It is now found from the table below that the profit is maximum t 
when a? = 4 and y “ 4. 


Number of formats 

of A 

1 

Number of formats 

of B 

Profit 

Bs. (SOiB + lOOv) 

X 

y i 


0 

6 1 

Bs. 600 

4 

4 

1 Bs. 720 

6 

0 

Bs. 480 


the press must compose 4 formats of each book and print 
1000 copies of those formats so as to maximise its profit. 

EXERCISE 3 

Solve ; 

1. x + 2y-i > 0 and 2«-y-3 > 0. 

Z. 2a; + 3y-7 > 0 and 3a:-2y-4 < 0. 

5. 6x + By> 11 and 7a?- 2y > 3. 

4 , 3x “ 2y > 6 and a? + 3y < 9. 

5. 6a?-3y-9 > 0 and 3a?-2y“5, 

3. 2aj + 2y > 4 and 2a? + y ^ 

7. A man wants to buy at least 6 pieces of *Dhuti' and 4 pieoef 
of 'Sari* within 500 rupees. The cost of Dtatis and Saris 
tn respectively Bs. 30 and Bs. 40 per piece. How nurny pieces 
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of each kind of cloth should the man buy so as to get the max' mum 
number of pieces together ? 

8. A man proposes to spend 100 rupees for buying a few pieces 
of article *A* at 12 rupees per piece along with a few pieces of article 
'B' at 8 rupees per piece. He has to purchase at least one piece of A’ 
and a number of pieces of *B’ not exceeding 8. How many pieces of 
each kind should he purchase so as to get the maximum number of 
those articles together ? 

9. It takes li hours in a machine A and i hour in a machine B 
to produce one packet of articles marked x. One packet of another 
article marked y can be produced by working i hour in machine A and 
li hours in machine JB. Each machine may be worked upto eight 
hours a day. If the profit per packet of x is Bs. 6 and that per packet 
of y is Rs. 3, then how many packets of each kind should be produced 
BO as to maximise the profit ? 

10. 176 pilgrims have all together 35 quintals of luggage with 
them. They may reach their destination in two types of small buses. 
One type of these buses can carry 24 passengers and 6 quintals of 
luggage and the other can carry 16 passengers and 3 quintals of 
luggage. The charge per trip of the first is Rs. 250 and that per trip 
of the second is Rs. 200. How many trips of each of these buses 
should be arranged so as to carry all the passengers together with 
their whole lot of luggage so as to minimise the expense ? What will 
then be the minimum expense ? 

11. A weaver has to produce at least 12 dhutis and 8 saris 
per week to stay in business. If the cost of production of each dhuti 
is Rs. 20 and that of each sari is Rs. 30 and if the weaver can invest 
not more than Rs. 600 per week, then how many pieces of dhutis 
and saris should the weaver produce per week, so as to put up 
maximum number of pieces for sale ? 

12. Two types of cycles, low-speed and high-speed are manufac- 
tured in a factory. The cost of production of each low-speed cycle is 
Rs. 160 and that of each high-speed cycle is Bs. 200. The managing 
authority of the factory cannot spend in a week more than Rs. 6000 
tor raw-materials and wages. And to stay in business, the factory has 
to produce at least 16 pieces of low-speed and 10 pieces of high-speed 
cycles. If the profit per low-speed cycle is Bs. 60 and that pCr high- 
speed cycle is Rs. 76, how many of each kind should th^ factory 
produce so as to maximise the profit per week ? 



ANSWERS TO EXERCISES IN THE APPENDIX 
Exercise 1 


(i) a > 0 ; (ii) a<0\ (iii) a > 0 ; (iv) a < 0 ; (v) 6 < a < 8. 
S. (i) positive ; (ii) positive ; (iii) positive ; (iv) negative ; 
(v) positive ; (vi) negative. 


4. 

x>8. 

5. 

X 

> 

3. 

8. 

X > 2. 

7. 

X 

>1 

8. 

x>6. 

9. 

X 

> 

0. 

10. 

x>0. 

11. 

X 

>3. 

12. 

0 <!x < 6. 

13. 

1 

< 

0 < 6. 

14. 

X 0. 

15. 

X 

>0. 

18. 

6 < X < 7. 

17. 

3 

< 

GO 

V 

18. 

2 < X < 5. 

19. 

X 

-10. 

20. 

X“6, or 7. 

21. 

6. 

7 

8, 9. 10. 

25. 

24. 

28. 

(i) 

9: 


(ii) Bs 1*05 ; and Rs 1*46. 


Exercise 2 

V ' 

( Bead the graphs as numberediludcpssiyely 13, 14 and 16. ] 

18. 0 < X < 4. 14. 1 < X < 3. 15. Xjj< 2, 

Exercise 3 ^ 

4-0 

1. Oo-ordinates of all points in the region above the graph of y ■■ -y- 

and below the graph of y - 2aJ - 3. * ' 

2. Oo-ordinates of all points in the region above the graph of 

V — Sflj “ 4 

V - ■ and on or above the graph of p “ g • 

8. Co-ordinates of all points in the region above the graph ot 

V- and below the graph of v = 

4. Co-ordinates of all points in the region below the graph ot 

y m, and on or below the graph of » - 
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fi» Oo-ordinates of all points in the region below the graph of 

, • 3 ® — 6 

V" — I — and on the graph of y- — 

6. Co-ordinates of all points in the region above the graph of 
f * 2 — « and below the graph of y “ 6 - 2®. 

7. 10 pieces of 'dhuti' and 5 pieces of 'sari'. 

S. A — 3 pieces, B — 8 pieces. 

9. i packets of each kind. 

10. 4 trips of the 1st type of bus and 5 trips of the 2nd type of bus ; 
minimum oost Rs. 2,000. 

tL 18 pieces of ‘dhuti’ and 8 pieces of 'sari*. 

12. 16 low-speed and 13 high-speed. 





